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Abstract 

 

This thesis is concerned with the measurement and computation of distance. It addresses 

the question “what is meant by distance?” and how this relates to the concepts of path, 

network and space used in spatial research and Geographic Information Systems (GIS) 

today. Particular emphasis is placed on the role and applicability of geometries that do 

not conform to Euclidean space and conventional metrical formulations, including the 

explicit treatment of non-uniform surfaces, spatial boundaries and obstacles.  

 

The focus of the research is on the so-called ‘geometric domain’ rather than the ‘graph 

theoretic domain’. By this is meant that location, gradient, curvature, direction, path and 

surface are all central concepts in the discussion, whereas analysis of paths through 

existing networks of pre-determined edge lengths and vertices has only a minor role in 

the analyses presented.  

 

Throughout this study theoretical results and research from many different disciplines 

have been collated where these have a direct bearing on the notions of distance and 

path. In many cases new derivations of established results are then provided. In other 

cases such results have been extended, as in the case of discrete and continuous 

approximations to the Euclidean metric, or in the many places throughout this study 

where issues of error, accuracy, uncertainty and scale are analysed. Finally, entirely new 

results have been developed, such as those relating to least cost paths over surfaces of 

variable costs and topography. These latter results have facilitated the solution of a 

range of problems using analytical methods, and have provided test cases for 

subsequent algorithmic development. The requirement for new toolsets is exemplified 

in this study by the development of two new families of algorithms: Distance 

Transforms (DTs) and Rapidly-expanding Random Trees (RRTs).  
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“A basic truism of geography is that the incidence of 

phenomena differs from place to place on the surface of the 

Earth. Theoretical treatises that assume a uniformly fertile 

plane or an even distribution of population are to this extent 

deficient.” 

Waldo Tobler (1963)  

Geographic area and map projections 

Geog. Rev., 53, 49-78 

 

 

 

“The measurement of distance over complex geographic 

surfaces, such as those defined by transport cost, travel time, 

social interaction, or individual mental maps, is more 

difficult to assess, largely because we do not yet know 

enough about the properties of such surfaces to be able to 

say with certainty whether a Euclidean approximation is 

reasonable or not.” 

David Harvey (1969) 

Explanation in geography 

Edward Arnold, London  
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1 Organisation of chapters 

In this document the numbering of Chapter and Section headings, tables and figures is 

in the format “Chapter.number” or “Chapter-number”. Chapters are preceded by a brief 

summary of the main elements discussed and at the end of many of the Chapters a 

Summary or Conclusion is provided, drawing together key elements raised and 

highlighting new results and issues. Each Chapter is followed by notes and references, 

which are compiled into a Bibliography at the end of the document. 

 

Chapters 2 and 3 provide an overview and historical perspective. In Chapter 2 we 

outline the key objectives of the present study and identify the main areas in which new 

results have been sought. This includes an explanation of the role of the primary and 

secondary historical research undertaken and its relevance to modern day spatial 

science. Finally we describe the key new contributions made in this study to theoretical 

research and computational methods. 

 

Chapter 3 examines historical measurement standards and the development of the 

formal procedures and technologies that enabled ‘accurate’ measurements to be made. 

This is a complex subject with many inter-twined threads, warranting a substantial study 

by itself. We attempt to highlight many of the key issues using examples based upon an 

analysis of specific historical events and people of the period. In this context the work 

of the little known but pioneering 18th Century Scottish hydrographic surveyor, 

Murdoch Mackenzie, is examined in some detail, including an investigation into the 

main sources of error that remained in his work at that time. Mackenzie’s work, and that 

of fellow Scot William Roy, founder of the Ordnance Survey, marks the boundary 

between the informal and somewhat artistic and plagiaristic approach to map making of 

earlier cartographers, to the systematic scientific surveying methods that were to follow. 

The close relationship between the instruments used for distance and angular 

measurement and those required for precision time measurement provides a unifying 

thread to this discussion, commencing with their use in determining location at sea, 

through to the application of time measurement in modern GPS, GNSS and EDM1 
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systems. Chapter 3 (and several of the main Chapters) includes discussion of the work 

of many 18th and early 19th century scientists and mathematicians. One Section of 

Chapter 3 is devoted to a commentary on the work of three of these: Lambert, Gauss 

and Riemann, many of whose results have a direct bearing on the subsequent 

development of this study. 

 

Chapters 4 to 7 examine distance and path measurement from a largely theoretical 

perspective. This includes a systematic review of distance measures, metrics and 

measurement techniques, which leads on to a discussion of statistical models, optimal 

paths on surfaces, networks and location theory. Each Chapter examines a separate 

element of the distance issue, focusing on problems involving inhomogeneous (i.e. 

‘real-world’) conditions2. Specific attention is paid to alternative metrics and to 

problems involving bounded regions and constraints, such as obstacles, high cost zones, 

linear structures, and gradient and curvature restrictions. A number of new results and 

procedures are developed that provide foundations for experimental and practical 

analyses.  

 

Chapter 4 considers the notion of distance from a formal perspective. This involves an 

examination of the terms metric and metric space. A variety of different measures of 

distance are discussed, with special attention being paid to those meeting the formal 

requirements for a metric in comparison to measures which fall a little or a great deal 

short of these requirements. We argue the case that the concepts of distance and path are 

inseparable, and that even if a path is not an explicit part of an expression for distance it 

is implicit. A number of substantive results are derived, including several relating to 

optimum locations and paths. This theme is picked up again in Chapters 7 and 8. 

 

Chapter 5 looks at the practical and theoretical questions raised when attempting to 

carry out distance measurement. We consider the range of circumstances in which 

distances are measurable and meaningful, and those for which such measurement is 

problematic or impossible. Drawing upon the discussion of the previous Chapter we 

examine alternative models of path, including: abstract classical models, fractal models, 

a number of alternative statistical models, and finally lattice representations. In 

connection with lattices, Distance Transforms and their associated local neighbourhood 
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metrics, familiar to those working in image processing, are discussed and examined in 

some detail. 

 

Chapter 6 (and the associated Annex 1) focuses on statistical issues, in particular 

average distances and tests of complete spatial randomness (CSR) that utilise distance 

measures. Here we seek to demonstrate both the scope and applicability of statistical 

distance measures to practical spatial problems. A wide range of results are derived, 

collated and presented in a manner that seeks to clarify the underlying assumptions and 

the logic of the models used. 

 

Chapter 7 (and the associated Annexes 2 and 3) provide the theoretical and practical 

foundations for the most difficult class of problems we consider – these relate to the 

determination of optimal paths across real landscapes taking into account variable 

generalised costs and constraints on permissible paths. In addition to explicit (analytic) 

solutions for selected variable cost surface problems, new techniques for solving the 

more general problems are presented. The first of these techniques builds upon the 

image processing algorithms known as Distance Transforms, whilst the second builds 

on existing work in the field of kinodynamics (the study of moving robotic devices). 

The robotics algorithm RRT is coupled with variational methods of optimisation to 

provide the basis for a procedure we call VORTAL. Outline algorithms for these 

methods are provided in Annex 3. 

 

Chapter 8 applies a number of results from the preceding Chapters to specific problems 

in network design and location theory – notably Steiner networks, Fermat-Weber 

problems and velocity-field traffic modelling. Solutions for a variety of problems under 

a range of metrics and variable cost and velocity surfaces are discussed in some detail 

and solution methods presented. Amongst other results, we provide a near exact analytic 

solution for the weighted 3-point Steiner problem in the plane with constant costs. In 

addition new procedures are described, which we refer to as Multiple Weighted 

Distance Transforms (MWDT) and Least Cost Distance Transforms (LCDT), with a 

range of applications in location theory, transport planning and decision-support. These 

procedures are particularly suited to implementation within GIS software packages.  
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Chapter 9 contains a summary and conclusions that may be drawn from the present 

study, together with identification of areas warranting immediate and longer-term 

research and development. 

 

Chapter 10 (and the associated Annex 4) is a Postscript to this study. It provides a brief 

examination of the role of telecommunications in re-shaping concepts and the reality of 

distance, especially as this relates to information-centric activities. The importance of 

telecommunications in enabling both centralisation (of facilities and services) and de-

centralisation (in terms of demand and access) are discussed, with specific examples 

drawn from the financial services sector. It is argued that far from distance being ‘dead’, 

as some authors would have it, distance remains a central concern in almost of all 

human activity. The principal effect of telecommunications (as with faster and more 

cost effective forms of travel and transport) is to reshape our perceptions of distance and 

to influence the way in which some areas of human activity are organised. 

 

The document is completed with technical and reference sections, including Annexes 

deriving several of the results and providing code extracts for material which is 

discussed in the main body of the text. Additional materials (documents, software) are 

accessible via the CASA web page: http://www.casa.ucl.ac.uk/people/Mikede.htm  

“Home page” link and http://www.desmith.com/MJdS/index.html  

 

 

http://www.casa.ucl.ac.uk/people/Mikede.htm
http://www.desmith.com/MJdS/index.html
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Notes and references:

 
1
 GPS: Global Positioning System; GNSS: Global Navigation Satellite Systems; EDM: Electronic 

Distance Measurement 

2
 sometimes referred to as ‘anisotropic’ conditions, although this term is increasingly used to refer solely 

to variations in direction (i.e. rotational variance) rather than rotational and translational variations 
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2 Preface 

2.1 Overview 

This study is concerned with the measurement and computation of distance. It addresses 

the question “what is meant by distance?” and how this relates to the concepts of path, 

network and space used in spatial research and Geographic Information Systems (GIS) 

today. Particular emphasis is placed on the role and applicability of geometries that do 

not conform to Euclidean space and conventional metrical formulations, including the 

explicit treatment of non-uniform surfaces, spatial boundaries and obstacles. Although 

classical unbounded plane and spherical geometry is of immense value and 

applicability, it is a limiting assumption for many ‘real-world’ problems, as the earlier 

quotations (page 12) emphasise. The challenge we seek to address in this study is to 

provide analytical and computational solutions to key problems in real-world spatial 

analysis that incorporate the issues highlighted many years ago by Tobler and Harvey. 

This is an ambitious objective and, inevitably, complete solutions will not be 

forthcoming.  

 

Our focus is on the so-called ‘geometric domain’, rather than the ‘graph theoretic 

domain’. By this we mean that location, gradient, curvature, direction, path and surface 

are all central concepts in our discussion, whereas analysis of paths through existing 

networks of pre-determined edge lengths and vertices has only a minor role in the 

analyses that follow. Likewise, whilst much of our discussion could focus on mapping 

and map transformations, this subject is not dealt with in depth since it is covered 

thoroughly in numerous existing works. However, a number of key issues relating to 

mapping are addressed in the historical review, in the discussion of metrics, and in the 

subsequent treatment of generalised cost distances. 

 

The scope of the study remains, necessarily, very broad – the topics considered have 

been the subject of intense study by most scientific disciplines, including mathematics, 
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astronomy, geodesy, physics, architecture, geography, biometrics, software and 

telecommunication engineering, operations research, robotics, image processing, 

materials science and many more. The breadth of interest generates its own problems – 

in some cases an apparently specialist area of interest to one group of professionals is 

found to be the subject of an unexpectedly large body of research across many 

disciplines1. It is not the intention of this study to attempt to summarise or directly refer 

to all such work, but to highlight key findings where appropriate. Reflecting the recent 

availability of managed web-based resources and annotated bibliographies, web links to 

such resources are also included where appropriate within the footnotes and references 

sections of this document. 

 

Much of the modern material draws upon the pioneering works of 20th century 

geographers and spatial scientists. Most notable amongst these are Bunge2, Isard3, 

Tobler4, Warntz5, Hägerstrand6, Harvey7, Dacey8 and Goodchild9. Drawing upon other 

disciplines, the papers by Kendall10 on “Constructing maps from odd bits of 

information” and Roberts and Suppes11 on visual perception were also important early 

influences on the development of some of the ideas presented. More contemporary work 

has included that of Mandelbrot12 on spaces of fractional dimension and the many 

subsequent extensions of this by Mandlebrot and other authors13, and the enormous 

growth in the study and application of Geographic Information Systems, GIS for 

Transportation (GIS-T) and GIS Science (GISsci)14. Finally, the rise of computational 

methods in image processing, robotics and spatial analysis is reflected in much of the 

analysis, and such methods are developed as central tools within this study. 

2.2 Historical foundations 

The foundations for this study have a strong historical component. This originates in the 

work of the scientists and artisans of the late 17th and 18th centuries - the Age of 

Enlightenment - in mathematics, horology, navigation and surveying. The stimulus for 

the research also owes much to the late 19th century/early 20th century writings of 

Clifford15 and Reichenbach16 on the philosophy of space and time, the little book 

“Flatland” by E A Abbott on dimensionality17, M C Escher’s graphic art and Crofton’s 

19th century formulation of geometric probability18.   
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An analysis of geographic (terrestrial) distance and space warrants an examination of 

the historical role of time and time measurement in the determination of both location 

and distance. Accordingly, in Chapter 3, we examine developments in both the 

measurement of time and the techniques involved, from the invention of the pendulum 

to the use of modern atomic clocks. Questions of the standardisation of length 

measurement, its relation to time measurement and the study of error and accuracy are 

covered in some detail. 

 

Within this historical Chapter we devote a Section each to two particular scientists. The 

first (in Section 3.3.2) is a study of the work of the pioneering 18th century surveyor, 

Murdoch Mackenzie. His Orometric method, production of the first true hydrographic 

coastal charts and guides, and invention of the Station Pointer, are little known today, 

despite their great importance at the time. Prior to the present study, no detailed 

examination of the quality of his work has been undertaken, and we believe that the 

material presented in this Section provides valuable lessons for present day spatial 

science. The second scientist discussed (in Section 3.4) is C F Gauss. In complete 

contrast to Mackenzie his name and much of his work and that of his students and 

associates is extremely well known to modern day scientists. But for many of us 

working in the field of spatial analysis the breadth of his researches, from statistics 

through the analysis of surfaces to geodesy and electronic communications, comes as 

something of a revelation. The work of Gauss spans the period from the development of 

precision instruments and time measurement to the modern age of digital 

communications – as such it offers us a bridge from the past to today’s emphasis upon 

Information Telecommunications and Computing (ITC). 

2.3 Distance, path and GIS 

With the recent availability of high quality digital raster and vector datasets it is now 

practical to apply more complex theoretical research results and techniques to detailed, 

accurate19 datasets. In this way it is possible to test and rank the merits of these theories 

when applied to real data and practical planning and commercial problems. Such 

problems include route selection; route construction; data management (storage and 

retrieval, data resolution and error issues); regional planning; location analysis and 

many related areas. Development of new models and theories is also facilitated, 
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utilising the tools of simulation, visualisation and geocomputation to explore such 

datasets20.  

 

The provision of facilities for the calculation and extraction of distance measures is a 

fundamental part of all spatial data tools. Most GIS software packages offer at least 

three categories of distance measure: (i) coordinate-based distance measures in the 

plane or on a sphere (which may be adjusted to a more close approximation of the 

earth’s shape); (ii) network-based measures determined by summing the stored length or 

related measure of a single link or multiple set of links; and (iii) poly-line based 

measures, determined by summing the length of stored straight line segments 

(sequences of closely spaced plane coordinates) representing a given feature, such as a 

boundary. Sets of these various measures provide the basic components of most forms 

of spatial analysis.  

 

It is important to question the assumptions that underlie such measures and the extent to 

which the instantly available numerical values disguise and possibly distort the 

complexity of underlying real-world spatial patterns and processes. The first and third 

of these distance measures utilise the simple and familiar formulae for distance in 

uniform 2-D and 3-D Euclidean space and on the surface of a perfect sphere or 

spheroid. These formulae make two fundamental assumptions: (i) the distance to be 

measured is to be calculated along the shortest physical path in the selected space – this 

is defined to be the shortest straight line between the selected points (Euclidean straight 

lines or great circle arcs on the sphere); and (ii) that the space is completely uniform 

(homogeneous) – there are no variations in terms of direction or location. These 

assumptions facilitate the use of expressions that only require knowledge of the 

coordinates of the initial and final locations, and thereby avoid the difficult question of 

how you get from A to B.  

 

Whilst coordinate-based formulation is very convenient, it generally means that a GIS 

will not provide true distances between pairs of locations across the physical surface21. 

It is possible for such systems to provide slope distance, and potentially surface distance 

along a selected transect or profile, but such measures are not provided as standard in 

most packages. For problems that are not constrained to lie on existing networks, 

surface distances can be derived from the surface representation within the GIS. For 
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example this can be achieved using a regular or irregular lattice representation along 

whose edges or across whose cells a set of links may be accumulated to form a 

(shortest) path between the origin and destination points. For the subset of problems 

concerned with existing networks, such questions could be restricted to locations that lie 

on these networks (or at network nodes) where path link lengths have been previously 

obtained. Both of these approaches immediately raise a series of additional questions: 

how accurate is the representation being used and does it distort the resulting path 

and/or optimal location selections? which path through the network or surface 

representation should be used (e.g. shortest length, least effort, most scenic)? how are 

intermediate start and end points (i.e. points not explicitly represented in the GIS 

dataset) to be handled? are selected paths symmetric (in terms of physical distance, 

time, cost, effort etc.)? what constraints on the path are being applied (e.g. in terms of 

gradient, curvature, restriction to the existing physical surface etc.)? is the measure 

returned understandable and meaningful in terms of the requirements? how are multi-

point/multi-path problems to be handled? 

 

A careful consideration of almost any spatial problem will highlight the inadequacy of 

the assumption of homogeneous space. Lack of uniformity is at the heart of spatial 

studies, as was argued convincingly by geographers from the late 1950s and throughout 

the 1960s, culminating in David Harvey’s seminal work, Explanation in Geography 

(1969). This observation forces us to ask what measures of separation are appropriate?  

 

In many instances the standard measures of Euclidean and spherical geometry suffice, 

especially over small areas. They also work well over larger areas that are reasonably 

homegeneous, such as paths through air or space, although even here optical and other 

distortions may come into play. The measures are less useful if paths are restricted to a 

two-dimensional variable22 surface, and even less useful if functional distances are to be 

considered. For a cyclist, horse-drawn cart, truck or train the total amount of climb and 

maximum gradient of a route may be just as important as planar or even surface 

distance; for a commuter the primary considerations are likely to be those of cost and 

time rather than distance; for construction engineers it is usage costs, operating costs, 

environmental costs and construction costs (related strongly to vertical and horizontal 

gradient along the path) which are the main concerns, and these are rarely linear 

functions of coordinate or even true surface distance. 
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In the real, inhomogeneous, world the measures of distance we use should reflect the 

spatial (and in some cases temporal) variation we experience and the purposes for which 

we require the measurements. Such measures should be derived from incremental 

elements and defined in terms of path and function, and not merely upon an abstract 

computation derived from the values of the coordinates at the start and end points. We 

need, therefore, more general formulations of distance measures in accordance with 

these principles and seek their inclusion in GIS and spatial toolsets. The present study 

examines these questions of distance and path in a detailed and practical manner, 

building upon the deep analyses of previous researchers in many fields. Specific 

analytical results and algorithms are sought with a view to providing the building blocks 

for others, especially those involved in extending the toolsets available to the modern 

day spatial analyst. 

2.4 Development of new theoretical results 

Throughout this study we have sought to collate theoretical results and research from 

many different disciplines that have a direct bearing on the notions of distance and path. 

In many cases we provide new derivations of established results (as for example, in 

Chapter 6 and Annex 1). In other cases we have sought to incrementally extend such 

results, as in the case of discrete and continuous approximations to the Euclidean metric 

(Chapter 4), or in the many places throughout this study where we analyse issues of 

error, accuracy, uncertainty and scale. Finally, we have developed entirely new results, 

such as those relating to least cost paths over surfaces of variable costs and topography. 

These latter results have facilitated the solution of a range of problems using analytical 

methods (as are covered in some detail in Annex 2), and have provided test cases for 

subsequent algorithmic development (see further, below). 

 

Theoretical results, in themselves, may not be usable directly owing to the differences 

between idealised networks and ‘smooth’ surfaces extending over continuous space, and 

between the real world and the spatial datasets which are used to represent it. However, 

such results can provide insight into problems that may be used to simplify search 

algorithms, reduce levels of data analysis required or guide the production of more 

effective heuristics. Theoretical analysis can also serve to highlight issues of solvability: 
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despite the expectation that well-defined and apparently simple problems will have 

straightforward solutions, this is often not the case and we may find that for some 

problems there are either no (optimal) solutions at all or an unlimited number of 

solutions to choose from. For example, in the analyses that follow there are situations 

described in which there are ‘holes’ in the possible solution set, i.e. places and/or times 

that are unreachable depending on the initial conditions, end conditions and rules of 

transition that are applied. Similarly, there are problems for which small changes in the 

model assumptions or parameters may result in large changes in the solution path(s). 

Theoretical analyses seek to provide an understanding of such problems and to deliver 

the building blocks for the development of new toolsets and for the communication of 

core concepts. 

2.5 Development of new toolsets 

The requirement for new toolsets is exemplified in this study by the development of two 

new families of algorithms: Distance Transforms (DTs) and Rapidly-expanding 

Random Trees (RRTs). Both procedures are described in the text and code samples are 

provided in Annex 3. 

2.5.1 Distance transforms (DTs) 

In Section 5.2.8, drawing upon the theoretical analyses in Chapters 4 and 5, we provide 

an introduction to Distance Transforms (DTs) as developed within the field of image 

processing. This includes a summary of results that have been obtained in recent years 

on the accuracy and optimum design of such transforms, notably in two-dimensional 

applications. Our initial review leads on to an examination of the application of DTs to 

a range of problems in spatial analysis. Simple uses of existing DT algorithms are 

described, with a first extension being their application to problems involving 

obstructions.  

 

In Chapters 7 and 8 we develop a number of further extensions to existing DT methods. 

The first extension (Section 7.4.3.1) facilitates their application to the determination of 

shortest paths across physical landscapes, which we describe as Variable Topography 

DTs, or VTDT. The second of these (Section 8.1.3.1) involves combining and 

weighting DTs to generate solutions to problems in spatial decision-making – we call 

this method Multiple Weighted Distance Transforms, or MWDT. The third and final 
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extension (Sections 7.4.3.2 and 8.1.3.2) is perhaps the most powerful and widely 

applicable procedure. It addresses problems in which generalised costs (or traffic 

velocity) vary across a region of interest. The Least Cost Distance Transform (LCDT) 

that we develop has similarities to Accumulated Cost Surface (ACS) methods and has a 

similar variety of applications. Examples of least cost and least time solutions to a 

number of classic and complex spatial problems are described. Each of these extensions 

involves very minor alterations to a single core algorithm, which is very simple to 

implement and fast to run. As such the use of extended DTs provides a unified 

methodology that may be applied to a very wide range of problems in spatial analysis. 

2.5.2 Random trees (RRTs) 

Distance transforms are not well suited to problems involving the behaviour of a 

moving object or series of objects. Constraints on paths that are related to movement 

include: maximum gradient (parallel to and orthogonal or lateral to the path direction); 

maximum curvature (vertical/horizontal); obstacle avoidance (proximity constraints); 

and a variety of multi-path problems. All are examples of constrained path-finding 

problems that require solution procedures based upon exploring specific paths across 

the sample space and progressively checking that these meet the constraints in question. 

There are a number of emerging techniques of this kind. In this study we develop one 

such technique, known as Rapidly-expanding Random Trees (RRT), in combination 

with variational methods, to produce a new form of path determination that we have 

named VORTAL (Variational Optimisation of Random Trees Algorithm). We provide 

examples of optimal path determination in the plane with obstacles, proximity 

constraints and multiple sources. Examples of path-finding with gradient constraints are 

also provided. This is an area warranting substantial further development, with the 

current study providing the central algorithmic framework for more sophisticated 

models that could be used in operational research programmes, military planning and 

civil engineering design. 

2.6 Terminology and notation 

In this study several problems and measures are described by reference to named 

individuals, such as Steiner points, the Minkowski (or Lp) metric and Minkowski/Cantor 

sausage. These terms sometimes have different associations or definitions in other 
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disciplines, notably in mathematics and physics. The common usage within social 

science literature has been adopted in such cases.  

 

Selected terms and phrases are displayed in italics for emphasis. Expressions and 

variables are always displayed in italics.  

2.7 References and footnotes 

References and footnotes are provided at the end of each Chapter. If a statement, 

equation or diagram is provided without an explicit reference it has been derived as part 

of the present study or is so widely known as to not require a specific reference. All 

referenced articles and books appear in the bibliography at the end of the document. 

Chapter 3 contains an extended section of notes reflecting the need to provide primary 

and secondary source details and information relating to personalities, historical dates 

and events. 
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3 Historical foundations 

The historical background to the scientific development of geodesy, hydrography and 

cartography provides an insight into many issues that remain of central importance 

today. Amongst these are: the key role of standardisation in the fields of measurement 

and data definition; the interpretation and treatment of errors, uncertainty and 

accuracy; the relationship between scientific endeavour and the pressure to deliver 

(complete) results in a timely manner within agreed budgets; and the importance of 

producing practical, understandable and useful results (datasets, models, procedures, 

tools) in spite of the limitations of time, cost and technologies available.  

 

We have therefore chosen to commence our study of distance and path with a wide-

ranging examination of historical measurement standards and the development of 

formal procedures, mathematical models and technologies that enabled ‘accurate’ 

measurements to be made. These developments provided the foundations for precision 

cartography and the determination of location on land and at sea. The close 

relationship between the instruments used for distance and angular measurement and 

those required for precision time measurement provides a unifying thread to this 

discussion, commencing with their use in determining location at sea and the 

measurement of gravity, through to the application of time measurement in modern GPS 

and EDM 1 systems. A second unifying thread is the close relationship between political 

and military concerns, scientific development and commerce – as true in the 17th and 

18th centuries as it is today.  

 

In the course of our review the contributions made by numerous historical figures are 

discussed, but those of two particular scientists are covered in greater detail. The first 

involves the work of the little known but pioneering 18th Century Scottish hydrographic 

surveyor, Murdoch Mackenzie (1712-1797). Our commentary includes an investigation 

into the factors that led to his surveys being established in the first place, and into the 

main sources of error that remained in his highly important series of coastal surveys of 
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the west coast of Britain and Ireland. Mackenzie’s work, and that of fellow Scot William 

Roy, founder of the Ordnance Survey, marks the boundary between the informal and 

somewhat artistic and plagiaristic approach to map making of earlier cartographers, 

and the systematic scientific surveying methods that were to follow. 

 

The work of the second scientist we discuss in some detail is that of the astronomer and 

mathematician, C F Gauss (1777-1855). Unlike Mackenzie, Gauss’ work is extremely 

well known and his contributions to mathematics and statistics have been widely 

documented 2. However, within the context of the present research, we seek to highlight 

the remarkable number of touch-points between his discoveries and the subject matter 

of the Chapters that follow – from geodesy to statistics, curved spaces to optimal 

network design, and from equipotential surfaces to the beginnings of data 

communications. 

 

A summary table of dates (Timelines) is provided at the end of the Chapter for cross-

referencing purposes. A great deal of explanatory and supporting material together 

with many references is provided in the extended “Notes and References” section 

following the Timelines table. 
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3.1 Introduction 

Political and military events in the late 17th century and throughout the 18th century 

provided the driving force behind many of the developments that lie at the foundation of 

modern geographical and spatial research. Many of these key developments took place 

between two and three centuries ago, and it is surprising to observe how closely 

academic, technological, political and commercial factors were inter-twined at that time. 

Events in the 20th century have resulted in many, more familiar but closely related 

developments, partly as a result of a comparable mix of factors. Several of the latter 

developments have led to our near-total dependence upon accurate time measurement 

for precision spatial data collection and mapping. 

3.1.1 Optics 

One early area of scientific research serves as an initial example of how many and 

varied threads have emerged from such studies - the investigations into the behaviour of 

light conducted in the late 17th century by Newton (1643-1727) and Huygens (1629-

1695). Newton’s principal publication on the subject, the Opticks3, was published by the 

Royal Society of London in 1704. The Opticks, and Huygens’ contemporaneous work 

on light as waves4, provided the foundation for subsequent understanding of 

fundamental optical phenomena, including the first detailed accounts of reflection, 

refraction and the concept of light as waves. The Opticks covered a wide range of topics 

and applications, including analysis of lenses, prisms and telescopes – work which was 

to become essential in the construction of high quality astronomical and surveying 

instruments and which incidentally also led to the development of light-focusing 

systems used in lighthouses from the 18th century onwards.  

 

In the case of lighthouse lenses, Newton’s work was superseded by the development of 

multi-prism lenses by the French scientist Augustin Fresnel (1788-1827) in 18225, 

based on an idea formulated originally by George de Buffon (1707-1788). Fresnel 

sought and achieved a design that concentrated light from a point source as a parallel 

beam of light in the most efficient manner possible: 70+% efficiency as compared to 

17% for earlier designs using parabolic mirrors (Figure 3-1)6.  
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Figure 3-1 Example Fresnel lenses from de-commissioned Scottish lighthouses 

  

A. 4th-order Fresnel lens B. Double Fresnel lens from Neist Point, Skye 

the above lenses are now located in the Scotland Lighthouse Museum, Kinnaird Head, Fraserburgh.  
http://www.lighthousemuseum.co.uk . The lenses shown include simple (bull’s eye) lenses, dioptric lens 
elements (prisms providing refraction of the light source) and catadioptric lens elements (prisms providing 
refraction plus internal reflection of the light source). 

3.1.1.1 A network of lights 

A single lighthouse is of little use as a navigational aid for a long and complex 

coastline. A network of powerful, distinctive lights, at key points all around the coast, is 

needed. In the early 18th century the lack of official coastal lights, inadequate charts, the 

dependence on sail power and the activities of ‘wreckers’, resulted in the loss of many 

ships, especially in Scottish coastal waters7. In one such incident, on November 11th 

1740, the Svecia, a 600 ton, 127′ armed merchantman from Gothenburg in Sweden was 

wrecked off North Ronaldsay in the Orkneys with a loss of 60 lives and a cargo with an 

estimated value of £150,000-£250,0008. This and similar wrecks in the area, and the 

earlier Naval losses of 1707 in the Scilly Isles (see further, Sections 3.3.2.1 and 3.3.3.3 

below) resulted in enormous efforts sponsored by shippers, insurers and ultimately, 

governments, to diminish such risks. Achieving real improvements was to take many 

decades. An indication of the seriousness of the problems facing commercial shipping at 

the time is given by the figures for vessels lost in British waters - by 1800 the insurers, 

Lloyds of London, estimated that one ship was lost or wrecked every day around 

Britain.  

http://www.lighthousemuseum.co.uk/
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One part of the solution to these problems in Scotland was the creation of the Northern 

Lighthouse Board (NLB9) by an Act of Parliament in 1786. Initially the NLB was set up 

to build four lighthouses, the first being at Kinnaird Head (Figure 3-2A) where the 

Moray Firth reaches out to meet the North Sea, and another being at North Ronaldsay in 

the Orkneys10 (Figure 3-2B).  

 

This initial commission subsequently led to the construction of a network of lighthouses 

around the Scottish coast, which continued thereafter for over a century. The NLB still 

operates from its offices in Edinburgh and is responsible for 201 lights (all of which are 

automated, with 84 active lighthouses), 131 buoys, 41 unlit beacons, 22 radio beacons 

and 4 DGPS stations11.  

 

Similar work was undertaken, but commencing from an earlier date, around the 

coastline of England and Wales under the supervision of Trinity House. One of the first 

was the Eddystone Lighthouse, off the coast of Cornwall, which was built initially in 

1698 and then re-built several times until Smeaton designed a granite tower which was 

built between 1756 and 1759 (eventually this too was replaced). Smeaton’s design 

provided the model for many subsequent constructions, including most of those off the 

Scottish coast. Work on the famous Bishop Rock lighthouse, on the western edge of the 

Scilly Isles, did not commence until 1847, partly due to the enormous difficulties 

presented by the site. Trinity House now manages fewer lighthouses than the NLB 

(around 70), but many more buoys and a total of 7 DGPS reference stations. 
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Figure 3-2 Original lighthouse buildings at Kinnaird Head and North Ronaldsay 

  

 
A. Kinnaird Head lighthouse building: 
originally a ruined castle – the lighthouse 
tower at the top of the picture was built inside 
the castle walls; this structure post-dates the 
first simple tower 

 
B. The North Ronaldsay lighthouse tower, now 
superseded by a modern structure – as with 
Kinnaird Head, this lighthouse was originally lit 
using whale-oil lamps 

 

Although initially static, flashing lights were subsequently introduced12. In order to 

generate distinctive flashing patterns (every lighthouse has a documented pattern of 

flashes that are unique within its own region) the lenses were rotated by large-scale 

precision clockwork mechanisms mounted on low friction wheels or in mercury baths. 

One may regard this latter development, like that of mechanical semaphores, as a 

forerunner of simple digital signalling systems such as the electric telegraph, and 

ultimately, modern digital communications. 

3.1.1.2 Optical analogies 

Optical analogies based on the work of Newton and Huygens have been used 

extensively by 20th century social scientists, notably Lösch and Warntz, in the analysis 

of transport flows, optimal paths and location theory. A key idea behind such analyses 

and much subsequent research has been Fermat’s principle (Pierre de Fermat, 1601-

1665), which states that a light ray between two fixed points will always take the 

shortest path (time). Despite the great value of this principle, there are important 

examples for which its use is inappropriate13. The subsequent generalisation of Fermat’s 

principle by Maupertius (1698-1759) as the “Principle of least action” provides a firmer 
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foundation for analysis - later in this study we examine such analogies and 

developments of these ideas in greater detail. As we have seen from this small example, 

early scientific researches have had an unexpectedly wide range of applications and 

remain of direct relevance in the modern day. 

3.2 17th and 18th Century foundations 

Post-restoration England, from the reign of Charles II onwards, was a time of great 

political, economic and technological change. This was the era of the European “Age of 

Enlightenment” and towards the end of the period, the French Revolution. Three 

political ‘unions’ early in this period were to have a profound influence on the 

developments that we discuss: the union of English and Dutch interests in 1688, 

resulting from the invitation to William of Orange to take up the English throne in place 

of his uncle, James II; the formal Union of England with Scotland in 1707, completed 

with the ending of the Jacobite Rebellion in 1746; and the union of Great Britain with 

Hannover14 in Germany, from 1714, following the accession of George I to the English 

throne. The contribution of each of these ‘unions’ is discussed in the following sections. 

Collectively they provided the political and economic framework within which 

technical and commercial innovations could flourish. In a similar manner, international 

political and trading alliances and associations in the modern day seek to encourage 

trade and innovation, with varying degrees of success! 

 

Key amongst the early technical and commercial innovations that did flourish were: the 

building of lighthouses, the production of accurate maps, and the development of 

improved instruments – these were the three main components of a systematic 

programme to secure commercial and military advantage and power in the 18th century. 

Although not orchestrated by any one body these components provided a secure 

foundation for the opening up of world trade and safe navigation. We examine each of 

these areas in some detail in the Sections that follow. Often the analyses overlap, with 

one development being predicated by another, but the overall picture and the driving 

forces and key issues behind the developments become clearer from such an analysis. 

The modern-day equivalents could be regarded as the building of radio beacons and 

DGPS stations, the production of high resolution digital and satellite maps and images, 
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and the development of improved (digital) instruments (computers, displays, location 

devices, communication devices). 

3.3 The production of accurate maps and instruments 

3.3.1 Standardisation of distance measures 

As noted above, if a network of lights was to provide the first part of the solution to 

problems of coastal navigation, the second part of the solution involved the production 

of accurate and detailed charts. This required many technical developments before 

satisfactory results could be achieved. Although formal national surveying programmes 

using triangulation began in France from 1668, it was not until improved optics and 

high quality brass equipment became available in the mid-to-late 1700s, and standard 

measures of length became accepted (see Table 3-1), that geodetic surveys really 

commenced in earnest – from 1762 in Denmark, 1785 in the USA, 1788 in Portugal, 

1791 in England15 and 1798 in Holland.  

 

Prior to the standardisation of distance measurements (yard and metre) measurements 

were based on human characteristics: the digit, the hand (still used for the height of 

horses and now specified as 4 inches), the span, the foot, the cubit (elbow to fingertips) 

and the pace. Because such measures varied substantially, even within individual 

countries, throughout history attempts at standardisation were made – usually by 

declaring that a particular strip of wood (e.g. yardstick) or inscribed lines on a particular 

stone or metal bar defined the official measure of the government of the time and place 

concerned.  

 

Throughout the 18th century and well into the 19th century, efforts continued to produce 

a definitive standard length that was invariant over time, suitable for accurate division, 

unaffected by location (but which allowed for temperature variation), and was 

acceptable and allowed for comparisons internationally. Physical metal bars competed 

with the pendulum (with compensation) for this honour16, but eventually the physical 

measures were adopted as the basis for the Imperial and Metric17 systems – in the 

British case this was despite the loss of the official Imperial Standard Yard in 1834 

when the House of Commons was accidentally burnt down whilst the old Treasury 

‘tally sticks’18 were being destroyed. 
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Table 3-1 Standardisation of distance measures 

Description Definition Origins 

“Imperial measures” 
Foot/Yard/Chain/ 
Furlong/Mile/League 

Foot: an English foot was (and is) 12 inches. In the late 18th 
century there were other measurements for the ‘foot’, varying 
from 11.172 English inches for the Amsterdam Foot, to 12.465 
English inches for the Danish Great Foot. 3 to the yard in all 
cases. 
Pace (passus): 5 feet (actually a double pace of 30 inches/step) 
Ell: widely used throughout Europe, a Scots Ell was 37 inches, 
an English Ell was 45 inches (often used for fabric) 
Yard: Originally the yard was based on the word girth or girdle, a 
waist measurement. An initial standard yard was defined in 
Elizabethan times (1588), based on the earlier yard or ‘ulna’ of 
Edward I 
Fathom: 6 feet or 2 yards (roughly the same as a French toise) 
Chain: 22 yards, made from 100 links (for surveying). Note: 10 
chains x 1 chain = 1 acre; a Scots chain=24 ell or 74 feet, thus a 

Scots acre was larger than an English acre19 

Furlong: 220 yards (a furrow long) – probably related to the 
Roman measurement, the Stadion 
Mile (English/British): 5280 feet (8 furlongs) – defined in 1595 
A mile had previously been taken as the Roman mile (literally 
1000 ‘mille passus’ or double paces, c.1618 yards/5000 feet); 

69½miles  one degree in Britain 
Mile (Scottish): Stated by some authors as 50 to one degree, or 
20 sea leagues, but officially defined in Scottish Statute as 1184 
paces or 5920 feet. 
Mile (Geometric/Italian): 2038.6 yards, or one minute of arc of 
longitude taken at the equator (60 geometrical miles= one 
degree) 
League (English): 3 Geometrical miles 
1742: Yard standardised in England by the Royal Society. In 
1737 Graham and Sisson made and divided two standard yards 
for London and Paris, one of which became the Royal Society’s 
main reference measure 
1832: there was no legal length standard in the U.S. until this 
date when a bronze yard was purchased from England to act as 
the standard 
1844: New yard standard bar cast in bronze and defined as the 
Imperial Standard in 1878. By 1958 this bar had shrunk by 
0.0000055metres 
1856: Imperial standards finalised 

 
 
 
 
 
Roman 
 
 
Saxon/ 
Elizabethan 
 
 
 
 
 
 
 
 
Roman/ 
Elizabethan 
 
 
Scottish 
 
 
Italian 

Metric measures 
Metre/Meter 

1791: 1/10,000,000th of the quarter circumference of the Earth, 
measured from equator to pole, through Dunkirk 
1798: on completion of surveying (from Dunkirk to Mont-Jouy 

near Barcelona in Spain, roughly 10 due South), a standard 
metre in the form of three platinum bars and several iron bars 
were prepared and defined the world standard 'Mètre des 
Archives'.  
1863: International Metric Convention 
1960: redefined as "the length equal to 1,650,763.73 
wavelengths in a vacuum of the radiation ... of krypton-86." 
1983: redefined as "the length of the path travelled by light in a 
vacuum during a time interval of 1/299,792,458 of a second".  
One metre is equal to 3.28083333 US Survey feet 

French 
National 
Assembly 

Nautical mile 1 minute of arc of a great circle, or 6080 feet (British Admiralty 
mile, equals 1.1515... times an English Mile or 1852 metres). 
Latitude values are not constant due to ellipsoidal shape of Earth 
(varies by approx 18.7m between equator and pole). This is 
sometimes referred to as a Geographic Nautical Mile. The 
International Nautical Mile was defined as being exactly 1852 
metres in 1929. The International Air Mile is marginally smaller, 
at 1.1508 English miles or 6076.1155 feet 
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3.3.2 Accurate surveying – measurement replaces descriptions20 

In late September 1746, after losing the Battle of Culloden and following a period of 

several months as a fugitive from the English, Charles Edward Stuart managed to 

escape from Lochnanuagh21 to St Malo in Northern France. Despite extensive efforts 

and several near misses, the English (Hannoverian) Royal fleet had failed to capture the 

leader of the Jacobite Rebellion. Their failure was due, in substantial measure, to a lack 

of accurate coastal maps or descriptions of the many inlets, islands, rocks and currents 

in the Inner and Outer Hebrides. It was quickly appreciated that this problem needed 

urgent attention. 

 

Accurate land and marine surveying of the Scottish mainland and the Western Isles (the 

Hebrides) was deemed essential and would be a major change from previous descriptive 

accounts and unscientifically derived maps of the region. Cartographers from Roman 

times onwards largely relied on ‘topographical’ accounts together with coastal sketches 

and previously drawn (often erroneous) maps, which in general did not provide accurate 

distance, area or location data, nor any soundings, tidal information or advice on local 

currents.  

 

By examining early maps and written sources covering the Hebrides we can obtain a 

first impression of the scale and nature of these problems, since these drove the changes 

that were to lead to the first accurate coastal maps and guides (‘pilots’) in the world22. 

The earliest documented survey of the Hebrides was that of Dean Donald Munro, in 

1549. He provided brief, but systematic descriptions of many of the islands. The 

following extract gives a flavour of these23: 

 

“Sixteen mile northwart fra the Ile of Coll lyis ane Ile callit Rum, ane Ile of 

16 mile lang, 6 mile braid, in the nearest ane forrest full of heich montanes 

...” 

 

Such descriptions were of little help to would-be cartographers or navigators. 

Furthermore, it is clear that distances quoted are the author’s estimates based on his own 

journeys and local accounts, rather than measurements. References to miles are most 

probably approximate Scottish miles24 rather than the shorter, English miles. And 

finally, it is important to bear in mind that to a very large extent there were no roads or 
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even stone laid (metalled) tracks in the Hebrides until quite modern times – travel was 

almost entirely by boat or on foot, with some use of small horses (un-shoed). The time 

to reach a destination (by foot, pony or boat) was a more meaningful measure of 

distance than simple distances in miles – much as it is for many today – distance, 

together with information on available transport facilities, provides a crude guide to 

travel time. 

 

The first widely available printed description of the area dates from 1703 and is the 

work of Martin Martin25 – his text is very poorly structured and the topographical 

descriptions are often weak, leaving those travellers who used his book at the time 

(notably James Boswell and Dr Samuel Johnson) deeply critical of the contents. The 

original printings of his book do, however, include a “New MAP of the Whole, 

describing the Harbours, Anchoring Places and Dangerous Rocks for the benefit of 

sailers [sic]” with a scale shown in both Scottish and English miles (Figure 3-3) and a 

grid showing latitude and longitude, although the latter are clearly incorrect. Neither 

Munro nor Martin provides any estimates of the areas or heights for the islands26, and 

very little usable information is given regarding safe harbours or sea routes. Examining 

Martin’s map and the figures in Table 3-2 it is hardly surprising that the English were 

outwitted by the local Scots and their French allies in 1745/6. 

Table 3-2 Recorded Sizes of Hebridean Islands – 1549-2001 

Source 
 
Island 

David Munro 
1549 (text) 
Scottish miles? 

John Speed 
1662 (map) 
Scottish miles 

Martin Martin 
1703 (text) 
English miles? 

OS 
2001 (maps) 
English miles 

Arran 24x16 (Aran) 20x10 (Arren) 24x7 20x10 (max 11) 

Bute 8x4 10x3 10x? 15x3 (max 3) 

Mull 24x24 (Mule) 20x20 (Mula) 24x24 28x30 

Rhum 16x6 (Rum) 6x6 (Rum) 5x3 8x8 

Skye 42x8 (widest 12) (Sky) 58x15-20 40x20-30 
 

48x41 (max 25) 

Harris a (Horay)  18 13 

Harris & 
Lewis 

60x16 (Horay & Leozus) 65x50 (Lewys) 100x10-12 65 (SW-NE) x  
28 (SE-NW) 

Lewis b (Leozus)  36 x 10-12 48 x 26 

Barra 7x4 10x7 (Barray) 
 

5x3 8x5 

S Uist 34x6 incl. N & S Uist & 
Benbecula 

 21x3 (widest 4) 21x7 (max 8) 

N Uist (Vyist) 15x20 (Eust) 9x? 13 (max) x 17 
(max) 

Benbecula (Vyist)  3x3 6x6 
a Hushinish to Loch Seaforth; b Butt of Lewis to Hushinish 
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Figure 3-3 Martin Martin’s “New Map” of 1703 

 

This map has been digitally scanned from an original folded copy in Martin Martin’s book as it is not 

believed to have been published separately. © Reproduced with permission from the National Library of 

Scotland 
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3.3.2.1  Murdoch Mackenzie Snr 

The Orcadian surveyor, Murdoch Mackenzie (1712-1797) was to become perhaps the 

principal figure in the development of accurate coastal charting, or hydrography. Today 

his name is to be found in very few record books or treatises, yet his influence and the 

influence of members of his family, was considerable.  

 

In a highly critical commentary on coastal maps that had been produced prior to his own 

work27 Mackenzie noted: 

 

“In these Charts, as all the Distances are either taken by the Eye, the Log-

line, or the Ship’s Traverse, without any allowance for the Influence of Tides 

and Currents; and the Courses, for the most part, deduced by the Reckoning, 

or sometimes taken at Sea by a Compass; great Exactness is not to be 

expected: and as the Scale is very small, no striking Resemblance of any Part 

of the Coast can be expressed in the Draught, to point out with certainty 

where Shoals or Harbours lie.” 

 

Mackenzie achieved his own success by applying and developing a methodology 

reputedly laid out by Professor Colin Maclaurin28 and described in Mackenzie’s first 

work, the four year programme (1744-1748) to produce a hydrographic survey of the 

coastline of the Orkney Islands29. This was a private commercial enterprise, for which 

subscriptions had to be raised. The map shown in Figure 3-4 has been located in the 

Orkney Archive by the present author, which together with his “Notes for surveying an 

Island” in handwritten script in the Archive, almost certainly formed two key parts of 

the prospectus material that Mackenzie used in promoting his venture. A copy of the 

original prospectus text, entitled “Proposals for surveying and navigating by 

subscription the Orkney Islands”, has recently been located in the Bodley Library [“the 

Bodleian”], Oxford.  

 

The text in the top right hand corner of the map reads: 

 

“How very serviceable it would be to a great Part of the trading Nations in 

Europe to have the Orkneys rightly navigate, will be obvious, from their 

Situation, to all acquainted with mercantile Business: and will also appear 

from the vast number of Ship-wrecks that happen there. On this small Island 

of N. Ronaldsha alone, about twenty British and Dutch vessels have been lost 

within the last 30 or 40 years many of them with very Valuable Cargoes, 

besides a much greater number on other Parts of that Coast; most of which 
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might have been prevented by such a Chart of these Islands as is here 

proposed.” 

 

Figure 3-4 North Ronaldsay “Prospectus” map, c.1743 (section) 

 

This engraved printed map, which has not previously been recorded, was produced by Mackenzie as an 
illustration of the kind of work he would be producing – photographed by the author, courtesy of the 
Orkney Archive, Kirkwall 

 

A little further down the chart is the text: 

 

“On this rock, the Svecia of Gottenburg, from Bengall, perished, Nov.r 1740 

and most of her Cargoe [sic] drove on the adjacent shore of N. Ronaldsha.” 

 

and at the foot of the chart: 

 

“N.B. The Latitude, Variation, Flowings, and a great many Material 

Soundings and some Shoalds [sic], are purposely omitted” 

 

Mackenzie’s Orkney maps were published as an atlas of 8 charts (5 of the Orkneys and 

3 of Lewis in the Hebrides) in May 1750, with Kirkwall in the Orkneys taken as the 

meridian rather than Greenwich30. For this work he was loaned a theodolite, plane table 

and survey chain by the Royal Navy, but evidence from his own hand-written notes in 

the Orkney Archives suggest he may also have possessed a portable Hadley quadrant31 
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(Figure 3-5A), a ‘perambulator’ (wheeled measure) and other measuring and drawing 

apparatus.  

Figure 3-5 Hadley quadrant (octant) and Sisson theodolite 

  

A. Hadley quadrant (octant) made of ebony 
Photographs © National Maritime Museum, Greenwich 

B. Early theodolite by J Sisson, c. 1737 

 

For the main island of the group where he began his survey he erected beacons on the 

hilltops for his triangulation stations. He then used his theodolite32, which may have 

been similar in design to that shown in Figure 3-5B33, to measure horizontal angles 

between the various stations. Theodolites with telescopic sights appear to have been 

invented by Sisson in London in c.1720, perhaps based on earlier French instruments of 

a similar nature. In a publication dated 1737 (the same year as the instrument shown in 

Figure 3-5B was produced), John Gray of Glasgow published an account34 entitled “The 

Art of Land-Measuring Explained”. In this work, which we may reasonably suppose 

Mackenzie had studied, he states that the best results obtainable from a theodolite at the 

time were 10 of arc, whilst Sisson claimed an accuracy of 6. Since an error of 1 degree 

is around 92 feet at one mile, this is equivalent to a theoretical error of around 9+ feet 

for a single measurement over a measured mile. Of course, these figures only relate to 

observations on land, having achieved a near perfect levelling of the instrument used – 

observations taken from offshore would be far less reliable. 
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In order to provide a scale for the Orcades survey Mackenzie had to measure a base line 

and then connect it to the triangulation survey. The site he chose was on the North West 

branch of the Loch of Stenhouse (Stenness, very close to Mackenzie’s own home):  

 

“... catching the Opportunity of a very hard Frost … Poles were fixed in the 

Ice in a straight Line, extending from … the parish boundary [of].. Sandwick 

and Hara, to Broggar near the north-most Bridge, and Lines or Ropes 

stretched on the Ice from Pole to Pole, along which was carefully measured, 

with an Iron-Chain, the Distance of three Miles and three Quarter.” 
Murdoch Mackenzie, in the Preface to his Orcades Atlas (1750) 

 

By this method Mackenzie obtained a long and accurate baseline from which he could 

extend the coast and land detail. This he achieved by chaining for measurement of 

selected point-to-point distances, by angular measurements using his theodolite and 

when offshore, employing his quadrant, by sketching, and finally by using lead lines for 

depth measurement. Most depth measurements he took were derived from one or two 

passes by boat, although occasionally in very complex or rocky areas more detailed 

soundings were taken. It was not until his invention of the Station Pointer35 (Figure 3-6) 

late in the 18th century that hydrographic maps became more extensively populated with 

depth information. The quality of his Orkney maps were also greatly aided by his 

personal local knowledge of the islands and the fact that he had both the funding and the 

time to carry out the task with great care. 

 

Mackenzie was undoubtedly aware of the problem of cumulative errors and stated that 

he chose his procedures to minimise such effects. However, his work precedes the 

development of formal procedures to minimise and correct for systematic and random 

errors - indeed an understanding of such errors and their treatment was not well 

established for a further 50 years or more (see further, Sections 3.4 and 5.1.3).  His 

coastal maps remained in use for almost for a century, when the Admiralty conducted a 

new and thorough hydrographic survey36 of the Western Isles over the period 1846-

1863.  
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Figure 3-6 Station pointer - mid 19th century 

 

Private collection. This example is by Cary, London and was designed for use by the Hydrographic Office. 
The three pointer arms each extend to approximately 6ft 

 

Following the Navy’s embarrassing failures in 1745/6, and impressed by his Orkney 

charts, Mackenzie was asked by the Admiralty to make an accurate series of maps of the 

coastal waters of the Hebrides and Western Scotland (commissioned in 1751, completed 

in 1757)37. He was subsequently commissioned to map much of the west coast of 

England and Wales as far as the Bristol Channel, together with the coast of Ireland. The 

main charts, which are in a very large format, were published privately in 1775/6. It is 

interesting to speculate as to why there was such a long gap between the surveys and the 

general publication of the charts. Whilst there were issues of available time and 

resources to undertake such publication, it seems probable that initially copies were 

provided solely for Admiralty use. 

 

In order to map the Outer Hebrides Mackenzie measured his main baseline of over 3 

miles on a stretch of beach at low tide, at Güil, between the islands of Benbecula and 

South Uist38. His maps focus on the coastlines, charting depths in fathoms and including 

notes on unusual tides and currents. His primary objective was to determine safe 

passages and guidance for sailors. However, he does not appear to have applied as 
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rigorous standards and procedures for the Hebrides and subsequent surveys as he did for 

the Orkneys work – his maps of the latter are remarkably close to those of the present 

day, whilst the former show many disparities, especially with respect to the overall 

shape and size of some of the islands (e.g. Skye, Islay and Arran). We suspect that lack 

of local knowledge and limitations of finance and time played a considerable part in 

these inaccuracies, although the gross underestimate of the size of Arran (almost 40%) 

and the adjacent Mull of Kintyre (c.25%) is not readily explainable. 

 

The individual maps are mostly to a scale of 1 inch to 1 English Mile39 and include an 

indication of latitude and identification of both true and magnetic North40 - however, 

given that the maps were surveyed some 20 years before they were published, and 

assuming the change in variation was similar to the present day in this region (8 

minutes/year)41, the compass bearings may have been as much as 3 degrees out. The 

individual maps (as opposed to the overview maps) do not show longitude around the 

perimeters. The maps are oriented to magnetic north and do not appear to have been 

produced to an underlying projection as no grid is shown or described. A pencil grid of 

squares (2x2 nautical miles) can be seen on some of the original hand-drawn maps – 

presumably, these marks were made by either Admiralty staff or the engraver when 

copying the drawings. No baselines or triangulation lines are shown on the originals or 

on copies and no manuscript notes are known to exist. 

 

Mackenzie also published a companion volume, entitled “Nautical Descriptions” which 

provides much additional information about the coastlines, surveying methods, 

astronomical observations, currents and tides etc. From this we know, for example, that 

he possessed a 12" Quadrant made by John Bird, which he used to measure latitudes of 

selected locations. For example, Dunvegan Castle, on the Isle of Skye, was measured on 

the 5th of May 1753 as 57º21´ North (he does not provide the longitude) - the true 

position is 57º26´ North and 6º35´ West.  
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Figure 3-7 Current and Mackenzie maps of Loch Ewe and Loch Broom 

coastline 

 

A. Mackenzie chart (1776) 
 
Section of Chart XXVII 
 

Orientation is to magnetic north at 
the time 
 
Chart area covered is part of the 
Northwest mainland coast of 
Scotland. 

  

 

B. OS Digimap chart (2002)  
 
Orientation is to true north 
 
Trace of Mackenzie chart (above) 
overlaid in black – a closer match 
to the current map has been 
achieved by rotation of the 

Mackenzie chart by c.19 
 
 

 

Without accurate instruments that could be used speedily, nor the benefit of aerial 

surveys, map-makers and hydrographers like Mackenzie were unable to fix many of the 

points and base lines of their triangulations to a sufficient precision and had difficulty 

managing errors. Their charts were thus far from perfect by modern standards, but 

nonetheless, a major improvement upon previous efforts. This is exemplified by a 

comparison between a (re-scaled) current chart42 and the equivalent map produced by 

Mackenzie in 1776 (Figure 3-7A and B). The original (hand drawn) map by Mackenzie 

includes a latitude line at 58º12´N, although this does not appear on the printed version 

– this reading is very close to the correct value.  
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From close examination of both Mackenzie’s printed and original maps, his 

publications and contemporary accounts, we may summarise the major sources of errors 

and inaccuracies in his charts as follows: 

 

(i) instrument-related errors – errors in angular, distance and level 

measurement exist due to the limitations of the available instruments. These 

are significant but, by themselves, do not account for the most obvious errors 

in the charts produced. 

(ii) methodological errors – despite his subsequent written accounts it seems 

clear that Mackenzie did not use a sufficient number of baselines, nor did he 

apply systematic triangulation and linkage of his various surveys, resulting 

in substantive errors in the final charts. The practical problems of extending 

triangulations over large expanses of open water must have been a major 

contributory factor to the scaling and related errors in several of the final 

maps. It seems certain that multiple independent measurements were not 

taken, nor any systematic checking/correcting procedures applied. We 

suspect these were the main factors explaining gross errors, such as that of 

Arran’s size. 

(iii) commercial and time considerations – there are few details available relating 

to payments to Mackenzie for the surveys of the west coast, but most were 

completed over a much shorter period than the pre-funded Orcades work. 

There was almost certainly pressure from the Admiralty to provide improved 

maps at the earliest opportunity, and finite funds provided to achieve these 

aims frequently coupled with much delayed payment for his services. These 

restrictions would have limited the extent to which bays, inlets, rocky 

outcrops and ledges could be investigated, mapped and checked. 

(iv) production errors – the original hand drawn maps differ from the engraved 

and printed versions in detail, wording, page make up, paper quality, 

orientation and in some cases, size. In most instances these differences are 

not substantive, nor has the elapse of over 200 years resulted in major 

distortions to the originals. 

(v) publication errors – the delay in full publication of the maps, amounting to 

almost 20 years, may have contributed to some errors. It is possible that 

some of the notes and measurements taken during the surveys were lost or 
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not available at the time of preparing the plates, but there is no evidence to 

confirm or refute this. Similarly, there is no evidence that the published 

maps were altered deliberately (e.g. at the request of the Admiralty). 

 

From this summary we may conclude that the major errors in the charts were primarily 

due to methodological and related commercial issues, such as time and cost of 

surveying, rather than intrinsic limitations of instruments or production processes. 

Given sufficient time, funds and attention to detail, significantly better maps could have 

been produced at the time.  

 

Mackenzie was elected as a Fellow of the Royal Society43 in 1774, with his sponsors 

including Sir Joseph Banks. Following the publication of his charts and books (1774-

1776) he moved from London to Minehead in Somerset, to live with his nephew (also 

called Murdoch Mackenzie). His legacy was then continued under the guidance of his 

nephew, and subsequently their cousin, Graeme Spence. He died in 1797 at the age of 

85 and is buried in Minehead. In 1795 the UK Hydrographic Office was established and 

remains based in Somerset, at Taunton. 

 

Mackenzie’s methods were of less use if access to the land was difficult or impossible. 

Ship’s captains continued to rely on the use of compass bearings, the Hadley quadrant, 

log lines, and cannon fire when charting new territories in the Southern Oceans. Indeed 

Dalrymple44 wrote in 1771, p.13: 

 

“But the best method of measuring distance for Hydrographical purposes is 

by Sound” 

 

He then goes on to state that sound travels at 1142 English feet in a second, and that by 

using a clock with a ½ second pendulum (of length 9.8 inches) each stroke will be equal 

to 571 feet. In fact this method, although used in some instances, is of limited use for 

accurate surveying since (a) the speed of sound in air varies with temperature, from 

around 1087 feet/sec at 0ºC to 1167 feet/sec at 40ºC; (b) the minimum observable 

distance would be 571 feet (by his calculation); and (c) it relies on accuracy of both the 

time measurement and observation of the pendulum swing. 
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Mackenzie’s coastal maps and guides were to be the Naval equivalents of the Board of 

Ordnance’s surveys on land (also commissioned at this time, under the auspices of the 

Duke of Cumberland, and supervised by another and more famous Scot, William 

Roy45). The latter were the precursors of the first Ordnance Survey maps, but work on 

these in Scotland was ended in 1756 due to more pressing military requirements in the 

‘colonies’ (notably in North America and India). As Seymour46 has noted: 

 

“… perhaps the most formative [survey] for the Ordnance Survey was that of 

Scotland undertaken between 1747 and 1755 … at a scale of 1 inch to 1000 

yards … from contemporary accounts it appears that it originated in the 

aftermath of the 1745 rebellion.” 

 

An indication of the measurement difficulties that remained, even as late as 1783, lay in 

a known discrepancy between the recorded positions of the Greenwich and Paris 

observatories – amounting to 11 seconds of longitude and 15 seconds of latitude (1 

second is around 100 feet on the earth’s surface, so the observed errors were substantial 

– around 1 in 1000). To help resolve this error, in 1784 the Royal Society arranged for a 

Trigonometrical Survey to be carried out under the guidance of Major-General William 

Roy, using a specially built large (three foot) theodolite (made by Ramsden) and 18 foot 

glass measuring rods47, at Hounslow Heath. This work was re-checked and completed 

under the supervision of William Mudge48 in 1791 and provided the foundation for the 

first maps of the Ordnance Survey, which covered Kent, and which were prepared under 

Mudge’s guidance from 1801 onwards49. In France, a related programme of work was 

undertaken using their preferred instrument, the Borda Repeating Circle (a development 

of an earlier design by Tobias Mayer50). Needless to say, even after the most prolonged 

and careful measurements of the day, the two nations disagreed on the results and the 

relative merits of their instruments and techniques! 

 

The French team and their successors under the Revolutionary Council, utilised their 

new tools and techniques to extend the survey data to cover an arc from Dunkirk in the 

North, past Paris and on to Carcasonne in the South, terminating near Barcelona in 

Spain. This arc, which took the two main surveyors seven years to complete (1791-

1798), formed the basis for the definition of the metre as one ten millionth of a quarter 

circumference of the earth.  
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At around the same time, having read Roy’s account of his survey methods in England 

and Scotland, William Lambton left Canada to commence the survey that was to 

become the “Great Trigonometrical Survey of India”, aided by an immense (1/2 ton) 

theodolite. This work, which took place over some 50 years, superseded earlier survey 

work in Southeast India by Capt (later Col.) Colin Mackenzie51, and was substantially 

completed by Sir George Everest (after whom the peak is named52). 

3.3.3 Pendulums, clocks and precision instruments 

The third key element of the programme to improve navigation was the development of 

precision instruments for measuring distances, angles and location. Some of these 

developments have been touched upon in previous subsections, but the role of accurate 

time measurement and the unexpected consequences of such development, warrants 

special attention. 

 

The production of high quality instruments for surveying owes much to the 

development of precision timepieces. This commenced with the construction of the first 

pendulum clock by Salomon Coster under licence and supervision of its inventor, the 

Dutch scientist Christian Huygens, in December 1656, and the invention of the anchor 

or recoil escapment (attributed to Robert Hooke, c.1671). In 1657, Ahasuerus 

Fromanteel, a leading clockmaker in London, sent his son Johannes to work with Coster 

and learn about the new invention. Johannes returned in May 1658 and by October that 

year the first Fromanteel pendulum clock was ready for sale. At this time there were 

growing ties between the English and Dutch nations, despite a series of small-scale 

conflicts and intense competition between the East India Company (of London) and the 

Dutch East India Company.  

 

James II succeeded to the English throne in 1685 following the death of his brother, the 

liberal and Protestant Charles II. The succession of the pro-Catholic James was 

extremely unpopular and very soon the political and commercial logic of a ‘union’ with 

the Netherlands became apparent to many. This culminated in 1688 with an invitation 

by members of the English Parliament to the Dutch prince, William of Orange (a 

Protestant), to depose James and become the English Monarch in his place. William was 

the son of Mary Stuart, the daughter of Charles I, whilst his English wife, Mary, was the 

eldest daughter of James II. The political union that resulted had major commercial 
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benefits to England: it provided a period of political stability between the two nations 

lasting several decades; it reduced the intense competition between Dutch and English 

commercial operations at that time; it enabled London to establish financial and trading 

institutions, notably banking structures and a stock exchange, based on the Dutch 

models; and it stimulated the sharing of commercial and technical developments 

between the two countries. 

3.3.3.1 The role of the pendulum 

In developing the pendulum clock, Huygens had produced an elegant formula for the 

relationship between the time period, T, of one complete swing (i.e. to and fro) of a 

‘simple’ pendulum, its length, L, and gravitational force, g as:  

 

T = 2π(L/g)  

 

If the formula is used to describe a semi-period, which is the common usage, the factor 

2 is dropped.  

 

This formula is an approximation to observed values for T, in that it does not specify: 

the materials from which the pendulum is to be made nor their distribution along the 

pendulum length (see further, Section 5.1.4); the temperature or pressure conditions; 

friction considerations; angle of swing and circular error; connection to the clock 

mechanism; physical motion of the clock or true verticality of the pendulum; all of 

which affect the periodicity and performance of real-world pendulum clocks53.  

 

Huygens’ formula also assumes that gravity is constant everywhere on the Earth. If this 

is the case then T will be constant for given pendulum length L. This observation led to 

an early suggestion that a global standard of length measurement could be based on the 

length L that corresponded to a semi-period of one second of time (easily cross-checked 

by astronomical observation). Re-writing the above expression we have: 

 

L = g(T/2π)2 

 

Thus, if g = a constant, say g = 32.18 feet/sec/sec and T=1, then we find L = 3.26 feet 

(almost exactly a modern metre, being 0.994m).  
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In 1672/3 a ship was dispatched to the Island of Cayenne (in French Guiana) by the 

Acadèmie des Sciences to conduct a number of astronomical observations and to test 

whether g = a constant was a correct assumption throughout the world. A key element 

of this work involved careful measurement of the length of a seconds-beating 

pendulum. It was found that the pendulum clock in Cayenne lost 2.5 minutes/day as 

compared with Paris. The pendulum length required to produce a semi-period of one 

second was slightly less than at Paris (which is approximately 45 further north) by 

approximately 0.32%. Huygens and Newton both argued that the only way this could be 

explained was if g, the gravitational ‘constant’ varied with latitude. They stated that the 

Earth (like some of the known planets) was thus not a perfect sphere but slightly 

flattened at the poles and bulging at the equator, due to centrifugal forces – in his 

Principia Mathematica (published in 1687) Newton estimated this flattening effect to be 

1/230 (1/298 is the currently accepted figure). This results in gravity being slightly 

greater at the poles than the equator.  

 

Despite this idea being controversial at the time, notably in France where the shape of 

the earth was believed to be a prolate ellipsoid (more pointed at the poles), it is of 

course the correct interpretation of the results. In fact on average a seconds-beating 

pendulum is 39 long at the equator and 39.206 at the poles. The resolution of this 

problem led to yet another application of the pendulum, that of measuring gravitational 

variation, by applying the above formula once more but this time with a fixed length, L, 

of pendulum and independently measured period, T. 

 

In a paper of 1740 on Tides, Maclaurin54 proved that an oblate spheroid (ellipsoid of 

revolution) was the equilibrium shape for a body (fluid) of constant density under 

angular rotation. This form is encapsulated today in a world standard - the 1984 World 

Geodetic System ellipsoid (WGS-84) which is defined as: Flattening (ellipticity): 

1/298.257 (roughly 0.335%) and Semimajor axis: 6,378,137m. This is the basic model 

of the Earth’s shape that is used by today’s Global Positioning Systems (GPS). When 

applied in its simplest forms this model has limitations at the continental level due to 

plate tectonic considerations and global asymmetries (e.g. the South Pole is slightly 

flatter and closer to the equator than the North Pole; the surface of the earth varies in 

height slightly during the course of each year).  
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Heights with respect to mean sea level are now calculated with respect to a second form, 

the Geoid, which is an adjusted version of the ellipsoid taking into account gravitational 

variation to give an equipotential surface55 that coincides approximately with mean sea 

level. The Geoid is irregular, being higher over continents and lower over oceans, and is 

defined by accurate measurement rather than an analytic mathematical model (Figure 

3-8). In the UK the Geoid is typically 40-50 metres above the world GPS reference 

ellipsoid. 

 

The maximum deviation from the ellipsoid is +73 metres (in New Guinea) and -105 

metres (off the coast of South India). The surface of the Geoid is orthogonal to the 

direction of gravity rather than the ellipsoid. Early astronomers, instrument makers and 

surveyors were aware of this problem (e.g. when using plumb lines, setting up 

pendulum clocks) and attempted to adjust for it. The deviation of plumb lines from the 

‘vertical’ is due to the variable density of the earth’s upper mantle. This phenomenon, 

known as isostasy, was first described and analysed in detail following Lambton and 

Everest’s surveys of India, which commenced in the early 1800s.  

Figure 3-8 WGS-84 Geoid heights (metres), 10 degree intervals 

 

Heights are shown in metres above or below the reference ellipsoid. Map generated from dataset provided 
by US Department of Defense GPS UE database, 12 Jan 1987 

 

Despite the above concerns, in the 17th and 18th centuries it was sufficient to assume the 

Earth was spherical for most practical purposes and to focus on finding location 
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accurately (latitude and longitude). A fuller discussion of this question is provided in 

Section 4.2.4.6, Spherical and terrestrial metrics.  

3.3.3.2 Clocks and precision instruments 

In 1666, a few years after the foundation of the Royal Society in London, the Secretary, 

Robert Hooke gave a presentation to the members outlining his ideas for an instrument 

he described as an ‘Equatorial Quadrant’ to be used for astronomical observations. In 

addition to the main telescope and quadrant structures his designs included a 

micrometer for precise angular adjustment, a bubble level and a clockwork tracking 

mechanism56. These were new and untested ideas, but included components which were 

fundamental for the subsequent development of accurate surveying equipment. Shortly 

afterwards two clocks each with a 13 foot (2 second) pendulum and an equatorial 

quadrant based on Hooke’s design were constructed by Thomas Tompion for the first 

Astronomer Royal, John Flamsteed. These are still on view in Flamsteed’s house, the 

location of the Greenwich Meridian57.  

 

The Astronomer Royal had been commissioned, in 1675 to:  

 

‘… apply himself with the most exact care and diligence to Rectifying the 

Tables of the Motions of the Heavens and the Places of the Fixed Stars, in 

order to find out the so much desired Longitude at Sea, for the perfecting the 

Art of Navigation.’  

 

The Tompion clocks built for the observatory were extremely large, specialist items of 

equipment. However, one conventionally sized longcase clock by Tompion, No.483, 

dating from 1708/1709, is now thought by some to be the earliest complete example of 

the deadbeat escapment58. This deadbeat or non-recoil escapment (Figure 3-9), 

sometimes called the Graham escapment, is traditionally attributed to George Graham59. 

This attribution is based on its inclusion in a clock made by Graham in 1715. Its 

development is probably one of the two most important factors in improving the 

performance (accuracy) of pendulum clocks from the early 18th century onwards (the 

other being temperature compensation). The Tompion clock No.483 includes an hour 

wheel with 288 teeth, and is a month-going regulator with a brass rod pendulum and 

bob – as such it is one of the earliest examples of true precision engineering.  
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Figure 3-9 Deadbeat escapment – example from a Regulator by James Richie 

 

This 8-day regulator movement, dating 

from around 1840, incorporates a simple 

deadbeat escapment with jewelled 

pallets to reduce friction and wear. The 

Escape wheel has 30 teeth and thus 

rotates twice every minute powered by a 

one second mercury-compensated 

(Graham) pendulum. As with all early 

pendulum clocks this example is weight 

driven and incorporates Harrison’s 

maintaining power mechanism (based on 

springs) – the latter ensures that power 

is maintained to the movement (and thus 

no time is lost) whilst the clock is being 

wound 

 

The deadbeat escapment and month duration required a very high degree of accuracy in 

wheel cutting, which in turn required very accurate division of the circle. These 

requirements of clock making were a pre-requisite for accurate determination of angular 

measurements, and thus triangulation. They led to the production of special tools, such 

as linear dividers, wheel-cutting engines and circle dividers60, which were to become a 

key factor in England’s domination of the clock industry throughout the 18th century.  

 

Tompion’s work confirms that from an early date the makers of accurate clocks were 

often also the makers of scientific instruments. Tompion’s successor George Graham, 

for example, supplied a regulator clock and zenith sector61 to the French scientist, 

Maupertius62, the man responsible for first expressing the “Principle of least action” 

noted earlier. In 1736-8 Maupertius used Graham’s instruments for astronomical 

observations in conjunction with a precision quadrant and other devices to establish a 

baseline of 8.9 miles on the frozen river Torne (Tornea) in Lapland. This work enabled 

the length of a degree of latitude to be estimated at the Arctic Circle and formed a key 

part of the Acadèmie’s efforts to establish accurate measurement of shape of the Earth63. 
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His measurements proved conclusively that the earth was oblate (flattened at the poles) 

rather than prolate. Graham’s zenith sector was to form the basis for one made by John 

Bird in 1762 for the surveyor-astronomers Mason and Dixon, enabling them to 

accurately determine the line that was subsequently to bear their names64.  

 

Related portable measurement devices such as the sextant (originally developed by 

Bird) and theodolite, drew upon these technological advances in astronomy and 

horology. One of the main methods for ensuring accuracy of these instruments at the 

time (especially those requiring highly accurate angular scales) was to make them as 

large and solid as possible – this inevitably caused problems of portability, as was 

evident with Harrison’s first chronometers and early survey equipment. Accurate 

angular measurement continued to be a major problem, especially for larger scale 

surveys – whilst an angular error of one minute of arc only amounts to one inch at 100 

yards, it is over a mile when measuring a great circle on the Earth’s surface. Even as 

late as 1774 Mackenzie65 noted that the Vernier scales on theodolites were often 

graduated to only 4 or 5 minutes of arc, and wherever possible he recommended the use 

the more portable and (at that time) more precisely divided sextant for use in 

hydrographical work. The London instrument maker, Troughton, improved on Bird’s 

sextant design and patented some of these improvements in 1788. An example with 

very fine angular divisions, incorporating Troughton’s lightweight double pillar-frame 

construction and Vernier magnifier is illustrated in Figure 3-10: 

Figure 3-10 Sextant, by Troughton, c.1810 
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Precision mechanical instruments such as sextants and theodolites, and ultimately 

marine chronometers, available at a reasonable price, required materials of consistent 

specification and accurate machine tools as well as fine engineering skills. To meet this 

demand major improvements in the purity and consistency of metal alloys were taking 

place. These alloys included the copper/zinc mix used to make brass (see further, Table 

3-3) and the production of rolled brass sheets (as opposed to ‘battery’ sheets - literally 

battered to produce a flat surface). Rolled sheets became the normal form of plate brass 

from 1750 onwards.  

Table 3-3 Metal alloys used in scientific instruments 

Metal alloy Constituent mix (approx.) Notes 

Brass Copper 70%, Zinc 30% 
 
Copper 62%-66%, Zinc 
34%-38% 

16.5 seconds/day rate change for 20C temperature 
change, for a one second pendulum. 
Some Brass contains small amounts of lead. The two 
alloy mixes quoted reflect the two main types of Brass 
used, but is not exhaustive 
 

Naval brass Copper 60%, Zinc 40%, Tin 
– trace 

 
 
 

Bronze Copper 75%, Zinc 20%, Tin 
3%, Lead 2% 

very variable mixes over time 
 
 

Gun metal  Copper 88% (83.5%-90%), 
Tin 10% (9%-13%), Zinc 2% 
(0%-2%) 
 

Typically described as a family of Copper-tin alloys 

Bell metal Copper 70%, Tin 30% When used in Bell-making, usually 80% Copper 20% 
Tin. Also used to make lower cost/quality scientific 
instruments. 
 

Invar 35.6% Nickel, 64.4% Iron Invented in 1890 by C-E Guillaume (1861-1938). An 
alloy with negligible coefficient of expansion, used for 

pendulum rods: 0.4s/day rate change for 20C 
temperature change. Replaced Platinum for standard 
metres. Used for surveying tapes, wires and rods from 
1906 and for the 20.9 mile baseline measured in the 
USA in 1922-3 for Michaelson’s attempted 
measurement of the speed of light. Quality deteriorates 
with use and over time. 
 

 

As we have seen, the development of highly accurate and affordable clocks and watches 

provided just the skills and materials required for the production of precision 

measurement devices. However, scientific endeavour alone did not provide the driving 

force behind the developments that led to the solution of the central problems of 

surveying, mapping and navigation – these were driven by military needs, marine 

disasters, commercial pressures and substantial financial rewards, as we shall see in the 

next two sub-sections. 
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3.3.3.3 The loss of the Association  

In late October 1707 a fleet of 15 English warships and 6 accompanying vessels 

returned to England from Gibraltar (following battles with the French fleet at Toulon) 

under the Admiral and Commander-in-Chief of the fleet, Sir Cloudesley Shovell66. Four 

of these ships, including the valuable flagship “Association”, and some 2000 men were 

lost at sea on the Gilstone (Guilstone) rocks off the Scilly Isles.  

 

Several other ships were seriously damaged. This was the result of serious navigational 

errors in foggy, dark and stormy conditions67, as a contemporary but little known 

account reveals68: 

 

“Abt. one or two aft. noon on the 23rd [22nd] Octr. Sir C. call’d a council & 

examd ye Masters wt Lat. they were in; all agreed to be in that of Ushant .. 

[Isles d’Ouessant] … on ye coast of France, except Sr W. Jumper’s Mr of ye 

Lenox, who believ’d ‘em to be nearer Scilly, & yt in 3 hours should be in 

sight thereof, (wch unfortunately happen’d) but Sr Cloud. listened not to a 

single person whose opinion was contrary to ye whole fleet” 

 

The actual location of the Ushant Isles is 4828N, 505W, whilst Bishop’s Rock and 

the nearby Western Rocks of the Scilly Isles (which includes the Gilstone rocks) are 

located at 4952N, and 624W - 627W (114 miles or 38 leagues away). The fleet had 

miscalculated their position by well over a degree of both latitude and longitude – an 

enormous and fatal error, particularly bearing in mind that Shovell previously had 

commanded the Channel fleet for five years. The loss of the Association, and many 

similar, but less dramatic events, focused much attention on finding solutions to the 

problems of navigation, especially around dangerous coastlines. 

 

In the event, the three ‘solutions’ noted earlier - the construction of better lighthouses, 

the production of improved maps, and the accurate determination of position at sea (by 

instruments) - took many decades to come to fruition. Also, as noted earlier, it was not 

until well into the 19th century that a satisfactory lighthouse was built at Bishop Rock, 

and not until the 1790s that a good quality map of the Scilly’s was available to the 

Admiralty. The third component of the solution programme also took many years to 

resolve, finally achieving success in the 1770s. 
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The first of these ‘solutions’ has been discussed earlier (Section 3.1.1.1). The second, 

involving the production of accurate hydrographic charts, was commenced by 

Mackenzie in the 1750s, but his work did not extend south beyond the Bristol Channel. 

Eventually, in 1789, detailed mapping of the Scilly Isles was undertaken at the initiative 

of the Admiralty (Figure 3-11). Despite the small area to be surveyed, the work took 

four years to complete and includes clear indication of Bishop’s Rock and Bishop’s 

ledges, together with bearings and distances from key points, notably Ushant (bearing 

S. by E. distant 38 leagues). Graeme Spence69, a cousin and apprentice of Murdoch 

Mackenzie (Senior and Junior), carried out the survey. 

 

Spence’s map, which does not appear to have been published commercially at the time 

or since, included proposals for a ‘road-stead’ (a safe off-shore anchorage) for Men of 

War. Subsequently (in 1812) with much prescience, he submitted formal proposals to 

the Admiralty for a ‘National Roadstead’ at Scapa Flow70, which was to play a vital role 

in the 2nd World War.  

Figure 3-11 Graeme Spence’s Scilly Isles map, 1793 (section) 

 

© Crown 2002 
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In 1793 England was at war again with France, and for every ship lost in battle eight 

were lost through running aground. Organising and formalising the systematic 

production of accurate charts became a matter of national priority. The work of the 

Mackenzie’s and Spence helped lay the foundations for the establishment of the 

Admiralty Hydrographic Office in 1795. This unit was established under the direction 

of yet another Scot, Alexander Dalrymple71. Even until recent times, methods pioneered 

by Mackenzie were described (in updated form) in the standard Admiralty Manuals of 

Hydrographic Surveying72. 

3.3.3.4 Longitude determination 

The third component of the solution programme involved the development of improved 

instruments and procedures for positional determination, especially the determination of 

longitude. The 1707 naval disaster was a major factor that led (after much debate and 

consultations with both Newton and Halley) to an Act of Parliament in 1713/14 offering 

a prize of up to £20,000 (over £3 million in year 2000 terms) for the ‘discovery of 

longitude at sea’. In order to locate vessels at sea and to map the seas and coastlines 

with precision a reliable, accurate, practical and repeatable measurement method was 

required. For the full prize to be awarded an accuracy of measurement to within less 

than 0.5 of longitude (roughly 30 miles) was required. In practice, far better accuracy 

was needed to avoid tragedies of the kind that had occurred 6 years earlier, and as 

shown above, the problem was not merely one of longitude determination.  

 

Two principal approaches to the solution of the longitude problem were pursued at the 

time, the so-called lunar method, which relied on precise measurements of the position 

of the moon, and methods based on accurate timepieces.  

 

The use of astronomical observations and tables (to include a complete set of lunar 

predictions) was felt by many to be the most likely solution to the problem. Suitable 

tables were eventually produced by Tobias Mayer, Professor of Mathematics and 

Astronomy at the University of Göttingen73, in Hannover, Germany. Mayer drew 

heavily on previous work by Flamsteed and Halley, and mathematical inputs from 

Euler. The tables he produced were sent to the British Board of Longitude in 1755 and, 

after his early death aged 39, the Board in recognition of their value awarded his widow 

£300074. An assistant astronomer at Greenwich, Charles Mason, checked and refined 
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these tables prior to their use in sea trials in 1757. Mason was to become famous for 

related survey work, which is outlined later in this Chapter. Bird’s marine sextant was 

the instrument used (and improved) by Capt. John Campbell for the sea trials of the 

lunar distance method of longitude determination. These trials showed the method to be 

effective in theory (and sometimes in practice), but this method proved to be far inferior 

to the use of a precision timepiece (a marine chronometer).  

 

In parallel John Harrison and others worked on the development of a precision 

timepiece that would be usable at sea – this latter requirement precluded the use of the 

great invention of this period, the pendulum. It was not until the 1760s that a 

sufficiently accurate and portable spring-driven timepiece was developed (Harrison’s 

watch known as H4) to enable a usable estimate of longitude to be produced at sea (and 

thus more accurate navigation and mapping of coastlines). Even then it proved difficult 

to reproduce Harrison’s work. A copy of H4, which took two years to make (named K1 

after its maker, Kendall) was taken by Captain Cook on his second voyage (1772-1776) 

and was described by him at the time as “our never failing guide...”75. When Cook 

reached the Cape of Good Hope in South Africa he set his scientists ashore to make 

astronomical observations, and reported that: 

 

“… these observations shewed, that Mr Kendal’s watch had answered 

beyond all expectations, by pointing out the longitude of this place to within 

one minute of time to what it was observed by Messrs. Mason and Dixon in 

1761.” 
James Cook (1776) Vol. I, p17 

 

A combination of watch and astronomical observations enabled Cook to obtain good 

estimates of longitude for many parts of the world, and the maps he produced at the 

time (e.g. his Chart of the Southern Extremity of America, 1775) includes both latitude 

and longitude as well as soundings along the coastlines. Harrison’s timepieces H1, H2, 

H3 and H4, and Kendal’s copy of H4 (K1 and K2, a development of K1) are all located 

at Flamsteed’s House in Greenwich Park, London – Harrison’s magnificent clocks are 

still in working order and are generally kept running and on display.  

 

The difficulty of design and manufacture of such devices meant that it was not until the 

late 1700s that the first commercial marine chronometers became available from makers 
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such as Mudge76, Arnold and Earnshaw in London, and Le Roy and Berthoud in Paris. 

Despite pressures from the Revolutionary Council at the time, even the French makers 

baulked at producing decimal clocks77 (with 10 hour days and 100 minute hours) and 

decimal calendars, and the ancient Babylonian basis for time division (and circle 

division) remains to this day.  

 

It was not until 1828 that the Board of Longitude was disbanded, its work being 

regarded as completed. Despite the popular view of Harrison, as for example portrayed 

so vividly by Sobel78, his watches were not to form the basis for subsequent marine 

timekeepers – as noted above they were far too difficult to produce and by the early 19th 

century simpler designs had been devised79. Indeed, Earnshaw’s design remained that 

used for most marine chronometers up until modern times, with very few changes.  

 

In 1700 there were very few accurate astronomical and surveying instruments and even 

fewer accurate clocks, anywhere in the world. But by the end of the 18th century it is 

estimated that Britain was producing between 150,000 to 200,000 watches a year, 

perhaps 50-60% of which were exported.  

 

As the 19th century commenced the major problems of coastal navigation appeared to 

have been resolved: by the production of precision instruments for measuring terrestrial 

space and time; and by the provision of high quality navigational aids (lighthouses and 

hydrographic charts). The next major advance was to be with the invention of the 

electric telegraph80, which allowed longitude to be determined by the transmission of 

time signals (1847-1922), and which was then replaced by radio signals (1922 onwards) 

and subsequently by satellite positioning systems.  

3.4 Gauss and his contemporaries81 

Projects to map coastlines and survey entire countries were taking place all across 

Europe in the late 18th century, building on the improved measurement instruments and 

methods that were becoming available. Further progress required a firm theoretical and 

methodological framework – one which new mathematical researches were to provide. 
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Lambert’s82 highly accessible “Notes and additions [comments] on the design of land 

and celestial charts” (1772)83 provided the initial mathematical foundations for the 

design of projections and associated large-scale maps. His work attracted the attention 

of later mathematicians, notably Gauss, to this class of problems. Lambert’s conformal 

conical projection with two standard parallels is the basis for many current national 

mapping systems. His treatise also provided the framework for the Universal Transverse 

Mercator (UTM) projection, attributed to Gauss, which is used extensively within 

modern mapping systems.  

 

Lambert produced a three-volume treatise on mathematics84, which records show was 

borrowed by Gauss from the University Library, Göttingen, on 27th October 1795, the 

first academic work he chose to study after starting at the University that autumn. 

Volume III includes Lambert’s “Notes and comments” referred to above.  

 

The astronomer and mathematician C F Gauss was born in Brunswick, Germany in 

April 1777 and died in February 1855. Between late 1794 and October 1795, then at the 

age of 18, he is reputed to have devised the method of least squares85, which was to 

become the basis for a fundamental set of estimation tools in geodesy86 and statistics. 

The analysis and use of squared measures, and particularly sums of squared measures, 

have many analytical and theoretical attractions, and recur as a theme throughout this 

study.  

 

These early findings of Gauss and those of his contemporaries, Legendre and Laplace87, 

led to the development of a closer understanding of the nature of errors and the 

development of tools and techniques for treating different types of error. As such it was 

fundamental to the search for explanations of known discrepancies in terrestrial and 

astronomical datasets. This in turn led to the development of statistical sampling and 

error correction procedures, the introduction of experimental design, and the exploration 

of probability distribution theory, notably the Normal (or Gaussian) distribution. The 

French mathematician, Abraham de Moivre (1667-1754), had published a derivation of 

the Normal distribution as the limit of the binomial in 173388. However, Gauss provided 

a much more significant derivation of the distribution in connection with his analysis of 

the sum of a large number of additive independent errors in astronomical observations – 

effectively the first use of central limit theorems (although formal analysis of such 
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theorems was not undertaken until 190089). Gauss’ work in this field was published in 

1809 (in Latin) and 1816 (in German).  

 

In yet another contribution of relevance to modern spatial analysis (provided in a letter 

to a colleague dated March 1836) Gauss provided the first detailed description of an 

important problem of spatial optimisation that had been outlined by Fermat almost two 

centuries earlier. The problem involves minimising the sum of distances from an 

unknown point to a set of n known points. Where there are three known points this 

problem is now known as a Steiner problem90, whilst with greater than three points and 

a single unknown point it is known as a Fermat-Weber problem. Gauss drew attention 

to the question of determining not merely the unknown point, or points in question, but 

the various topologies of trees inter-connecting these points and the known point set 

(Steiner minimal trees). Aspects of such distance-minimisation problems are discussed, 

with approximations and generalisations, in Chapter 8. 

 

During 1799-1800, whilst in his early twenties, Gauss acted as an advisor to the team 

who were engaged in military mapping in Westphalia and he continued his involvement 

with a number of similar surveying projects in Denmark and parts of Germany. This 

included a private ‘micro-triangulation’ research exercise, which he undertook during 

the period 1802-1807 using a sextant and applying his method of least squares for the 

adjustment of the coordinates and their intersection points91. Many of the contributions 

made by Gauss to geodesy and non-Euclidean geometry draw upon this early work, but 

also stem from a commission (in 1818) to perform a geodetic survey of the Kingdom of 

Hannover. In order to produce an accurate survey Gauss used the established technique 

of systematic triangulation and he again applied his error minimisation technique of 

least squares, which he described as “my method”. However, he found that the 

complexity of the system of triangles that he established, together with the practicalities 

of accurate measurement of baselines, positions, angles, levelling, fixing of 

triangulation points and obtaining clear lines of sight, were all major obstacles to the 

production of high quality maps. Indeed, the results of his mapping work (over the 

period 1820-1826) were of little lasting value. Nevertheless, during the course of this 

work he made several substantive contributions to practical surveying and, more 

importantly, analysed many aspects of measurement, error correction, mapping, area 

calculation and distance determination from a formal mathematical perspective.  
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Drawing upon his geodetic and astronomical research, Gauss is credited with the initial 

formulation of differential and non-Euclidean geometry, including formal definitions of 

curvature and conformal mapping. This work benefited from prior results published by 

Lambert (as noted above) and Euler92 on curves and surfaces, including Euler’s 

differential equations for geodesics (published in 1728). His results on general 

conformal mapping (preserving angles/local shape but not necessarily distances) were 

published in a prize essay in 182293. In this he demonstrated that the conditions for 

conformality rely upon the intrinsic94 (or parametric) representation of one surface 

being directly related to the matching representation of the second surface. Using u and 

t as the parameterisation variables (i.e. letting x=x(u,t), y=y(u,t), z=z(u,t)) and writing 

incremental squared distance95 in terms of this parameterisation on the first surface as 

ds2 =edt2+2fdtdu+gdu2, and on the second surface as ds2 =Edt2+2Fdtdu+Gdu2 then the 

conditions for conformality are E/e=F/f=G/g. One result of this analysis was to 

demonstrate that a necessary condition for a surface to be distance preserving (i.e. 

moving part of its surface over another part retains distances) is that the surface has 

constant curvature (e.g. a sphere, a plane or a cylinder, but not an ellipsoid or a typical 

landscape). This notion of commencing analysis with the use of intrinsic coordinates 

and incremental distance is the direct forerunner of the ideas of his student, G F B 

Riemann (see below and Section 4.2.4.5), and thereby of the mathematical framework 

required for the formulation of general relativity. 

 

When analysing paths on surfaces, Gauss noted that great circles on a sphere have the 

property that at every point along these curves the principal normal of the curve is 

parallel to the normal to the surface. He then demonstrated that this property applies to 

geodesics (straight lines and locally shortest paths) on more generalised surfaces (see 

further, Section 7.4). This observation is simplest to appreciate by comparing lines of 

latitude (for which the normal to the curve is horizontal with respect to the Earth’s axis) 

and lines of longitude, where the normal to the curve slices through the centre of the 

Earth and is thus also the normal to the surface along such lines (treating the Earth as a 

sphere). Gauss appreciated that geodesics were neither unique nor necessarily globally 

shortest paths – for example, there may be many straight lines through a given point to a 

second point on the surface (as occurs on a sphere with polar points) and non-polar 

points on a sphere will always have two (unequal) straight lines connecting them.  
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Many of these topics were developed and published in detail by others, initially by 

Lobachevsky and Bolyai96, and then more generally by Riemann97 (1854). Riemann’s 

formulation is discussed in some detail in Chapters 4 and 7, and Annex 2 where it is 

used in the analytic solution of selected generalised least cost path problems. Riemann 

argued that the (only) correct way to understand distance and space was to consider the 

behaviour of very small elements – incremental distances, areas, angles - and to derive 

results from the incremental extension of these across spaces (or using the terminology 

Riemann introduces, continuous manifolds). He also noted98: “it is necessary to start out 

from the principle that a shortest line, originating in a point, is fully determined when 

its initial direction is given.” This model provides a powerful set of tools for analysing a 

range of complex continuous spaces, but is not directly suitable when his notions of 

continuity and the ‘initial value’ principle are relaxed or do not apply – for example, in 

the case where the shortest path varies dynamically (e.g. with variable traffic flows); or 

varies with the decision-making process of the person or object in motion; or where the 

space under consideration is not continuous and smooth. 

 

Gauss, like Mayer and Lambert before him, became deeply interested in problems of 

local and terrestrial magnetism, and subsequently electricity. His work in this area was 

both of a theoretical nature, producing laws to explain aspects of the behaviour of 

magnetic and electric fields which are still in use today, and of a practical nature. The 

latter included the systematic study of magnetic variation throughout Europe, the use of 

spherical harmonics to describe the Earth’s magnetic field, and the development of tools 

for absolute measurement of magnetic fields. In 1833 he applied some of these ideas in 

the design and construction (with his colleague, the physicist W Weber) of the first 

large-scale electromagnetic telegraph (communicating across 2.3kms of wiring). This 

device involved the transmission of an electric current which resulted in the movement 

of a magnetic needle to the left (L) or right (R). Gauss and Weber subsequently 

introduced one of the earliest examples of a (5-bit) binary code (see Figure 3-12) to 

encode the 32 symbols (25) they needed for alphanumeric communication (note that this 

scheme excludes X).  
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Figure 3-12 Gauss and Weber telegraph code 

RRRRR A RLLLL 1 

RRRRL B RRLLR 2 

RRRLR C RLRLL 3 

RRLRR D RLLRL 4 

RLRLR E LLLRR 5 

LRRRR F RLLRR 6 

LRLRR G/J LLLRL 7 

RLRRL H LLRRL 8 

LLRLL I/Y LRRLR 9 

LRRRL K LRLLR 0 

RLRRR L   

RRLLL M   

LLLLL N   

LRLLL O   

LRLRL P   

LLRRR Q   

RRRLL R   

RRLRL S/Z   

LLRLR T   

RLLLR U   

LRRLL V   

LLLLR W   

 

The use of a needle as an output device was slow and impractical, and shortly 

afterwards Morse, Baudot99 and others devised improved and practical forms of electric 

telegraph and associated coding systems. These events marked the very start of the 

information and communications era with which we are now so familiar. As noted 

earlier, one of the first uses of the telegraph was for the transmission of time signals, 

leading to the time-based standardisation of longitude measurement. Another early use 

was for the transmission of stock prices – we return to this latter application in the 

Postscript to this study. 

 

The central role of mathematical formalism, which commenced with Newton and 

realised its full potential in the late 18th and early 19th centuries with Gauss, cannot be 

overstated. It was only through such formalism that such rapid progress could be made 

on so many problems that had defeated earlier scientists. Within the context of the 

current examination of the historical framework to distance and path measurement, this 

work culminated in the ideas formulated and results obtained by Gauss and his 

contemporaries. It was not until well into the 20th century that significant cracks in some 

of these ideas and models became apparent, as we discuss later in this study. The last 

years of Gauss’ life do not mark the end of such formalism, but rather they mark the 
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beginning of the next great development, the birth of telecommunications, leading to the 

information age and the digital revolution. 

3.5 20th century timekeeping 

Although it appeared that the role of accurate time measurement as a basis for location 

and distance measurement had been resolved by the early 19th century, developments in 

timekeeping in the 20th century were to change this completely. The simple relation: 

distance = speed x time pointed the way to the development of distance measurement 

techniques that relied on time measurement, since it had become apparent that the speed 

of electromagnetic radiation, such as radio and light waves, was almost constant in air – 

for short-wave radar this speed is around 299,700kms/sec or 3.05 microseconds/1000 

yards. Thus the problem of accurate distance measurement through the atmosphere 

became one of accuracy and consistency in time measurement (plus adjustment for 

atmospheric conditions). The work of a number of physicists in the early 20th century 

led to the development of very high precision crystal and atomic clocks, which could be 

used for such measurements. This technology subsequently found use in a wide variety 

of devices, including radar and satellite communications systems and, in particular, in 

providing precise guidance systems for missile targeting.  

 

In the 1990s, as the need for more accurate and global defence systems arose and the 

technology to deliver this became more readily available, the US Department of 

Defense commissioned the construction and deployment of a series of orbiting global 

positioning satellites each containing high precision clocks100. Devices were designed 

(GPS receivers) which could receive time signals simultaneously from at least 4 GPS 

satellites anywhere in the world. Three of the four time signals are used for triangulation 

purposes to locate the observer by converting the time differences to distance (using the 

speed of light and adjustments for error factors such as transmission through the 

atmosphere). The receiver’s location is then found at the intersection of three ‘time 

spheres’ centred on the three selected satellites. The fourth satellite reading provides a 

virtual atomic clock in the GPS receiver, since it is assumed that the apparent error in 

the fourth reading of position is not an error at all but a difference between the accuracy 

of the local (observer’s) clock and that of the first three satellites.  
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This ‘basic’ GPS facility is, of course, now available at low cost on a global basis, and 

currently101 provides average accuracies of approximately 10-20 metres on the Earth’s 

surface in terms of latitude and longitude, but generally poorer accuracy for altitude. 

The altitude estimate is both intrinsically less accurate, due to geometric considerations, 

and is affected by the ability of the receiving equipment to make accurate adjustments 

for the Geoid102. Resolution can be improved by using a second (fixed) observer 

position some considerable distance from the first observer and utilising Differential 

GPS (DGPS) techniques to adjust for minor errors using additional satellites’ clock 

readings. DGPS can improve the horizontal resolution of instantaneous measurements 

down to 3-6 metres at present and is generally independent of plate tectonic movements 

(because each station is normally situated on the same plate). Altitude resolution can be 

improved with enhanced processing and better (regional) Geoid models. 

 

Standard GPS and DGPS systems rely on decoding the content of data transmitted by 

the satellites on a modulated high frequency carrier signal. Research and development 

of improved GPS resolution (sub 1 metre) has focused on the carrier signal itself, whose 

frequency facilitates the production of commercial devices with a resolution of under 

10cms (or less if measurements are carried out over a period of 12-24 hours). This 

greater degree of accuracy is required if GPS technology is to be used for applications 

such as remote control of vehicles (e.g. landing aircraft precisely on runways in blind 

situations) and automated field surveying.  

 

Even greater accuracy, sub 5mms in both horizontal and vertical measurements, is 

possible using a combination of specialist receiving equipment, period-based 

measurements and advanced mathematical models. Such accuracy is important for 

precise geophysical modelling, assisting in many fields including the tracking of plate 

movements and monitoring volcanic activity. Adjustment (to a Continental base) is 

required for precise survey purposes – for example103 Great Britain is moving due to 

continental drift with respect to the WGS-84 coordinate system at a rate of about 2.5 

centimetres per year in a North-easterly direction resulting in survey stations in Britain 

(and much of Europe) being a quarter of a metre adrift from their expected positions 

within 10 years. Put another way, the Greenwich Observatory has ‘moved’ by almost 25 

feet since the time of Newton, Flamsteed and Halley. Australia is moving at a somewhat 

faster rate, 7cms/year, also in a North-easterly direction. 
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Development of less sophisticated, low cost timing devices, typically based upon quartz 

oscillators, has resulted in a range of sophisticated distance measuring devices. For 

example, relatively simple modern devices of this type are used in echo sounders/sonars 

and radar equipment to provide distance measurement in hydrographic and aeronautical 

applications.  

 

Until recent times surveying equipment relied on direct (visual) observations made 

using the telescopic sight of a theodolite. Early surveyors found this very unsatisfactory 

and one of the inventions for which Gauss is best known is the heliotrope (a device for 

reflecting the sun’s rays). This device helped him to improve the distance and accuracy 

over which observations were made: assuming the sun is shining a 15cm heliotrope can 

be seen at 50kms in good conditions. Modern terrestrial surveying equipment utilises 

laser and microwave range-finding rather than conventional optics in order to map out 

roads, buildings and landscapes. These instruments are similar in concept to their 

optical forebears, but typically utilise laser light transmission to a reflector (although 

non-reflector based devices are now widely available). These operate by measuring the 

time taken for the (pulsed) laser light to achieve its round trip path. Resolutions of under 

1mm are achieved with ranges of up to 5kms under good atmospheric conditions (no 

haze, visibility over 40kms). Similar technology is also used in airborne laser terrain 

mapping (ALTM) systems, enabling fast, high accuracy, large area surveying to be 

completed automatically (10,000+ hectares/day) with an accuracy of around 15cm when 

combined with GPS readings.  

3.6 Conclusions 

The preceding Sections provide a review of many of the events and discoveries that 

took place during the period from the mid 17th to early 19th century, which led to 

modern-day standards, tools and formal models of location, distance and space (see 

Table 3-4, below, for a summary of timelines). We have shown that the driving forces 

behind these events were a combination of key scientific discoveries, political pressures 

and commercial interests, which collectively created an environment in which technical 

innovation flourished. The discovery of laws relating to the motion of the pendulum and 

the fundamentals of optics were two of the key areas of innovation that facilitated a 
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better understanding of the world we live in, and ultimately led to the accurate 

determination of position and measurement of terrestrial distances. This in turn focused 

attention on the central roles of precision time measurement, mathematical modelling 

and data communications to mapping and spatial analysis, which continues to the 

present day.  

 

This historical perspective provokes two, somewhat unexpected, emotions: familiarity 

and surprise. Familiarity - not simply because many of the historical facts and 

personalities are so familiar to us today, but because we see such clear echoes from the 

past in the problems that we address in the present. Surprise - arising from an 

unexpected recognition that so many of the building blocks of spatial analysis we take 

for granted now were established over 200 years ago, and that we are still utilising the 

work formulated at that time.  

 

Several of the key ideas from this period are carried forward into the Chapters that 

follow. Perhaps the most significant of these is the notion that many large-scale spatial 

events are only comprehensible by the close examination of small-scale behaviour. 

Whilst there are weaknesses in this model, we show that it facilitates the development 

of a powerful range of new tools, enabling solutions to be found to complex problems in 

spatial analysis. 
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Table 3-4 Timelines: 1600-1850 Personalities, Events and Inventions in the text 

 Personalities/Institutions Events/publications Methods/Inventions 

1600-1700 
James I/VI 
1603-1625 
Charles I 
1625-1649 
C’wealth 
1649-1660 
Charles II 
1660-1685 
James II 
1685-1688 
William/Mary 
1688-1704 

W Snell (1580-1626) 
“Snellius” 
P de Fermat (1601-1665) 
C Huygens (1629-1695) 
J Richer (1630-1696) 
T Tompion (1639-1713) 
Sir I Newton (1643-1727) 
Sir C Shovell (1650-1707) 
Royal Society (est. 1660) 
East India Co (est. 1600) 
A de Moivre (1667-1754) 
G Graham (1674-1751) 
J Harrison (1693-1776) 
G de Maupertius (1698-1759) 
C Maclaurin (1698-1746) 

Principle of least time (1662, 
Fermat) 
 
 
 
 
 
Pendulum measurements in 
the tropics (1672/3, Richer) 
Principia Mathematica (1687, 
Newton) 
Treatise on light (1690, 
Huygens) 

Triangulation method (1617, 
Snell) 
Snell’s law of refraction (1621, 
Snell) 
Adjustable scale (1631, Vernier) 
 
Pendulum clock (1656/7, 
Huygens) 
Anchor escapement (1671, 
Hooke?) 
 
Equatorial quadrant (1685, 
Hooke) 

1700-1750 
Anne 
1704-1714 
George I 
1714-1727 
 
 
 
George II 
1727-1760 
 
 
 

L Euler (1707-1783) 
J Bird (1709-1776) 
M Mackenzie Snr (1712-
1797) 
 
Longitude Board (1714-1828) 
T Mudge (1717-1794) 
T Mayer (1723-1762) 
 
W Roy (1726-1790) 
J-H Lambert (1728-1777) 
Capt J Cook (1728-1779) 
J Ramsden (1735-1800) 
J Arnold (1736-1799) 
A Dalrymple (1737-1808) 
T Earnshaw (1749-1829) 
P-S Laplace (1749-1827) 
 

Optiks (1704, Newton) 
“Association” wrecked (1707, 
Scilly Isles) 
Act of Union with Scotland 
(1707) 
Longitude Prize established 
(1714) 
 
Geodesic equations (1728, 
Euler) 
Arctic circle baseline (1736-8, 
Maupertius) 
“Svecia” wrecked (1740, 
Orkney) 
Calculus of variations (1740, 
Euler) 
Yard defined (1742, Royal 
Society) 
Principle of least action 
(1744, Maupertius) 
Battle of Culloden (1746) 

Dead-beat escapement (1708/9, 
Tompion; 1715, Graham) 
 
Theodolite (1720, Sisson) 
Mercury pendulum (1720, 
Graham) 
 
 
 
Quadrant (1731, Hadley) 
 
 

1750-1800 
George III 
1760-1820 
 
 

A-M Legendre (1752-1833) 
C Mackenzie (1754-1821) 
W Lambton (1756-1823) 
W Mudge (1762-1820) 
 
 
Northern Lighthouse Board 
(est. 1776) 
C F Gauss (1777-1855) 
J Walker (1781-1862) 
 
A Fresnel (1788-1827) 
 
 
 
 
G Everest (1790-1866) 
J Steiner (1793-1863) 
 

Orcades Atlas (1750, 
Mackenzie) 
Eddystone lighthouse (1759, 
Smeaton) 
Mason-Dixon line (1763, 
Mason/Dixon) 
Capt. Cook’s 2nd voyage 
(1772-1776) 
Methods of marine surveying 
(1771, Dalrymple) 
Treatise of maritime 
surveying (1774, Mackenzie) 
Hebrides maps (1775/6, 
Mackenzie) 
OS Baseline (1785/1791, 
Roy/Mudge) 
Ordnance Survey founded 
(1791, Roy) 
Scilly Isles map (1793, 
Spence) 
UK Hydrographic Office 
founded (1795, Dalrymple) 
Metre defined (1798, 
Acadèmie des Sciences) 

Plate brass (from 1750) 
Modern Sextant (1757, Bird) 
Lever escapement (1757, T 
Mudge) 
Marine chronometer H4 (1759, 
Harrison) 
 
Marine chronometer (1774, T 
Mudge) 
Dividing engine (1775, 
Ramsden) 
Station pointer (1774?, 
Mackenzie) 
Great theodolite (1785, 
Ramsden) 
 
 
 
 
Least squares method (1795, 
Gauss) 

1800-1850 
George IV 
1820-1830 
William IV 
1830-1837 
Victoria 
1837-1901 

W Weber (1804-1891) 
J Young (1811-1883) 
 
G F B Riemann (1826-1866) 
 

Great Trigonometrical Survey 
(1802-1843, India, Lambton 
and Everest) 
Bishop’s Rock lighthouse 
(1847, Walker) 

Heliotrope (1820, Gauss) 
Conformal mappings (1822, 
Gauss) 
Fresnel lenses (1822, Fresnel) 
Electric telegraph (1833, Gauss 
and Weber) 
“Steiner” trees (Gauss, 1836) 
Paraffin (1847, James Young) 
Manifolds and tensors (1854, 
Riemann) 
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Swedish (“Gauss, mathematical king)” by Albert Froderburg  

3
 “Opticks, or a Treatise of Reflections, Refractions, Inflections, and Colours of Light”(1704) - much of 

the content of this work had been developed during the plague years of 1665-6 whilst Newton was at his 

home, Woolthorpe Manor, in Lincolnshire 

4
 “Treatise on light”, subtitled “ in which are explained the causes of that which occurs in reflexion and 

refraction”, published by Huygens in 1690 

5
 although 1822 is the date ascribed to the invention, such prismatic lenses designed by Fresnel were in 

use in French lighthouses (e.g. the Tour de Cordouan at the mouth of the Gironde) before this date (on 

or before 1820) 

6
 Fresnel Order: Fresnel lighthouse lenses are usually categorised into 7 ‘orders’, which are determined 

by the distance of the light source from the lenses. The largest are known as first order lenses and were 

used in the lighthouses requiring the greatest range (20+ miles). A first-order Fresnel lens designed for 

large marine lighthouses consists of over 1000 prisms, stands up to 12 feet tall in its frame and can 

weigh up to 3 tons. A fourth-order lens has an internal diameter of 20 as compared with 73 for a 

first-order lens. The light source used is typically 200 watts or less, but generates 600,000+ 

candlepower with an appropriate Fresnel lens. Modern uses of Fresnel lenses are extensive, from 

traffic lights to projection televisions, and page magnifiers to stage lighting systems 

7
 in the 10 years prior to the construction of the first Scottish lighthouse at Kinnaird Head it has been 

estimated that some 35 ships were lost along the Moray Firth coast due to the activities of wreckers. 

The crew of such ships were routinely murdered if they managed to reach shore, to avoid word of the 

wrecking activities being verified 

8
 Scottish Record Office exhibition of documents, “Stranded on the Orcades”, WRH, 2nd Oct 1978-28th 

Feb 1979. The wreck of this Swedish vessel, which foundered on the Reefdyke, just east of North 

Ronaldsay, and sank in only in 25 of water, included silk cloth, gold coins, Chinese porcelain and 

hardwood from Bengal. Most of the records relating to this event now reside in the Orkney Archives. 

According to a salvage operation on the wreck in 1975/6 losses were “... estimated to be £0.5million, 

no mean sum in those days” (Rex Cowan, Sunday Times, 18/7/1976). Whatever the exact figure, the 

loss involved appears to be equivalent to tens of millions of pounds in current value if these sources are 

to be believed. See also, the Section on Murdoch Mackenzie later in this Chapter 

9
 NLB: http://www.nlb.org.uk/ 

see further: 

Allerdyce K, Hood E M (1996) At Scotland’s edge, Harper Collins, Glasgow (2nd Ed.) 

Bathurst B (1999) The Lighthouse Stevensons, Harper Collins, Canada 

http://www.nlb.org.uk/


Internet links 

75 

 
10

 the initial four lights were sited at Kinnaird Head near Fraserburgh, North Ronaldsay in the Orkneys, 

Eilan Glas on the island of Scalpay off Harris and the Mull of Kintyre; in 2002 Scottish TV (STV) 

produced an excellent Gaelic language programme about the lighthouses of Scotland, under the title 

“An Solas Buan” (translated as “The Lighthouses”). The Kinnaird Head site now houses Scotland’s 

Lighthouse Museum ( http://www.lighthousemuseum.co.uk ) – Kinnaird Head lighthouse predates the 

upper structure shown in the photograph, but was constructed on top of the derelict castle, within 

which the second lighthouse was also constructed (in 1824). The lighthouse was lit by 12 whale-oil 
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Internet links 

76 

 
20

 for an excellent review of the origins of marine surveys, see Robinson A H W (1962) Marine 

cartography in Britain, Leicester Univ. Press, Leicester, Ch.3; for a detailed contemporary history, see 

“Dissertation on the rise and progress of the art of navigation”, the opening section of  Robertson J 

(1786) The elements of navigation, Vol.1, C. Nourse, London 

21
 on the west coast of the Scottish mainland between Moidart and Arisaig 

22
 The earliest accurate coastal maps were the so-called “Portolan” charts that originated in the 

Mediterranean in the 14th century. These charts were developed from navigational guides relating to 

trading around the Mediterranean coastline and included rumb lines and 16-pointed compass roses. 

These features appear on subsequent European maps of the 16th and 17th centuries (notably those 

produced by Dutch and Flemish cartographers) and are also present on Mackenzie’s charts, discussed 

below 

23
 Munro D (1549) Description of the Occidental i.e. Western Isles of Scotland, reprinted in 1999 by the 

Berlinn Press, Edinburgh, included in reprint of Martin Martin, op. cit. 

24
 Scottish miles are stated by some authors to be roughly 1.4 times English miles, but are officially 

about 12.1% longer 

25
 Martin M (1703) A description of the Western Isles of Scotland, Gent Edition. This work was newly 

typeset and reprinted in 1999 by the Berlinn Press, Edinburgh, but without the original map 

26
 Haswell-Smith H (1996) The Scottish Islands, Canongate Books, Edinburgh, provides an excellent and 

comprehensive up-to-date guide to every Scottish island over 100 acres 

27
 Mackenzie M (1774) A Treatise of Maratim [sic] Surveying, E & C Dilly, London, p.xii.   

Examples of earlier maps include those by Blaeu (Atlas Novus, Vol5, 1654) based on Pont. Pont’s map 

of Arran (Arania, based on Blaeu) for example, is completely incorrect in its positioning with respect to 

the mainland (Mull of Kintyre). Capt. Greenvile Collins’ Great Britain’s Coasting Pilot (first published 

in 1693) and whose detailed maps of Scotland date from 1688/9, included quite good maps of the 

Orkneys and Shetlands, but none of the Western Isles. New entries on both M Mackenzie Snr and M 

Mackenzie Jnr have been prepared for the next release of the Dictionary of National Biography (DNB), 

but it is not expected that this will be published until 2004. As far as the author is aware M Mackenzie 

Snr did not marry, but his brother, Thomas Mackenzie (a merchant of Kirkwall) married and had at 

least two children, one of whom was MM Jnr. 

28
 Triangulation: the original ideas for triangulation (and the subsequent related method of trilateration 

in which the side lengths rather than angles are used) dates from 1617. The Dutch scientist known as 

Snellius (1580-1626) established a baseline between church towers near Leiden and extended these in 

a triangular manner using a series of church towers in the region. To minimise errors triangles of 

approximately equal side lengths/angles are recommended. It is interesting to observe this early 

appreciation of the importance of triangularity, which was later to become fundamental in the 

understanding and definition of metric and quasimetric spaces (see further, Section 4.2) 

Colin Maclaurin (1698-1746): is reputed to have been responsible for providing the basic procedures 

necessary to execute an accurate survey of the Orkneys, following a request in 1739 by the Earl of 
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Morton. This request may have related to a voyage for this purpose by the Earl of Morton and others, 

which Maclaurin was due to have joined but which he was unable to do owing to ill health. It is clear 

from a number of Maclaurin’s letters and the activities of the Edinburgh Philosophical Society that he 

was closely involved in seeking improved maps of the North coast of Britain, the Orkneys, the Shetlands 

and the Western Isles – see for example, letter to Sir Martin Folkes, 26th Jan 1742 and 30/11/1742, 

published in Mills S (ed.) (1982) The collected letters of Colin MacLaurin, Shiva, Nantwich. Murdoch 

Mackenzie is understood to have been a student of Maclaurin (who lectured at Edinburgh University on 

mathematical topics including “Longimetry”(or length calculation) and “Planimetry” (or surveying) – 

these were essentially works of ‘applied plane trigonometry’ and did not cover calculus or projective 

geometry. According to Chalmers G (1810) Caledonia, ii, p.58, Maclaurin provided a certificate, dated 

19th November 1742, indicating that Mackenzie had the necessary qualifications “to take a geometrical 

survey”. Maclaurin’s recommendation was used by Mackenzie in newspaper advertisements in 1743 

promoting his proposed venture. Maclaurin subscribed to 3 copies of the final maps, but most 

subscriptions were made by “merchants” such as the Hudson Bay Company who pre-ordered 20 copies 

(the company had a base at Stromness on the Orkneys) and the British East India Company who 

subscribed the sum of £200. In 1745 Maclaurin was responsible for the publication of David Gregory’s 

earlier work on surveying and related matters, originally published in c.1790 in Latin, see for example: 

Gregory D (1780) Practical geometry, 9th Edition, J. Balfour, Edinburgh 

29
 This work commenced in August 1744 and surveying was completed in the spring of 1748, with 

engraving in 1749 and publication in 1750. For further details see Smith D C F (1987) The progress of 

the Orcades survey, with biographical notes on Murdoch Mackenzie senior (1712-1797), Annals of 

Science, 44, 277-288. Note: Mackenzie is spelt variously as MacKenzie, McKenzie, and M’Kenzie.  

 Webster (née Smith, see above) D C F (1989) A cartographic controversy: In defence of Murdoch 

Mackenzie, pp. 33-42 in Macleod F (ed) (1989) Togail Tir, Marking Time, The map of the Western 

Isles, Acair Ltd and An Lanntair Gallery, Stornaway, Isle of Lewis. Note: Togail Tir roughly translates 

from the Gaelic as “depicting land” and An Lanntair can be translated as “the landscape” or “the 

lantern” 

Mackenzie later refers to this approach as his Orometric Survey method (after the greek: Oroe – 

mountain): “... one long Base-line is exactly measured, and the Distance of the Summits of two, or 

more, high Mountains in the Neighbourhood found from thence trigonometrically: then by Angles taken 

on these Summits, the Distances of all the Points, Heads, Turns and other visible Objects on the Coast 

are ascertained; and from these the Positions of other intermediate Objects and Places.” from 

Mackenzie M (1774) op. cit.  p.xxi 

30
 In a rare inclusion of positional data, Martin Martin (1703, p350) states that the Orkneys lie at latitude 

59°2′N and longitude 22°11′W (this should probably read 2°11′W, but as late as 1700, James Wallace’s 

“Islands of Orkney”, published by Jacob Tonson, London, gave this longitude value and it seems likely 

that Martin simply copied the erroneous information). The 90 islands that form the Orkneys actually lie 

between 58°41′N and 59°24′N (the same as Alaska or southern Greenland) and between 2°22′W and 
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4°25′W. Kirkwall is located at 59°N and 3°W. Local maps prior to the late 1700s rarely showed 

longitude which was difficult to determine, but latitude was often included 

31
John Hadley (1682-1744) is believed to have produced the first portable “Quadrant” (or more 

correctly Octant) in 1731, drawing upon earlier designs proposed by both Hooke and Newton. At 

approximately the same time, a “Mr Godfrey of the colony of Pennsylvania” designed a similar 

instrument. The reflecting quadrant was to form the basis of the (modern) Sextant, whose original 

designer was John Bird (1709-1776) in 1757. Hadley’s early quadrants provided a 90-degree range (2 

x 45°) as opposed to 120° (2 x 60°) for the sextant – the latter range was needed for lunar observations 

at sea. Although portable, these early instruments were relatively heavy and made from sheet brass 

although later versions made from ebony were lighter.  A large astronomical quadrant owned by the 

Univ. of Edinburgh (NPM A80) and housed in the Scientific Instruments department of the Royal 

Museum of Scotland dating from c.1725 and made by John Rowley for Trinity College, Cambridge, is 

though by some to have been the instrument taken by Mackenzie to the Orkneys for measurement of the 

longitude of Kirkwall, although we have found no evidence to support this claim. This instrument was 

formerly known as Napier’s Quadrant (incorrectly assigned to the Edinburgh mathematician and 

originator of log tables, John Napier) 

32
 The term theodolite was introduced in 1571 to describe the plane table device comprised of a divided 

circle and alidade mounted above. There is reason to believe that the theodolite available to Mackenzie 

was of an inferior quality to that shown in the picture, as it is understood to have been made from bell 

metal 

33
 There appears to be no detailed record of the specific theodolite provided to Mackenzie, although 

according to Robinson (1962) it may have been made of bell metal. In his later writings he refers to a 

subsequent design (with two telescopic sights) as being preferable to the single sighting device 

provided in the example shown. The entry in the Dictionary of National Biography (1909) states: 

“McKenzie’s work, carried out with very inadequate means and undue haste, to gratify the admiralty’s 

demand for quantity in preference to quality, was of the nature of rough examination rather than 

accurate survey”. This opinion certainly holds for some of Mackenzie’s work, but by no means applies 

to all the surveys 

34
 cited in: Richeson A W (1966) English land measuring to 1800: Instruments and practices, MIT Press, 

Cambridge, Mass. p.152 

35
 Station pointer: a simple device, similar to a protractor, invented by Mackenzie (but attributed by 

some as due to Spence) which enabled three positions to be set at once using two moveable arms and 

one fixed arm as pointers. Station pointers are still made today 

36
 Maclean G, Macleod F (1989) Captain Otter & Captain Thomas, pp117-122 in Macleod F (ed) 

(1989) Togail Tir, Marking Time, The map of the Western Isles, Acair Ltd and An Lanntair Gallery, 

Stornaway, Isle of Lewis (see also, earlier footnote on Mackenzie and the Orcades survey) 

37
In a letter in 1757 to John Mackenzie of Delvine, who acted as his financial manager, MM stated that 

he had finally been paid in full by the government for his Hebrides surveys and shortly afterwards sent 

the sum of £500 as a Bank Draft to JM, presumably the payment in question. (NLS MS: 1131-
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1207,1342,1373). Letters written to JM from the mid 1770s onwards show significant deterioration in 

his formerly excellent handwriting, confirming the view that all of the Western Isles maps were 

produced in the 1750s and not subsequently redrawn by MM 

For further discussion see: 

Bray E (1986) The discovery of the Hebrides, Collins, Glasgow, 2nd ed. (1996) Berlinn Ltd, Edinburgh, 

Ch.4 “The charting of the seas”  

Robinson A H W (1962) Marine cartography in Britain, Leicester Univ. Press, Leicester, p.63  

Bendall S (1997) Dictionary of land surveyors and local mapmakers of Great Britain and Ireland, 

1530-1850, 2nd ed., The British Library, London: this source states that Mackenzie was employed as a 

schoolmaster in Kirkwall from 1734-1739 and “employed” by the East India Company and Surveyor to 

the Admiralty, from 1751-1771. He was made a Fellow of the Royal Society in 1774. MM lived in 

London for a number of years before moving to live with his nephew, Murdock Mackenzie Jnr, in 

Somerset. He died in 1797 at the age of 85 and is buried in Minehead, Somerset 

38
 The length of the baseline is stated by Mackenzie to have been 3 and 3/16th miles. A separate, shorter 

baseline was used on Lewis; few details of baselines on the mainland or other islands are given 

although a baseline in the Clyde valley is cited 

39
 Paper shrinkage and distortion: several factors may affect the dimensions of maps and their 

associated printed scales: the type of paper (or linen/other material) on which maps are printed, the 

printing process, the subsequent conditions of map usage and storage (e.g. dampness) and map folding. 

If the original material is of a ‘laid’ type in which there is a directional bias in the fibres, the distortion 

of the map (or postage stamp, banknote or work of art) will vary by direction. Mackenzie’s original 

maps are hand drawn with pen and ink, onto heavy paper, which is mounted (glued) onto linen backing, 

and for the most part these originals do not appear to have undergone shrinkage. Mackenzie’s 

published maps are printed from copper plates (the originals of which do not seem to have survived) 

onto heavy chart paper – from examination of several original maps we suspect the paper of the printed 

versions shows variable shrinkage of between 1% and 3% (an error of up to 1 mile in 30) which we 

have assumed to be non-directional - confirmation of this would require a technical analysis of the 

paper fibres. Derivation of datasets for longitudinal research from printed maps should recognise that 

differences over time may be compounded by such factors, especially across sheet or plate boundaries. 

Mackenzie’s chart sheets are actually composites, typically of 4 or more plates that were assembled 

and glued after printing. It is also the case that separate overlapping maps (such as those covering the 

South Harris area of the Outer Hebrides) may not match even closely, having been prepared, drawn 

and printed at different times without due consideration of consistency and accuracy 

For a discussion of the use of affine transformations to rectify some of problems of this type see: 

Sprinsky W H (1987) Transformation of positional geographic data from paper-based map products, 

The American Cartographer, 14, 4, 359-366 

40
 for a discussion of magnetic variation and details of the current world model of the geomagnetic ‘main 

field’ based on a 120-parameter spherical harmonic series approximation for 1900 onwards, see: 

http://Earth.agu.org/sci_soc/campbell.html and http://www.ngdc.noaa.gov/IAGA/wg8/igrfhw.html 

http://earth.agu.org/sci_soc/campbell.html
http://www.ngdc.noaa.gov/IAGA/wg8/igrfhw.html
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41

 magnetic variation is believed to have been approximately 0 in England in 1658, and varied (Westerly) 

by 8-10 minutes per annum at that time. Graeme Spence’s map of the Scilly Isles (c.1793) bears this out 

(Var: c.25W) –current hydrographic maps of the region indicate a variation of 915’W (1974) varying 

by 5’ p.a.   

42
 Current and historic Hydrographic charts of the UK and world are provided by the UK Hydrographic 

Office. See http://www.ukho.gov.uk/index.html for more details; formal analysis of differences between 

current charts and those of Mackenzie could be conducted using the recently developed techniques of 

bidimensional regression and associated visualisation methods – see for example the study of the 

historic maps of the coastline and county of Suffolk described in: Symington A, Charlton M E, 

Brunsdon C F (2002) Using bidimensional regression to explore map lineage, Computers, 

Environment and Urban Systems, 26, 201-218 

43
 “Mr Murdoch Mackenzie Junior [following a discussion with the archivist of the Royal Society she has 

confirmed that was a transcription error and should read ‘Senior’] of Hampstead late Maritime 

Surveyor in His Majesty's Service, a Gentleman well acquainted with Mathematical and Philosophical 

Learning, is desirous of becoming a Fellow of the Royal Society; And We, who have hereunto 

subscribed our names, from our personal knowledge of his character and acquaintance with the 

Sciences, do recommend him as deserving of the honour he solicits, Proposers: Jos Banks; Dan 

Solander; Pat Murdoch; Php Stephens; Jno Ibbetson; Jno Campbell; Thomas Pennant;” Source: 

Archives of the Royal Society EC/1774/07 

44
 Alexander Dalrymple (1737-1808) originated from New Hailes, near Edinburgh. He was employed by 

the East India Company from 1752 and spent many years in India and travelling in the Southern 

oceans. He published numerous works, including: “Essay on the most commodious methods of marine 

surveying” in 1771 (originally written in 1765) and “Instructions concerning Arnold’s chronometers or 

time-keepers” in 1807. He was elected as a Fellow of the Royal Society in 1771. 

45
 William Roy (1726-1790) (later Major General William Roy) is the most famous name in the history of 

the British Ordnance Survey. A Scot, born in Lanarkshire, he was deeply interested in both surveying 

and archaeology. He was elected a fellow of the Royal Society, with his sponsors being the President, 

who was the Earl of Morton, James Short, a fellow Scot and famous instrument maker who had also 

conducted a land survey of the Orkneys in 1759, and William Harrison, son of the clockmaker, John 

Harrison. The entry in the Dictionary of National Biography by R.H. Veitch states: 

  “Roy selected Hounslow Heath for a base line which was measured in the Summer of 1784 

three times over by means of cased glass tubing, seasoned deal rods, and a coffered steel chain 

made by Ramsden, the length being 27,404 feet, and the discrepancy between the several 

measurements under three inches [1 in 100,000]. This work took nearly three months, and 

excited considerable scientific interest, the king, the master-general of the ordnance, and many 

distinguished savants visiting Hounslow Heath during its progress. The result of a 

remeasurement of the base on Hounslow Heath in 1791 by Captain Williams, Mudge, and Dalby 

was only 2¾ inches different from Roy’s measurement, and the mean of the two was accepted as 

the true measurement. 

http://www.ukho.gov.uk/index.html
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    In 1785 Roy contributed a paper to the Transactions of the Royal Society on the measurement 

of this base, which was separately published the same year in a quarto volume. On 30 Nov. he 

was presented with the Copley medal of the Royal Society for the skill with which he had 

conducted the measurement of the base line on Hounslow Heath, accompanied by a highly 

complimentary speech from the president.”  

46
 Seymour W A ed. (1980) A history of the Ordnance Survey, Dawson Press, Folkestone, Kent, p.4 

47
 originally the measurements were attempted with wooden (deal) rods and hinged chains, before 

switching to glass rods for improved accuracy 

48
 William Mudge (1762-1820) was responsible for the completion of the Trigonometrical Survey (1791) 

and the extension of the Meridian into Scotland in 1813. Promoted to Major-General of the Ordnance 

he was Director of the Ordnance Survey from 1791 until his death in 1820 and was made a Fellow of 

the Royal Society in 1798 

49
 Harley J B, O’Donoghue Y (1975) The Old Ordnance Survey Maps of England and Wales, Vol 1, 

Lympne Castle, Kent. The initial maps were actually published privately 

50
 Tobias Mayer (1723-1762) was originally a cartographer but became Prof of Economics and 

Mathematics at the University of Göttingen from 1751 

51
 “Colin Mackenzie (1754-1821) was Surveyor General of Madras in India (1807) and subsequently the 

first Surveyor General of India. He came from the Outer Hebrides [Lewis], arrived in India in 1783 on 

a mission to study Hindu mathematics at the request of the then current Lord Napier, and served with 

the Madras Engineers from 1782 to 1821. His first surveys were in dindigul, Nellore and Guntur, and 

in 1792, he was sent to survey Cuddapah and Kurnool, ceded by Mysore to the Nizam. After a military 

expedition to Ceylon in 1792, Mackenzie returned to survey the Deccan, and continued there until 

1799. After the death of Tipu, he was responsible for co-ordinating the Survey of Mysore (1799-1809)”. 

Sources: DNB 1893, Scottish Cultural Resources Network (SCRAN), 2002; the British Museum, 

Mackenzie Collection. It is not known whether Colin Mackenzie was a relative of Murdoch Mackenzie, 

but it seems possible that some family connection existed, albeit distant. CM was not of high birth, 

being the son of the first postmaster of Stornaway. MM dedicated one of his original series of Lewis 

charts to Sir Alexander Mackenzie of Gairloch, and it is known that AM was a distant relation of MM. - 

from various sources, including  

Hewison W S (1998) Who was who in Orkney, Bellavista, Kirkwall (Orkney) 

Keay J (1981) India discovered, Windward, Leicester and  

Anderson W (1862/3) The Scottish Nation, A Fullarton, Edinburgh 

52
 Keay J (2000) The great arc, Harper Collins, London; George Everest was not directly involved in the 

measurement of the peak 

53
 for a contemporary review see the Pendulum section of  

Good R (ed.) (1982) Britten’s watch and clock maker’s handbook, dictionary and guide, 16th edition, 

Bloomsbury Books, London, pp.230-245  

A simple adjustment for verticality is to multiply the standard formula by (1+ a2/16), where a is the 

angle of deviation from true vertical. For a<1 degree the adjustment is small 
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54

 Maclaurin, Mackenzie’s academic mentor and Professor of Mathematics at Edinburgh University, 

referred to earlier, is perhaps best known today for the series expansion (Taylor-Maclaurin series) for 

real valued differentiable functions, f(x). His paper on tides followed extensive earlier correspondence 

with other scientists on the shape of the earth. Maclaurin had details of all the recent measurements 

made, and also conducted his own experiments and astronomical observations using instruments and a 

clock provided to him by George Graham. In 1745 Maclaurin edited and published the first English 

edition of David Gregory’s earlier work (originally in Latin) “Practical Geometry” in which Gregory 

lays out the basics of plane table surveying. See for example: Gregory D (1780) Practical geometry, 9th 

Edition, J. Balfour, Edinburgh 

55
 Equipotential: this concept was first defined by C F Gauss in a paper of 1828 

56
 Bennett J A (1989) Hooke’s instruments for astronomy and navigation, in Hunter M and Shaeffer S 

(1989) (eds.) Robert Hooke, New Studies, Boydell Press, Woodbridge. Hooke’s ideas for his 

micrometer may (must) have drawn inspiration from Vernier’s prior invention of an adjustable scale 

for use with a variety of instruments including quadrants (the Vernier Calliper), details of which were 

published in 1631 

57
 Each clock face was inscribed “Snr Jonas Moore Caused this Movement with great Care to be thus 

made Ao 1676 by Tho Tompion”. The Octagon Room at Flamsteed’s house currently holds one of the 

original movements that was subsequently modified to act as a domestic clock with anchor escapment 

and one second pendulum, and replicas of the remaining clocks. The original escapment of these clocks 

is not known for certain but is believed to be a form of deadbeat (locking) mechanism 

58
 Roberts D (1986) Precision pendulum clocks, Tonbridge, England (private publication), pp.51-53 

59
 George Graham (1674-1751) had been apprenticed to Tompion, married Tompion’s niece, and 

eventually became his partner and successor. He was later to become a key supporter of chronometer 

maker, John Harrison (see further, Section 3.3.3.4), and Master of both Mudge and Dutton 

60
 Jesse Ramsden (1735-1800) invented the dividing engine (1775) for accurate mechanical circle 

division into degrees and fractions of a degree. The Board of Longitude awarded him £615 in 

recognition of the importance of this achievement. He also constructed the Great Theodolite (1782-

1785) used by Roy and Mudge for the Trigonometrical Survey – it was a three-foot instrument weighing 

over 200 lbs and can be seen in the Maritime Museum, Greenwich.  This latter instrument has a scale 

divided to 10 second intervals and could be read to 1 second using its micrometer microscope facility. 

It is reported to have had an accuracy of 5 seconds or less of arc over 70 miles. The term Great 

Theodolite was also used to describe the large (300lbs) theodolite used by Lambton and Everest in the 

survey of India and also to the large theodolite built by Troughton & Co for the US Coast and Geodetic 

Survey in 1836 

61
 fitted with a 9 foot telescope and micrometer adjustment 

62
 Maupertius is perhaps best known as the scientist who first proposed the “Principal of Least Action” 

in 1744 as the minimisation in nature of action, formulated as the integral of mass, velocity and 
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distance. He was so taken with the idea that he proclaimed this as the first scientific proof of God, since 

the existence of such a universal principle must indicate the hand of God! 

63
 A second team were sent to Peru (near Quito, in Ecuador today) to perform similar measurements 

(1735-1743) which together with the findings from Lapland led to the first modern ellipsoidal definition 

of the Earth’s shape, in 1743, as semi-major axis: 6,397,300m, flattening: 1/216.8, encouragingly close 

to today’s values, cited earlier 

64
 Danson E (2001) Drawing the line, [the Mason Dixon line], J Wiley, New York. The Mason-Dixon line 

was surveyed in order to resolve a long-running dispute over the precise location of the borders of 

Pennsylvania, Maryland and Delaware. The exact border positioning could only be agreed once the 

technical skills and the availability of precision instruments combined to make a solution achievable. 

This was not possible until 1763, when Mason and Dixon commenced their surveying using precision 

instruments produced by Bird, following a number of prior attempts using inferior instruments and 

techniques which had failed. The quality of their work and instruments was outstanding, although the 

separate measurements they made which were designed to assist the Royal Society in its work to 

determine the precise size and shape of the earth, were marginally influenced by the relative 

gravitational effects of having been conducted between the Atlantic on one side and the mass of the 

Appalachians on the other. 

65
 Mackenzie M (1774) A Treatise of Maratim [sic] Surveying, London, E & C Dilly. It is stated by 

Robinson A H W (1962) Marine cartography in Britain, Leicester Univ. Press, Leicester, Ch.3, that 

Mackenzie’s theodolite during the Hebrides survey was made of bell metal, not brass, and though fitted 

with Vernier scales was poorly graduated (to 5 of arc) - the original source of this information is not 

recorded 

66
 variously spelt Clowdisley, Cloudisley, Cloudesley 

67
 the principal losses were the flagship, the Association, with 95 guns and 900 men on board, the Eagle 

(70 guns), the Romney (Rumney, 50 guns)  and the Firebrand (a fireship). The George also struck the 

rocks but did not sink. The Lenox, whose ship’s master Sir William Jumper argued against proceeding, 

as he believed they were off the Scilly Isles and not Ushant, was unscathed. The remains of either the 

Eagle or the Romney are believed to lie at Tearing Ledge adjacent to Bishop Rock (49° 52.3 N 06° 26.7 

W), Isles of Scilly over an area within 200m radius of position 49° 52' 12" N., 06° 26' 29" W 

68
 Cooke J H (1883) The shipwreck of Sir Cloudesley Shovell on the Scilly Islands, in 1707 from original 

and contemporary documents hitherto unpublished; pamphlet read at a meeting of the Society of 

Antiquaries, London, Feb 1883, J Bellows, Gloucester. Manuscript account after the event by Mr E H 

Herbert in 1709 

69
 Graeme Spence: was apprenticed to Murdoch Mackenzie (Jnr?) and subsequently succeeded him as 

‘Maratime Surveyor to the Admiralty’ in 1788, possibly following the diminishing eyesight of MM. He 

was a cousin of MM, and a descendant of Bishop Mackenzie of the Orkneys. His remarkable map of the 

Scilly Isles includes a region identified for “works proposed for forming St Mary’s Road into a road-

stead for Men of War”. A restored and embellished facsimile of his Scilly Isles map has recently been 

published by the UKHO 
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70

 His 1812 document to the Admiralty was entitled “Proposals for establishing a Temporary Rendezvous 

for Line of Battle Ships in a National Roadstead called Scapa Flow formed by the South Isles of 

Orkney” emphasising its possible use as a Naval base. Of course, this idea was not adopted until the 

First World War and required the building of the Churchill Barriers from 1940 to secure the base from 

U-boats following the sinking of the Royal Oak in Scapa Flow in 1939. See for example, 

http://www.undiscoveredscotland.co.uk/eastmainland/churchill/  for more details and images 

71
 In 1779 Dalrymple (op.cit.) was appointed as hydrographer to the East India Company, and in 1795, 

as first Hydrographer to the Admiralty with an initial staff of two. 

72
 see for example, the “Admiralty Manuals of Hydrographic Surveying”, Vols. 1 and 2, 1965, London, 

especially Vol.1 Ch.3 “The measurement of distance”. In this edition the authors note the rise of Radar 

and related technologies, and state: “… it is very likely that before long these electronic means will 

have superseded the older mechanical ones”. 

73
 the University of Göttingen was founded by George II of England (and Hannover) in 1737 

74
 The Board also awarded £300 to L Euler; Mayer’s tables were formally published by the then 

Astronomer Royal, Neville Maskelyne, in 1770. 

75
 Cook J (1777) A Voyage towards the South Pole and Round the World, Vols. I and II, W Strachan and 

T Cadell, London. Cook states that the Board of Longitude provided his two ships with “... the best 

instruments, for making both astronomical and nautical observations and experiments; and likewise 

four time-pieces or watch machines; three made by Mr Arnold, and one made by Mr Kendal on Mr 

Harrison’s principles.” p.xxxv 

Betts J (1993) James Cook and the 18th Century transit of Venus, in “The Royal Society and the fourth 

dimension: The history of timekeeping”, Papers of a Joint meeting of the Royal Society and the 

Antiquarian Horological Society, 25/6/1993 

Hough R (1994) Captain James Cook - a biography, Hodder and Stoughton, London; Hough, quoting 

research by Skelton (p.28) states that Cook’s surveying methods were based on those of Mackenzie and 

Dalrymple. 

76
 Thomas Mudge (1717-1794) is attributed with the invention of the lever escapment in 1757 and was 
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4 Distance and metrics 

In this Chapter we consider the notion of distance from a formal perspective. This 

involves a close examination of the terms metric and metric space. A variety of different 

measures of distance are discussed, with special attention being paid to those meeting 

the formal requirements for a metric in comparison to measures which fall a little or a 

great deal short of these requirements.  

 

In connection with the Euclidean metric we derive two new approximations for this 

measure: the first is a computationally efficient nested multiplicative formula based on 

a power series representation; and the second, a form of optimal linear approximation 

based on lattice models originally developed in the field of image processing. We also 

introduce three families of measure which are the subject of more detailed study and 

application later in this research: Riemannian metrics; Chamfer metrics; and Hybrid 

metrics. We utilise the Riemannian form to derive a general solution to the problem of 

determining least cost paths over surfaces of variable topography. Analytic solutions 

are presented for simple cost functions both here and in Annex 2.  

 

We conclude this Chapter by examining the notion of path, arguing that the concepts of 

distance and path are closely linked - even if a path is not an explicit part of an 

expression for distance, it is implicit. These considerations lead naturally onto a closer 

examination of the measurement process and the concept of path, which are the subject 

of Chapter 5. 
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4.1 Introduction 

Spaces of interest in geographical research are complex and diverse in nature1. For 

example: the set of all offices in London together with all physical transport channels 

between these offices may be used to define a ‘space’, with the distance between any 

two offices being defined by the time taken for a person to move between them by the 

quickest route at a given time of day. If distances are to be measured in terms of process 

and activity2 (functional distances) then the conventional rules used for the 

measurement of distance must be changed and the tools of spatial analysis re-evaluated 

in the light of such changes. For example, since many cities possess a rectilinear or 

near-rectilinear road layout, a distance measure that accounts for this is desirable. 

However, the implications of changing from the familiar Euclidean formulae to 

alternative measures needs investigation and justification. Close inspection shows that 

whilst many of the basic properties of alternative measures may be similar or identical, 

they differ in important ways that affect their usefulness and interpretation. In the 

Sections that follow we consider what constitutes a metric, what other measures of 

distance are useful, and what issues arise from the findings presented. 

4.2 Metrics 

The essential features of the notion of distance are:  

 

(i) a finite or infinite set of distinct, definable objects, and  

(ii) a rule or set of rules for determining the degree of separation of object pairs 

(a ‘measure’).  

 

In addition objects and rules may vary over time, the measure may be process- or 

activity-related and will generally be numeric3 - typically from the set of positive real 

numbers, +. A conventional distance metric4, dij, is of the form:  

 

dij > 0 if ij  (distinction or separation)  dij = 0  if i=j  (co-location or equivalence) 

dij + djk ≥  dik (triangle inequality)  dij = dji  (symmetry) 

 



Distance and metrics 

90 

where i and j are elements (or points) from some pre-defined set of objects or elements, 

E. Frequently the set E =  X  =  2, the set of pairs of real numbers and the measure 

dij is the Euclidean distance metric, with (E, d) thus defining 2-dimensional Euclidean 

space. However, if a set of distance measurements satisfies the conditions above it does 

not imply that they can be represented in Euclidean space, i.e. these are necessary but 

not sufficient conditions for a Euclidean mapping to be possible.  

 

If the point j is fixed (e.g. set to 0) and dij is a constant, then the metric equation 

describes a locus of points (e.g. a circle, an ellipse, a sphere) about the fixed point. In 

this way we may compare all metrics in  2 by drawing the graph of their locus about 

the origin5. 

 

It is reasonable to ask what sort of function satisfies these requirements – i.e. does it 

have to be the standard Euclidean formula? In order to satisfy the first two conditions 

the measure must yield a positive or zero result. Assuming (initially) that a measure of 

distance needs to utilise a simple algebraic function of the difference between 

coordinates as a basis for separation, we must either take the absolute value of this 

difference, e.g. |x1 – x2|, or an even power, e.g. 2 or 4. In practice both approaches can 

be used although use of the 4th or higher even powers is unusual. These expressions 

applied to real-valued coordinates over uniformly continuous space also lead to the 

symmetric condition being met. If a power such as 2, or more generally p≥1 is used, it is 

customary to remove the effect subsequently by taking the pth root of summed 

differences - this is necessary in order to satisfy the metric conditions above for all p. 

These power/root procedures are similar to the computation of a range of statistical 

measures such as central tendency, e.g. the variance and standard deviation (2nd 

moments) in 1-, 2-, or n-dimensional populations. These latter measures can be seen as 

metric-like constructs with respect to the population mean or origin (central and crude 

moments). Likewise, the distance function: 

 

 −=

1

0
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where f(x) and g(x) are real-valued functions over [0,1], is a metric. In this case the 

metric provides a formulation for ‘least squares’ approximation.  

 

A very different approach to the definition of a metric without requiring the use of even 

powers or absolute values is to consider only positive values. For example, the function: 

 

 d(x,y) = 1   if xy 

  = 0 otherwise 

 

satisfies all of the requirements above and is known as the discrete metric.  

 

The set of conditions for a function to be a metric are so familiar that it may seem odd 

to question their validity, but there are several aspects of the underlying concept that are 

unsatisfactory in many, arguably most, real-world situations.  

 

The first is that a single measure is assumed to apply for all pairs of values in E. This 

fits with our experience of measurement on sheets of paper (e.g. maps, building plans) 

and over a moderate extent of free space (e.g. in air), but is unsatisfactory in almost all 

other situations. It is very unusual for space to be completely homogeneous, with no 

variation by direction or region. For this reason one can argue that distance measures 

should reflect such variations – to have different formulations depending on where/in 

what direction and how the measurement in being conducted. Related to this point is a 

question of scale – over very small regions of space, e.g. on our sheet of paper, across 

the office floor, within a small plot of land, to the top of a nearby building, there is a 

good chance that using a single metric model will provide excellent (consistent, 

accurate) results. Beyond these tight confines it is unlikely that a measure based solely 

on knowledge of the location (coordinates) of the origin and destination will be 

sufficient to provide similarly excellent results. Additional knowledge, specific to the 

conditions and problem under consideration, is needed to adjust the formulation to 

provide acceptable results. 

 

The second issue arises from the first and from the triangularity requirement. This is the 

question of implied paths – since the measure selected applies for all pairs of points in 

E, and triangularity holds, it implies that there is some point, k, ‘between’ the origin, i, 
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and destination, j. Continued extension of this notion leads to a specific structure, being 

a finite or infinite set (or sets) of points lying between i and j, corresponding to the 

notion of a path (see further, Section 4.3). There is an apparent contradiction in this 

position, however, since the metric selected (such as the city-block metric) may have 

been derived from an assumption that the true paths travelled have a particular form, 

which may be different in general from the points of the path as defined above. The 

contradiction resolves itself, however, if the available path points are restricted to lie 

always on the physical network and non-uniqueness of shortest paths is accepted. 

 

These observations suggest that distance measurement formulae can only be applied at a 

scale (within a region) for which the results can be confirmed to be consistent 

(invariant) for all pairs of points in that region. The use of formulae for the 

measurement of distance is thus a priori a local concept. The rules above therefore 

describe weak conditions. If the rules can be shown to apply across the entire set of 

elements, E, then the term weak can be omitted. If not, the formulation remains founded 

on weak conditions and must be augmented by the notion of path. 

 

Another issue related to the scale question is that of normalisation or standardisation. 

When comparing measurements taken from mapped datapoints the individual results 

must be adjusted by the relevant scaling used (e.g. 1:25,000 vs. 1:100,000). In a similar 

manner, when a set of distance measurements are made on a set {A}, and these need to 

be compared to a second set of measurements made on a set {B}, both the number of 

measurements and the size of each individual measurement affect the resulting totals. 

Standardisation may be achieved using the range of values for each set, the standard 

deviation of each set, or by the use of an alternative, standardising metric (see further, 

below). 

 

A more general, activity or infrastructure-specific definition of distance between pairs 

of objects, S  E, might drop some of the strict metric requirements, such as symmetry, 

triangularity or distinction. To illustrate this further, suppose we were looking to house 

700 staff within easy walking distance of a station, with four offices available (one 

located at the station): 
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Objects, S Attributes, A 

Office Time to walk to station, 
minutes 

Number of staff that could 
be located at site 

1 a11 = 5 a12 = 700 

2 a21 = 7 a22 = 700 

3 a31 = 3 a32 = 300 

4 Station a41 = 0 a42 = 200 

 

In this example only Offices 1 and 2 have the capacity to take the staff and Office 1 

yields a time-weighted distance of 3500 as compared to 4900 for Office 2. However, if 

the staff can be split across offices based on proximity to the station (and only part of 

Office 1 can be used), the total time-distance can be reduced to 1900. Our ‘measure’ is 

based on the time taken to walk to the station, times the number of staff at each location 

(summed if necessary across sites).  

 

In the above example we have no idea whether the offices are located along a single 

road, to the left or right of the station, or perhaps distributed within a region. The 

measure selected for the decision-making process is not a (geographic) metric. 

However, if it were necessary for staff in one office to visit another office on a regular 

basis (e.g. to go to the canteen for lunch, or to a centralised information source) 

additional information would be required (e.g. the travel time between each location) 

which would impose a degree of metric consistency upon the problem. This example 

extends to more tangible location planning considerations when we might replace the 

walking time with inter-site telecommunication bandwidth requirements and associated 

direct and indirect costs. Note also that the symmetry condition is not a pre-requisite in 

such cases (and has frequently been found not to apply in many physical space and 

cognitive studies6).  

 

Taking the distinction and co-location rules as the fundamental building blocks for any 

kind of metric-like space, it is possible to ask whether symmetry AND triangularity 

constraints are both pre-requisites for useful measures. We examine each of these cases 

below: 

4.2.1 Generalised or Quasi-metric 

If the triangularity condition applies but symmetry does not hold, the resultant space is 

described as a generalised-metric by Shreider7, drawing on work of earlier 20th century 

mathematicians. An example of this case is travel times in urban regions, where it is 
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frequently easier/faster to travel from A to B than B to A – for example, getting a taxi 

from a mainline railway station to a suburban location is often much simpler (and may 

be quicker) than the reverse. This kind of lack of symmetry applies in many situations, 

such as cases where there is a directional flow or pressure, e.g. traffic flow at different 

times of day, transatlantic flights affected by winds, one-way systems, differential 

service tariffs or service availability by time of day/week, slopes to ascend/descend and 

so forth.  

 

Circular routes, such as the inner and outer circuits of Glasgow’s “Clockwork Orange” 

underground system (Figure 4-1) also provide an example of a quasi-metric space. This 

service operates one clockwise and one anti-clockwise route, each of length 10.4kms 

and transit time of 24 minutes. On a given circuit, the journey-time from Kelvinbridge 

to Hillhead, for example, which is 2-3 minutes, is clearly not the same as Hillhead to 

Kelvinbridge (over 20 minutes), and between stations it is clearly not possible to change 

circuits. 

Figure 4-1 Glasgow's Clockwork Orange Underground 

 

© Strathclyde Passenger Transport 

 

Asymmetry is also a characteristic of a number of telecommunications facilities, where 

some modem standards (e.g. CCITT V.23) and the more recent ADSL8 technologies 

operate in this way – information is generally received at a faster rate than it can be 

transmitted. A similar situation applies in many hybrid broadcast/telecommunications 
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systems, such as satellite, coax or fibre-optic downstream and copper/cable upstream. 

Pure broadcast technologies, such as terrestrial television and radio, are strictly one-way 

and only facilitate two-way communication via completely separate media (such as post 

or email). This kind of asymmetry reflects a fundamental human characteristic – our 

ability to receive and process information is far greater than our ability to respond to it 

in an active manner. 

 

Although the generalised or quasi-metric is useful, widely applicable and readily 

understandable, it does not conform to strict metric behaviour. In particular this means 

that solutions to problems involving the minimisation of travel or communication and 

related paths cannot be derived from source, destination and link information alone. 

However, asymmetry is commonplace and requires explicit inclusion in modelling and 

design.  

 

Asymmetry effects can be removed by setting: 

 

d*(i,j) = [d(i,j) + d(j,i)]/2  or  d*(i,j) =max {d(i,j), d(j,i)} 

 

If a quasi-metric space exhibits weak symmetry (i.e. if d(x,y) = d(y,x) for all (x,y) that 

are sufficiently close to each other) then the space is described as a uniform quasi-

metric space. Such spaces are topologically equivalent to metric spaces. It is clear that 

the Clockwork Orange example above provides a quasi-metric space that is not uniform. 

However, Smith9 states that the addition of weak symmetry to a quasi-metric space is all 

that is required in order for continuous shortest paths to exist (i.e. large scale symmetry 

is not a pre-requisite). 

4.2.2 Semi-metric 

If the symmetry constraint is applied without triangularity the resultant space has been 

described as a semi-metric by Blumenthal10. This case envisages the possibility that 

 

 dij + djk <  dik 

 

which offends our notion of ‘between-ness’ and thus of conventional notions of distance 

and space. An example of such as space would be that of flight times, where for 
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example direct flights between locations that are geographically further apart are 

frequently quicker (closer in time) than multiple hop journeys. A similar pattern can be 

found with railway and other transport timetables, where express trains and stopping 

trains in combination may reach a destination faster than a direct stopping train, even 

though the rail distance travelled may be greater.  

 

It may not be possible to draw a time- or space-consistent map of a semi-metric space11, 

but this does not mean that the measure used is not valuable. Indeed, in some such cases 

non-cartographic representations (e.g. GIS internal representation, to/from matrices) of 

the data are more meaningful. In the case where weak triangularity holds (i.e. 

triangularity holds only within small regions where points are close to each other) the 

term uniform semi-metric is used. An hypothetical example of such a space might be 

road journey times in a city, where within small regions (a few streets of similar type) it 

is always quicker to go from a to b rather than a to c to b, whilst across the city with 

varied road structures and routing, a to c to b might be faster than a to b. 

4.2.3 Pseudometric 

The term pseudometric has been used by some authors to refer to measures which may 

have some or most of the characteristics of a true metric, but for which dij = 0 is 

permitted when ij. For example, a measure which compares population densities 

amongst a sample of cities as dij = |densityi – densityj| would satisfy the requirements of 

co-location, triangularity and symmetry but not distinctness. A second example is the 

measurement and mapping of the relative distribution of wealth in 198 regions of the 

European Union – an important factor in the understanding inter-regional flows and for 

the determination of regional policy-making and funds distribution. In this case 

researchers chose the measure of the form: 
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where xi , xj = GDP per inhabitant for neighbouring (contiguous) regions i and j. This 

measure has been normalised by the divisor selected, and is a symmetric dissimilarity 

index indicating the relative gradient of wealth between adjacent regions. Measures of 

this type have also been used as means of evaluating multi-criteria location selection 
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problems, in which case the sum over all the criteria is taken and optionally 

standardised, e.g. by division by the maximum value, range or variance.  

4.2.4 Metrics and metric space 

If both symmetry and triangle constraints are valid, in addition to distinctness and co-

location then the result is a metric, d. When coupled with a set of elements or points, E, 

collectively these determine a metric space, (E,d). Such spaces include the familiar 

Euclidean space of 1, 2 and 3+ dimensions and more complex spaces such as curved 

surfaces, including the sphere and ellipsoid. 

 

Beguin and Thisse12 have proposed that ‘absolute geographic space’ be defined as a 

metric space triplet (3-tuple): {E, d, μ} where E is a set of places (objects), d is a 

distance metric and μ is an area measure. This definition they then extended to include 

attributes, μi: {E, d, μ, μi} which they then describe (p.332) as: 

 

“a global and ‘relative’ concept of space, since what space contains is now 

integrated into the definition” 

 

This definition embraces that which is now provided as central to Geographic 

Information Science. In this context the Varenius Project (op. cit.) has used the 

following definition: 

 

“… the fundamental primitive element of geographic information is the tuple 

<x,y,z,t,U> where U represents some thing present at some location (x,y,z,t) 

in space-time.” 

 

Note that this latter definition does not specify the ‘metric’, and thus does not define the 

metric characteristics of the space, although in both definitions the normal assumption is 

that the spaces to be analysed will be assumed to be metric. It also assumes that the 

components of the tuples are intrinsically knowable and uniquely defined – assumptions 

which are convenient but not necessarily true in an ‘absolute’ sense. Issues relating to 

measurability, which have a bearing on these observations, are discussed in some detail 

in the next Chapter. 

 

The requirement that geographic space be metric can be too rigid a constraint, as has 

been shown in earlier examples. However, much of the theoretical analysis in this study 
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focuses upon such spaces. It then uses the insights and results obtained from the 

analyses to solve real-world problems where GIS data tuples are available or can be 

collected.  

 

Some example metrics, which will be discussed in greater detail later in this study, are 

given in the table below (Table 4-1).  

Table 4-1 Sample metrics 

Type Space Example metric, d(x,y) 

1 Real numbers,  |x − y| 

2 Euclidean 2-space,  2 2

1

2

1 )()( yyxx −+−  

3 
Ordered n-tuples {x,y},  n 
(Lp or Minkowski metrica) 

p
n

i

p

ii yx

/1

1









−

=

, p ≥ 1 

4 
Ordered n-tuples {x,y},  n 
(Canberra metric) 

= +

−n

i ii

ii

yx

yx

1 ||||

||
 

5 
Real positive integrable functions of 
one variable, f(x) 

j

i

x

x

dxxf )(| | 

6 
Curved n-space; C is a geodesic arc 
(Riemannian metric) 

}inf{
1,

 
=C

n

ji

ji

ij dxdxg  

7 

Spherical surface (great circle 

metric), polar coordinates (,), 
cosine form 

 )cos(coscossinsincos 212121
1  −+−R  

 

a this metric, attributed to Minkowski, is actually derived from Minkowski’s inequality. Cosmologists refer to 
an alternative measure, incorporating time and the speed of light, as Minkowski’s metric. In the present 
study we use the term Lp metric in preference to avoid confusion. 

4.2.4.1 Euclidean metric 

Type 1 is simply the absolute difference between any two points on the real line (similar 

to the metric used in problems of optimum location along a road/linear feature). Taking 

the square of this measure and then evaluating the square root (or any other power 

combination) leaves the formulation unchanged. As such, it provides the simplest 

version of metrics such as the Cartesian (Pythagorean) formula for distance in n-

dimensional Euclidean space. 
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Type 2 is the familiar Cartesian metric of Euclidean 2-space. It is a particular instance 

of the more general functions described by Types 3 and 6. If the value d(x,y) is fixed the 

metric can be seen to be the equation of a circle, radius d and centre (x1,y1), or a circular 

cone if multiple values of d are taken and mapped in 3-D. The metric is thus rotationally 

symmetric. If we substitute ax for x, where a is a positive constant, we still have a 

metric, but it is no longer symmetric in this sense and for fixed d can be seen to be the 

equation of an ellipse. 

 

Most GIS packages use the symmetric Euclidean measure when computing distances 

between coordinate pairs and for calculation of ‘local’ distances (e.g. as in the case of 

the GIS buffer operation).  

 

The Euclidean metric utilises a formula that is familiar to almost everyone, but it can be 

a rather inconvenient expression to work with because it involves the use of square 

roots. For example, minimising an expression involving this measure, such as a sum of 

weighted distances, involves finding the partial differentials of the function with respect 

to x and y. Letting s = d(x,y) it is easy to see that the two differentials are: 

 

sxx
x

s
/)( 1−=




  and syy

y

s
/)( 1−=




 thus 

x

s
z

y

s




=




 

 

where z =( y-y1)/(x-x1). These formulae and results are inconvenient and complex from 

both a calculation perspective (now resolved for a moderate number of calculations by 

the ready availability of calculators and computers) and more importantly, from an 

analytic perspective. If the squared Euclidean distance rather than the standard formula 

is used the partial differentials yield linear expressions, and for some applications such 

as spatial centroid calculation and least squares estimates, this forms the basis of the 

analytic methods applied. 

 

It is possible, however, to re-write the original formula in a number of ways that are 

more convenient to work with for many problems and/or involve less processor 

intensive operations. Suppose we wish to calculate the distance, s, using the standard 

Euclidean metric in the plane: 
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s = 2

21

2

21 )()( yyxx −+−  

 

Divide through by the larger of the x- or y- differences, i.e. let  

 

x=(x1-x2), y=(y1-y2), v=min {x, y}, w=max {x, y}, z=v/w (w0), z=0 (w=0) 

 

then 0  z  1, and we can write: 

 

s = 12 +zw  

 

If we only consider very small distances, ds, and without loss of generality we assume 

w=x then this expression can be written as: 

 

ds = 1)/( 2 +dxdydx  

 

In this formulation it can be seen that the length of a differentiable plane curve, y(x), can 

be found by differentiating the expression for the curve and integrating both sides: 

 

dxxydss )1)('(( 2

 +==  

 

This formulation is used in the next subsection (and Annex 2) to compute path costs 

where incremental distance is of the form ds*=Fds and F is a simple non-uniform 

positive cost function defined across the plane. If the curve, or path, y(x), is either not 

differentiable everywhere or not a plane curve (e.g. it is a path across a surface such as a 

physical landscape) this formulation no longer holds and alternative expressions and 

methods must be sought. This case is discussed in several of the Sections that follow. 

 

A second incremental reformulation of the Cartesian formula using the same model as 

before, is: 

 

ds = dxdx  sec1tan2 =+  
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where  is the angle made by the line between the two coordinate points and the x-axis. 

This provides the basis for an alternative method of path length estimation, as described 

in Section 5.2.7, below. 

 

Another useful reformulation we consider is to expand the expression as a power 

series13 in z about z=0: 

 

)128/516/8/2/1( 8642 +−+−+= zzzzws  

  

The value of the error term, , is   0.00002 when z  0.5, and remains small (well 

under 1%) for values of z   0.9999. If required, precision can be improved further by 

adding the term +7z10/256 or can be reduced for the sake of increased analytic or 

computational convenience by removing one or more of the higher terms in z. For 

example, limiting the series to only 3 terms still provides accuracy of better than 3% at 

z=0.5. Furthermore, letting b=z*z/2 the power series can be written without the need for 

any explicit power calculations thus providing improved computational accuracy, as: 

 

))))625.01(1(5.01(1( bbbbws −−−+=  

 

This estimate has a mean accuracy of under 0.05% and a maximum error of 0.27%.  

 

Without loss of generality we can assume w=x, multiply through by x, to obtain the 

revised series: 

 

+−+−+= 7856342 128/516/8/2/ xyxyxyxyxs  

 

We can now differentiate this function with respect to x and y to produce two further 

power series, first for x (re-introducing the expression for z and dropping the highest 

order term, we have): 

 

16/58/32/1 642 zzz
x

s
−+−=
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Similarly for y: 

 

)16/58/32/1( 642 zzzz
y

s
−+−=




 

 

from which we see that, as before:  

 

x

s
z

y

s




=




 

 

Reducing the number of terms in a power series results in loss of precision, although 

very accurate approximations to circular arcs can be achieved with polynomials of order 

five14. These remain analytically awkward to use and other options warrant 

investigation. 

 

One alternative approach is to seek an optimal linear approximation. A remarkably 

accurate linear estimate can be derived from recent research into the use of chamfer 

metrics15 in image processing (see further, Section 5.2.8). The expression: 

 

wvs 95509.036930.0 +=  

 

where v and w are defined as above, estimates s to within 2% on average and within 

6.35% for all v, w. Summations which utilise this expression include positive and 

negative errors of estimate and this tends to reduce errors further - errors in the sum of 

three or more figures rarely exceeding 3%. Furthermore, minimisation of a sum of 

distances from a set of points to an unknown or ‘query’ point using this model simply 

involves minimisation of the sums of the maximum differences and minimum 

differences. This can be achieved very rapidly by simple binary chop iteration or similar 

procedures, where the search space is restricted to the max and min values of the 

coordinates in the set (i.e. differences in either x or y, whichever is the greater). 

 

Note that the expression 

 

( ) wvs *0.1*21 ++−=  
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provides a less accurate approximation in most cases (it provides a better approximation 

only along the diagonals and N-S-E-W radii from a sample point). The former 

expression for s may be re-written as: 

 

||95509.0||36930.0 2121 yyxxs −+−=  if ||| 2121 yyxx −−  

||95509.0||36930.0 2121 xxyys −+−=  if ||| 2121 yyxx −−  

 

The two inequalities, coupled with evaluating the expression over positive and negative 

values for x and y (4 quadrants) results in an octagonal locus as an approximation to the 

true circular form of the Euclidean metric. Closer approximations can be achieved by 

the introduction of additional inequalities, but the improvement gained may be 

outweighed by the solution complexity. If distances are selected using polar rather than 

Cartesian coordinates in the plane it is possible to obtain a very slight improvement to 

the linear approximation above (this topic is discussed in more detail in the next 

Chapter, Section 5.2.8, in the context of lattice approximations and distance 

transforms). 

 

The Euclidean metric (and approximations to it) provides a distance value for the 

separation of a single pair of points. It is possible for this distance to be computed on 

the same basis but via an intermediary point, P(p,q), such that if d(x,y) represents the 

Euclidean distance between the points x and y, then a new metric can be defined as: 

 

dP(x,y) = d(x, P) + d(P, y)  if x  y,  dP(x,y) = 0  if x = y 

 

This is an example of a hybrid Euclidean metric, since the formulation involves a 

distance calculation using the Euclidean measures but taken via an intermediate point. It 

is sometimes described as the Post Office metric, and applies to situations in which all 

traffic (physical, electronic, data etc) must be routed via a specified location. A variety 

of other hybrid metrics are discussed later in this Chapter and in Chapter 6, Distance 

Statistics. 
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4.2.4.2 Lp or Minkowski inequality metrics and related forms 

Type 3 in Table 4-1 is the same as Type 2 if n=2 and p=2. However, if 0 < p < 1 then 

the measure is a semi-metric since the triangle inequality no longer holds16. Shreider has 

discussed this case for points in the plane in some detail and has produced a 

diagrammatic interpretation of the measure for various values of p (Figure 4-2). In this 

case we use the form: 

 

dp = ( ) ppp yyxx
/1

2121 |||| −+−  ;  p ≥ 1 

 

which is often referred to as Lp distance17. A similar approach to that described for 

Euclidean distance can be used to obtain a power series representation for this metric, 

expanded about z=1, given p, although the series is more complex when p is not an 

integer. In this case the expansion is of 

 

 s = ( )p pzw 1+  

 

Of the set of all Lp norms, only the case p=2 (the Euclidean metric) is invariant with 

respect to (orthogonal) rotation – all others are invariant with respect to translation and 

central reflections of the coordinate axes, but not rotation. This latter observation is 

clarified by examination of Figure 4-2 and observing that: 

 

dp = d2 ( ) ppp /1
|sin||cos|  +   ;  0    /2 

 

The directional bias of the Lp norm increases as p deviates from 2 and is a maximum for 

all p at =/4 where the bias is proportional to 21/p-1/2. One result of this observation is 

that rotation of the axes will alter the estimated value of p and therefore any use of the 

Lp norm or metrics based on this norm (e.g. weighted and/or hybrids of this metric) 

should either use a range of axis rotations from [0, /4] during sampling and/or 

parameter fitting or state that the results are not independent of coordinate system 

rotation. Furthermore, it is clear that all values of p>2 (including p =  ) are related to 

p<2 by a simple rotation. In geographical literature the case p=1 is variously called the 

Manhattan, Taxicab, Rectilinear or City block metric, L1 – this example is discussed 
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further below and in Section 8.3. The case p =  is called the maximum, supremum or 

Chebyshev norm, L , and measures the maximum deviation in x or y, i.e. d=max{|x1-

x2|, |y1-y2|} 

Figure 4-2 Lp space circles 

p=2

p=

1<p<2

p=1

2<p<

 

redrawn, after Y U Shreider 

 

The above observation on rotational relationships can be used in problem solving – in 

some cases it may be possible to solve selected problems by applying the sequence of 

actions: 

 

(i) rotate the problem coordinate frame 

(ii) solve the problem using the metric appropriate to the rotated frame, and then  

(iii) rotate the frame back to its original position.  

 

For example, in order to determine the Voronoi diagram for a set of planar points under 

the L  metric, the set of points may be rotated by an angle of /4 and the regions 

computed using the L1 metric, with the resulting diagram rotated back by /4 degrees to 

produce the final solution18
 . 

 

The use of the term Manhattan metric in connection with the L1 metric is somewhat 

misleading, in that it does not correspond to the way in which traffic moves in 

Manhattan at all – the Manhattan road system is a specific, physical network, with a 

finite number of paths, almost all of which are directed (i.e. one way). This is not a 
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metric space, since symmetry and triangularity requirements are not satisfied. However, 

the (idealised) finite Manhattan Street Network (MSN) can be viewed as a two-

dimensional, unidirectional wire-frame torus network or digraph (an example of which 

is shown in Figure 4-3). Pairs of east-west and north-south routes are effectively rings 

(which is, of course, not quite like Manhattan streets at the mesh edges), with shortest 

routes involving paths that move around the rings. The MSN has been extensively 

studied and applied in telecommunications network design19, particularly in packet- or 

message-structured systems where the number of hops (junctions passed through) is the 

most important measure of distance, rather than the specific path length. In the case of a 

6x6 network, as illustrated, the average shortest path distance (i.e. the sum of all 

possible shortest paths divided by the number of nodes) is 3.89 hops. An analytic 

expression for the average number of hops in an NxM MSN network is20 : 

 

dave = (N + M + 4)/4 – 4/MN  

 

The diameter of the MSN (defined as the maximum distance from a node to another 

node, and an important parameter in network design) is either max{N,M} or 

max{N,M}+1 depending on whether max{N,M}/2 is even or odd. 

 

Labelling of nodes in this example is in integer row/column format – such labelling can 

be used to provide addressing schemes that facilitate very efficient (i.e. fast, low 

overhead) deterministic shortest path routing. 
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Figure 4-3 36-node Manhattan Street Network 
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after N F Maxemchuk (1987) 

 

Key advantages of this kind of regular mesh network in telecommunications include the 

simplicity of routing, robustness of the structure to link and node failures, containment 

of localised traffic within distinct sub-regions of the overall network, and ease of 

extension. Disadvantages include the number of nodes required, the volume of 

processing per node, and the amount of cabling involved. The structure has been found 

to be especially effective in the design of very high-speed networks in metropolitan 

regions and within some local area network (LAN) designs. 

 

It should be noted that the Lp metric for general values of p>1 has been used extensively 

in psychometrics and by a number of geographers in the context of multi-dimensional 

scaling21 and has been widely considered in other disciplines such as road traffic studies 

and operations research22.  

 

One, commonly used, multi-parameter variant of this metric is:  
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d = ( ) spp yyxxa
/1

2121 |||| −+−  where a, p, s ≥ 1 

 

This form has been used in modelling road networks with improved accuracy over the 

simple Lp norm. For example, using the two-parameter model (i.e. with s=p) Love and 

Morris23 sampled inter-city distances in Wisconsin and across the USA and found 

estimates of a=1.11 and p=1.69 in the first case, and a=1.15, p=1.78 in the second. If 

p/s>1 in the model above then it becomes a semi-metric, and since the assumption of 

s=p retains most of the explanatory power of the measure (at least in road network 

modelling) it is preferable to adopt the two-parameter metric model where possible.  

 

Similar research in Sweden has shown that road distances in towns is on average 1.21 

times the Euclidean distance. Tobler24 has suggested that such findings could be used as 

a simple ‘fudge factor’, a (some authors use the term ‘road coefficient’ or ‘route factor’ 

– see further, Section 6.5) retaining conventional metrics in these cases and adjusting 

the results by a constant factor. This suggestion retains the desirable objective of 

rotational invariance with the possibility of utilising a metric with improved explanatory 

power.  

 

Pursuant to this suggestion we may define a new metric, which we shall call the 

Modified Euclidean metric, as: 

 

d = ( ) 2/2

21

2

21 ||||
s

yyxxa −+−  where a, s ≥ 1 

 

This metric provides a formulation with many of the characteristics desired, although 

not rotational invariance, and warrants examination of its utility in GIS-T and related 

applications. Alternatively the Lp metric may be used, subject to the precautionary notes 

made earlier, or a more complex estimation process used, such as vector quantisation25.  

 

Setting K=p/s in the model of Love and Morris described above, and letting a=1, it can 

be seen that their metric and our Modified Euclidean metric are essentially of the form 

Lp
K, i.e. the Kth power of the standard Lp norm. Morris26 has shown that when this metric 

is used as the distance measure in distance minimisation models of location (Weber 

problems), the objective function it is convex if K1 but not generally if 0<K<1. 
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Furthermore, if 0<K<1 the measure is not a full metric since the triangle inequality does 

not hold. 

 

Yet another variant of the Lp metric has been utilised by Muller27 in the context of 

mapping functional distances. He takes the multi-parameter model: 

 

d = ( )spp yybxxa |||| 2121 −+−  where p, a, b and s are parameters 

to be estimated 

 

This model is metric if p>1, s = 1/p and a=b=1. Muller found that this model works 

well for road distances, actual travel times by car and estimated travel times by car, but 

not for air travel times (all cases based on selected German cities). His estimates for the 

three road travel cases found s  1/p and a/b  1.25 (1.1 - 1.4), suggesting that simpler 

models would yield good results in many cases. Two-dimensional maps produced using 

these metrics led to more meaningful and ‘accurate’ (lower stress) results than those 

obtained by using conventional metric scaling with a Euclidean metric.  

 

The observation that a/b  1 (together with the fact that Muller found values of p2), 

suggests that (a) directional (e.g. North-South) bias exists in the datasets (notably in the 

actual and estimated travel time analyses) and (b) rotation of the reference frame would 

alter the findings (as noted above). This is confirmed by observing that Muller’s metric, 

and the Lp-based metrics in general, are related to the shape known as a super ellipse. A 

super ellipse (in 2-space) has the form: 

 

pp

b

y

a

x
+ = 1  

 

where p1. Clearly if a=b=1 and p=2 we have a circle. If a=b and p2 we have Lp 

space circles, and if ab, p2 we have super-ellipses. The latter look just like the space 

circles in Figure 4-2 above, but stretched East-West or North-South.  

 

The term “super ellipse” is sometimes reserved for the case a=b, p=5/2 which was 

studied and developed by the Danish architect and designer, Piet Hein, in the 1960s. 



Distance and metrics 

110 

This formulation has been used in designs ranging from furniture to road traffic islands 

(super-elliptical roundabouts). The family of curves for general a, b and p was first 

studied by the French mathematician, Gabriel Lamé, in 1818, i.e. long before 

Minkowski produced the inequality discussed earlier. An extension of the super-ellipse, 

with close similarity to the metric generalisations discussed above, is known as the 

generalised super-ellipse and is defined by: 

 

qp

b

y

a

x
+ = 1 

 

The general (and unsurprising) consensus across many studies is that distance functions 

that contain more parameters (2, 3 or more) tend to provide better estimates of road 

distance, but at a cost of increased complexity – frequently the improvements seen are 

marginal and models with lower numbers of parameters to be estimated are to be 

preferred. It is also important to note that in some cases (as discussed further below) it is 

simply not possible to use a single model approach (e.g. radial/ring hybrids are a better 

reflection of the actual road pattern than norm-like formulations). The principal 

advantage of such measures is their ability to provide accurate, analytic, functionally 

relevant distance estimates between any two points in the sample space, whether 

continuous or discrete space (e.g. lattice). These can then be used in applications such as 

route planning and traffic forecasting, location-allocation modelling and space-

partitioning/zoning problems.  

 

The Lp metric does not determine unique paths between point pairs28. For example, with 

p=1 there is an unlimited number of possible (shortest) paths if the street network is 

sufficiently fine. However, suppose that one is examining an existing complex (but 

otherwise relatively homogeneous) street network in a city. By measuring a sample of 

inter-location shortest distances, Ln, a set of values (estimates) for p may be obtained, 

the (weighted) mean of which may then be used in the formula above without the need 

for calculation of all possible shortest paths29. Separate samples could be used for 

distinct areas – for example, in Edinburgh, each main district of the City could be 

treated as distinct. This raises the question of which streets to include - all streets, 

allowing for one-way rules, or just streets marked on the map as ‘main’ routes?  
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Keeping with the simple, single parameter norm, if p is a parameter estimated for all or 

part of a network, a summary of interpretations of its value is provided below: 

 

0 < p < 1 The Lp formula does not yield a metric because the triangle inequality no longer holds 

– for example, construction of minimal spanning trees on the basis of progressively 

connecting nearest neighbours is not valid. Routes in cities may have values of p<1 

indicating that routes are complex – a value of p=2/3 indicates that distances are 

effectively twice as far as direct line estimates would suggest. The locus of points in 

this case is concave. 

1 < p < 2 The distance, d, is a metric which is intermediate between the Manhattan grid-like 

street pattern and the normal Euclidean metric, and is thus applicable to more 

complex city street networks. 

p > 2 As p increases greater weight is given to the largest components of distance in the 

network. Consider the distance from (0,0) to (1,1-E) where 0<E<1. For p=1 d=2-E; for 

p=2 and E<<1 d 2(1-E) and as p increases, d→1. In all cases as p→ then d= 

max(|x1-x2|, |y1-y2|) 

 

Note that if either the x or y coordinate differences (dx or dy) are zero the measure 

simply provides the absolute difference in the remaining coordinates and is thus 

independent of the value assigned to p. In fact, the maximum difference between the 

Euclidean and Lp metrics occurs when the x-increment and y-increment are equal, as 

shown in the graph below (Figure 4-4). If dx>>dy or dy>>dx the percentage excess 

tends to zero, since this result is equivalent to dx or dy tending to 0. 

 

Increasing p may be used in minimax procedures whereby the maximum horizontal or 

vertical distance from a vertex to a facility is minimised – such a metric might therefore 

be appropriate for the selection of strategic locations or satisfying certain network 

performance criteria. 
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Figure 4-4 Lp metric versus Euclidean metric for (0,0) to (1,1), p = 1 to 2 
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With p=1 all shortest paths in the plane are rectilinear ‘staircase-like’ forms with a 

minimum of two steps (one in the y-direction and one in the x-direction).  

 

It is possible to define a metric in which the staircase-like paths are not rectilinear, but 

set at an angle to each other. In general it is sufficient to assume that one direction is 

parallel to the x-axis and the other is at some angle <90 degrees to this axis. Such paths 

have lengths that are the sum of the Euclidean distances in each direction and these are 

known as gauge distances30. As such they are a generalisation of the rectilinear distance 

model and have been the subject of detailed study in recent years by specialists in 

location theory (see further, Section 8.1). 

4.2.4.3 Normalised metrics 

Type 4, the Canberra metric, is an example of a normalised metric (it may usefully be 

compared with the pseudometric measure of similarity discussed earlier). Such 

measures are used in a wide range of multidimensional data analysis techniques. The 

Canberra metric normalises the differences between each data pair by their component 

magnitudes. This removes the effects of extreme values upon the totals and helps ensure 

that the scales used in each direction or dimension may be readily compared (are 

commensurate).  

 

A variety of other normalised distance measures are used in fields such as multi-

dimensional scaling, factor analysis, cluster analysis and indexing problems, in many 
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cases using the range or standard deviation of each dimension as the normalisation 

factor. As an example, the normalised Euclidean metric may be written as: 

 

d(xi , xj) = 

2/1
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where xi and xj represent n-tuples or points in n-space (2+ dimensions) and are samples 

from a set of such points with variance in the kth dimension of k
2. These measures, 

many of which satisfy the metric criteria stated earlier, are only discussed briefly in this 

study as their primary function is not directly related to spatial analysis. 

4.2.4.4 Functional metrics 

Type 5 is perhaps the least recognisable as a metric. Although it has some similarity to 

the least squares metric described earlier, it is not obviously applicable to geographic 

problems. The expression does satisfy the requirements for a metric and an example 

shows its utility in the geographic field. Suppose that x represents the distance in 

kilometres along a road of length L upon which an organisation wishes to locate a depot 

so as to minimise its delivery costs. In addition, suppose that the demand to be served 

can be represented by a positive function of position along the road, D(x), and the depot 

location is taken as x0, where x and x0[0,L]. Then the function, z, to be minimised is 

given by: 
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partially differentiating wrt x0: 
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The optimum depot location, x*, is found where the partial differential equates to 0, i.e. 

where 
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So the optimum location is at the median of demand. This minimum point is unique31 

and independent of the particular demand function, D(x), chosen. Since D(x) can be a 

very general cost function, such as delivery cost, taking into account congestion etc., the 

result is particularly striking. An obvious extension of the above case, for example, is to 

examine the result when two or more depots are required, or when demand patterns are 

uncertain. These two cases are examined briefly below. 

 

By a similar argument to that provided above, the optimum location for two depots (x0 , 

x1) may be found. In this case each depot occupies the median of the partitioned demand 

distribution, D(x) = D0(x) + D1(x), where the point of partition is x*. To find x0 and x1 a 

location-allocation algorithm is required32, whereby x* is selected (say at the median of 

D(x) or at L/2), then the locations of x0 and x1 computed with respect to the two initial 

sections of D(x) and then x* (and x0 and x1) recomputed iteratively until no discernable 

improvement is found.   

 

Generalised to two dimensions, D(x) becomes D(x,y) and d(x, x0) becomes d(x,x0) 

where x=(x,y) and x0=(x0,y0). The task of minimising the total transport effort, z, is then 

known as Weber’s problem, generalised to permit metrics other than Euclidean. With 

more than one depot to be located Weber’s problem is known as a generalised 

unconstrained location-allocation problem.  

 

In order to analyse the question of depot location when the demand function, D(x,y) is 

probabilistic, two observations must be made. The first concerns construction of two-

dimensional demand functions. Several authors33 have considered generalisations of 

Weber’s problem in which either there are:  
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(i) a finite set of n demand points, with weights wi, are each considered to have 

probabilistically defined locations, e.g. location i has mean location (xi,yi), 

weight wi, and is randomly located in a circle of radius ri; or  

(ii) a finite set of regions is defined in the plane, each of which is assigned a 

weight and within each of which the demand is assumed to have a particular 

distribution, pi(x,y).  

 

For the purpose of analysis we regard both of these forms of demand function as 

replaceable by the composite demand function: 

 


i

ii yxpwyxD ),(),( *=  

i.e. the demand function is the union of all the sub-demand functions wi*pi(x,y); wi* is 

the (composite) weight associated with the ith point or area in the region, Ri, of interest, 

and pi(x,y) is the (composite) distribution of demand around point i or in region Ri.  

 

The second observation to be made is that minimising the expected distance to a depot 

located in the sample region R is equivalent to minimising a two-dimensional version of 

the line-based problem described earlier, viz: 

 

min  =
R

dydxyxDdz ),(),( 0xx  

 

Furthermore, if d is the L1 metric, the two dimensions x and y may be considered 

independently and the coordinates of the optimum locations are simply the medians of 

the marginal distributions Dx(x,y) and Dy(x,y), where 

 




−
=  dyxDyxD ),(),(  

 

This conclusion avoids the need for complex optimisation procedures such as those 

discussed by Wesolowsky34 and Drezner35. To illustrate this result we may take 

Wesolowsky’s example of a 5-point problem in which each point, (xi,yi) is specified by 

a bivariate uniform probability distribution: 
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Table 4-2 shows Wesolowsky’s data and the pattern of overlap of probability regions in 

the x-dimension. To compute the composite marginal demand function, Dx(x,y) we 

simply calculate the demand for each sub-interval, [si, si+1] which is the product of the 

interval length and the weighted probability functions found in that interval. The total 

demand is simply the sum of the destination weights, i.e. 8, so the solution point is to be 

found at the point where the sum of the probable demand = 4 in both x and y directions. 

Taking the x-direction, the solution required for x0 must therefore satisfy the equation: 

 

4),(
0

71.17
=−

x

x yxD  

 

from which x0 is found to be 20.17, in accordance with Wesolowsky’s result.  

Table 4-2 A five point problem, due to Wesolowsky 

 

 

 

 

Destination wi ei fi gi hi 

1 1 -7.12 17.12 5.12 12.31 

2 2 -17.71 37.71 3.15 14.51 

3 1 -16.18 46.18 -5.12 15.12 

4 3 -1.18 61.18 -12.12 42.12 

5 1 19.22 60.78 5.12 12.12 

Intervals     2           

s1 = -17.71        3        

s2 = -16.18  1              

s3 =   -7.12           4     

s4 =   -1.18                

s5 =  17.12              5  

s6 =  19.22                

s7 =  37.71                

s8 =  46.18                

s9=   60.78                

s10 = 61.18                
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The same process may be repeated for the y-direction. Calculations can be readily 

performed using a spreadsheet. Unfortunately it is not possible to extend this 

methodology to Euclidean or generalised Lp metrics and for such problems specialised 

optimisation routines and location-allocation algorithms will continue to be required. 

The notion of constructing composite demand functions is, however, of considerable 

interest – it introduces the concept of selecting locations (and choosing routes) in 

regions where conditions such as demand, land costs and traffic density vary in space, 

which is far closer to real-world problems. Such problems are addressed in subsequent 

Chapters. 

4.2.4.5 Riemannian metrics 

Type 6 in the table of metrics (Table 4-1) is perhaps more familiar to physicists, 

cosmologists and multivariate statisticians than to mainstream social scientists. It is 

based on the work of Riemann, which we outlined in Section 3.4. The key element of 

the expression for incremental distance is gijdxidxj (sometimes written as gijdxidxj). By 

convention the summation symbol may be omitted and summation is assumed over 

repeated subscripts. This summation is the general quadratic form for incremental 

distance36 in a curved n-space. When n=2 the space is a 2-dimensional surface and we 

may write the expression in full (using the notation dx = dx1 and dy = dx2, and reverting 

to the normal use of superscripts for powers) as37: 

 

ds2 = g11dx2 + g12dxdy + g21dydx +g22dy2 

 

The gij terms define the curvature of the space at every point. For the Euclidean plane, 

g12=g21=0 and g11=g22=1, giving  

 

ds2 = dx2 + dy2 

 

Note that within the formulation Euclidean space is unique in that the incremental 

distance metric is separable in x and y, i.e. there are no combined terms. 

 

The integral in the general formula is to be taken along the shortest path, C, between the 

two specified end points (and is a straight line in the Euclidean plane in the commonly 

understood sense of ‘straight’). Since there may be more than one shortest path 
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(especially globally) the shortest of all such paths (or infimum) is taken and the distance 

value ascribed to this path.  

 

For a general two dimensional surface z = f(x,y) we have: 

 

g11=1 + fx2, g22 = 1+fy
2 and g12=g21=fxfy 

 

where subscripts denote partial differentiation. Substituting in the expression above and 

simplifying, we have: 

 

ds2 = dx2+ dy2 +(fxdx + fydy)2 

 

Thus incremental distance over a surface is simply the incremental Cartesian distance 

plus an element that depends upon the incremental slope of the cost function in the x- 

and y-directions – this is the expression for the path gradient across the surface z. With 

this measure, for every surface the incremental distance is greater than or equal to the 

plane distance.  

 

Whilst the Riemannian metric provides us with information concerning the lengths of 

very short paths, the calculation of distance between points further apart requires 

information about the path, C, along which the integral is to be evaluated. For very 

simple surfaces analytic formulae can be derived, but for generalised surfaces the 

equations to be solved are typically intractable.  

 

The Riemannian formulation allows us to examine a number of general principles that 

in turn, assist in the solution of more general network problems, including those 

involving variable cost fields. If we assume that F is a continuously differentiable38 

generalised cost function and ds is incremental distance, then Fds is incremental cost or 

time, and we can write: 

=
C

FdsD  where D is a measure of cost or time distance over path C. 
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The minimum value of this integral is found by seeking a particular path, C, for which 

the expression is a minimum. If F is a constant function then C will be a geodesic path 

for the surface over which ds is incremental distance (e.g. a straight line in the plane). 

 

Now let F = e and let g*
ij = e2 gij , then the equation for incremental distance above 

may be re-written as: 

 

(ds*)2 =  
ji

ij dxdxge 2
= 

ji
ij dxdxg*

 

thus 

=
*

*

C

dsD  

 

The transformation g*
ij = e2 gij is conformal39 and thus locally shape will be preserved 

by the mapping. In particular angular relations between network lines will be preserved. 

This conformality applies to corresponding directions at corresponding points, but does 

not imply preservation of geodesics - the geodesic path C* above will not normally be 

the image of C under the transformation given.  

 

This transformation shows that least cost paths in a space S with metric ds map to 

shortest paths in a space S* with metric ds*. Thus the problem of constructing least cost 

paths across a surface such as in the plane is equivalent to that of finding shortest paths 

(geodesics) on a related cost surface and constructing networks from these.  

 

The problem of finding shortest paths on general surfaces, amounts to one of finding 

solutions to a second order (boundary value) problem of differential equations. The 

solution path may be expressed as a function of x, y(x) say40, and the boundary 

conditions are y(x0)=y0, y(xn)=yn, where (x0,y0) and (xn,yn) are the initial and final points 

on the path. Now, let the differential equation to be solved be of the form G = 0, where 

G is a function of x, y, dy/dx and d2y/dx2. For the plane G = d2y/dx2 which is directly 

integrable to give: 

 

(x0-xn)y = (y0-yn)x + (x0yn-y0xn) 
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i.e. a straight line. We now introduce a theorem regarding geodesic equations (a proof is 

provided in Annex 2), and use this to provide the basis for solution of generalised path 

finding and network problems: 

 

Theorem: Geodesic paths on generalised surfaces 

If G = 0 represents the differential equation for geodesics on any analytic 

surface, S, with metric, ds, and F is any positive-valued analytic function defined 

over S, then geodesics on the surface S* with metric ds* are solutions to a 

differential equation of the form G + R = 0. 

 

Of particular interest is the case where S is a plane. In this case we find: 

 

R = (1 + [y(x)]2)(Fxy(x)-Fy)/F 

 

where subscripts denote partial differentiation and y(x) = dy/dx. 

 

Direct solution of G + R = 0 is not possible for general F. Solutions where F is either a 

function of one variable or is radially symmetric are given in Annex 2. For functions of 

one variable we have: 

 

R = (1 + [y(x)]2)(-Fy)/F  for F(x,y) = F(y) 

 

R = (1 + [y(x)]2)Fxy’(x)/F  for F(x,y) = F(x) 

 

If F(x,y) = k, a constant then the partial differentials disappear and R=0, as is expected. 

If F(x,y) is the equation of a plane parallel to the original surface, the term (Fxy(x)-Fy)/F 

= 0 once again and the solution paths will be straight lines on the original surface, as 

before. In general, if we set R = 0 where F  k then y(x) = Fy/Fx , i.e. shortest paths will 

remain as straight lines if the rate of change of the cost function matches the rate of 

change of the path. Least cost paths for a simple function of one variable: F = ay + b, 

where a=0.25, b=1 with y(2) = 5 are shown in Figure 4-5.  
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Figure 4-5 Least cost path in the plane, with cost function F = y/4 + 1 

 

This case is analytically tractable with the solution being catenary curves, similar to that 

produced by a uniform chain hanging between two fixed points. Solution paths are of 

the form: 

 

y(x) = cosh(x/+/)-b/a 

 

where  and  are constants determined by the initial value and either the initial 

direction or the location of a target end point.  

 

If the cost function is of the form F = a/y, i.e. an inverse function of one variable, 

solution paths are arcs of circles. Analytic solutions of this type do not appear to be 

available for more complex cost functions, except in the case of radially symmetric cost 

or velocity fields (for derivations of these results and a fuller discussion, see Annex 2). 

In the following Chapters and Annex 2 of this study we provide an extensive discussion 

of this family of metrics in the context of optimum route and depot or facility location 

problems. 

4.2.4.6 Spherical and terrestrial metrics 

The sphere is of special significance owing to its close approximation to the shape of 

the Earth. Over distances of less than 20kms the Earth can be regarded as approximately 
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flat and the Euclidean measure applied with latitude and longitude coordinates gives 

results that are accurate to within 30 metres on the (spherical) Earth’s surface (except 

for Arctic and Antarctic regions). Closer to the poles the distortion of lines of latitude 

and longitude result in increasing errors in this formula and a variant known as the Polar 

Coordinate Flat-Earth formula may be used as an improved approximation41: 

 

( ) ( ) ( )( ) )cos(2/2/22/2/ 1221
2

2
2

1  −−−−−+−= Rd
 

 

where we are using polar coordinates (, ) to represent latitude and longitude 

expressed in radians, with R = the radius of the terrestrial sphere. Using this formula the 

error is at most 20 metres over 20kms even at 88N or S. 

 

Shortest paths on a sphere have long been known to be great circles. The great circle 

distance between two locations is given by the cosine formula as: 
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This formula can be subject to rounding error because the cosines of all very small 

angles (under 1 minute of arc) are 0.9999999 in the first seven digits. A mathematically 

equivalent formula (the haversine formula) is given below, which many authors 

recommend as better behaved for use over short distances/where very small angular 

differences are involved42: 
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A segment of a great circle from the pole to the equator has length 2R/4. Using the 

WGS-84 value for the semi-major axis, R (given earlier, and ignoring the flattening 

effect of the ellipsoid) we have a circular length of 10,018.75 kms using either of the 

above formulae. Both formulae yield a figure of 1855.3 metres for one minute of arc, 

which compares with the average minute of arc given for the WGS-84 ellipsoid of 

1852.2 metres (WGS max = 1861.6m, WGS min = 1842.9m). 



Distance and metrics 

123 

 

If a correction for the elliptical path is made an approximate adjustment is to replace R 

with either a simple average radius or the squared average radius: 

 

Rest= 2/)(
2

2

2

1 RR +  

 

where R1 and R2 are the major and minor semi-axes of the ellipse. Alternatively, one can 

use the approximation formula for the perimeter length of an ellipse, P, due to 

Ramanujan:  

 

P = ( ))3)(3()(3 212121 RRRRRR ++−+  

 

With either of these approximations the segment length is found to be 10,001.97kms - 

this value matches the ellipsoidal value and is very close to the original 18th century 

objective discussed in Section 3.3.2, whereby a metre was defined as 1/10,000,000th of 

the earth segment from pole to equator.  

 

A distance calculation based on the explicit ellipsoidal model for arbitrary latitude and 

longitude pairs (sometimes called terrestrial geodesic distance) requires calculation of a 

series expansion and/or use of iterative procedure and must be determined numerically. 

A numerical algorithm due to Vincenty43 is frequently used for this purpose. For 

example, the great circle distance between (30S, 150E) and a point 50 due South 

with mean ellipsoidal radius is 9kms less than the Vincenty estimate of 5565kms. 

 

A related issue is the question of reduction of measured terrestrial distances to a 

common base, such as the reference ellipsoid. Modern electronic distance measurement 

(EDM) devices, which are based on light-waves or microwaves, provide very precise 

figures for distances between measurement stations. But these measurements are subject 

to a number of well-defined errors, principally the result of atmospheric refraction, 

which in turn is dependent on the temperature, pressure and humidity along the inter-

station path (these effects are minor below 15kms in normal conditions)44. It is 

impractical in general to measure conditions along the path itself, but measurements at 

each end are sufficient for most situations.  
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Atmospheric refraction has the effect of increasing the apparent height of objects 

observed from a distance by a factor related to the square of the intervening distance. At 

a distance of 10 miles, assuming the observations are made at sea level and 65F, the 

refraction equates to approximately 8.8 feet increase in height and increases to c.200 

feet at 50 miles. This effect diminishes with increasing altitude and temperature, and 

may even reverse if there is a temperature inversion. In the Great Trigonometrical 

Survey of India in the 1800s, George Everest noted this effect and used it coupled with 

observations of specially designed bright torches at night to help increase the size of 

triangulation steps to 50+ miles.  

 

The curved wave path distance can be adjusted (reduced) to take account of this path 

curvature and the relative heights of the station points45 (Figure 4-6). The distance can 

then be adjusted to the reference ellipsoid to provide ellipsoidal distance, or to the 

modern equivalent of mean sea level (geoidal/sea level). Note that the reference 

ellipsoid may be above or below the geoidal surface, and neither distance corresponds to 

distance across the landscape. 

Figure 4-6 Reduction of measured distances 

Mean terrain height

Level terrain distance

Slope distance (wave path chord)

Wave path distance

geoidal/sea level distance

Geoid/sea level

Terrain surface

ellipsoidal distance

ellipsoidal chord distance

A

B

 

redrawn, with permission, after: GDA Technical Manual, V2.1 Australian Intergovernmental Committee on 
Surveying and Mapping (ICSM) 

 

EDM measurement is rarely used for distances of 100kms or more, and increasingly 

GPS and DGPS measurements of location followed by direct calculations avoid the 



Distance and metrics 

125 

requirement for the wave path adjustments discussed above. EDM and GPS (separately 

or combined) provide the opportunity to use methods of trilateration (measuring the 

lengths rather than the angles of triangulations) or the hybrid technique known as 

triangulateration, to provide very accurate localised surveys. Such methods, whilst 

known about since at least the 18th century, were impractical to use until very recently. 

It has been found that the hybrid technique of triangulateration offers little improvement 

over trilateration, but statistical modelling of sample triangulations has shown that 

distance measurement errors are halved when trilateration is adopted. 

4.2.5 Hybrid metrics 

In addition to single expressions, which define the distance between pairs of points 

independent of location, hybrid metrics may be used which combine a number of single 

expressions according to a variety of rules. Usually these rules involve computing a set 

of values (in a number of cases maximum or minimum values) and selecting one of the 

set as the distance to use in particular circumstances. 

4.2.5.1 Toroidal distance 

The term toroidal distance in this study refers to the distance between pairs of points on 

a simple ring torus (a doughnut shape). Its use in spatial analysis has principally been as 

a remapping of a rectangular region, where both pairs of opposite sides of the rectangle 

have been joined (physically or logically). The Manhattan Street Network (MSN), 

described earlier, is a further example of a toroidal space, but in this case with all points 

constrained to lie on a directed wireframe. Logical mapping examples of toroidal spaces 

include the path of a point travelling across the boundary of a computer screen and 

reappearing on the opposite edge; and the treatment of the boundary of a rectangular 

map as if it were attached to the opposite side, thereby creating a 2-dimensional finite 

space (without boundaries) which is of use in distance statistics studies (see further, 

Section 6.2).  

 

If a rectangular region has corners (0,0), (0,a), (b,a) and (b,0) then the Euclidean form 

for toroidal distance, tij, between two points, i and j within this region is: 

 

tij = (xij
2+ yij

2)1/2 
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where:  xij
2 = min{(xi-xj) 2, (xi-xj-a)2, (xi-xj+a)2}, yij

2 = min{(yi-yj) 2, (yi-yj-b)2, (yi-yj+b)2} 

4.2.5.2 Hausdorff distance 

Hausdorff 46 distance, which was developed in connection with the analysis of sets and 

topologies, has wide applicability in fields such as pattern recognition in 2- and 3-space, 

and deserves greater attention in spatial analysis. It provides a measure of similarity for 

objects with spatial extent – very similar objects tend to have small values for their 

Hausdorff distance, even if the position and orientation of the objects relative to each 

other is altered. Formally, Hausdorff distance, h(x,y), is defined as: 

 

 








=
 YyXx

yxdyxh ),(minmax),(  

 

where X and Y are two sets (typically in spatial analysis sets of points, e.g. polygons) 

and d(x,y) is any metric, such as Euclidean distance. This is an asymmetric maximin 

measure, and both values are of use in pattern recognition. To impose symmetry, this 

definition may be generalised as: 

 

H(x,y) = max{h(x,y),h(y,x)} 

 

This generalisation guarantees true metric behaviour and provides a measure of the 

maximum distance of a point in one set to the nearest point in the second set. It offers a 

way of comparing objects such as polygons – for example, comparing polygonal zones 

or a template (model) zone with sampled zones.  

 

Prior to calculation it is usual to apply simple transforms (e.g. scaling, rotation) of either 

the template or one of the two zones such that it matches the target zone as closely as 

possible. However, the metric is susceptible to outliers, i.e. extreme values, which 

might, for example, be errors in the data. For this reason, if there are a finite number (m) 

of values, it can be more effective to generate an ordered set of values, Hk(x,y), and use 

the kth-largest (k<m) rather than the mth.  
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4.2.5.3 Variable routing metrics 

If a space consists of a network infrastructure (e.g. a variable-speed road network, a 

multi-modal transport system, or a switched telecommunications network) the path 

selected between two points typically will be the result of some decision or choice 

process (which could be random, but is more frequently non-random). Non-random 

choices might be based on a wide range of criteria, e.g. shortest distance, minimum 

time, least congestion, most scenic, least visible, minimum intersections or fewest mode 

changes. The resulting routing may be very complex and dynamic or fairly simple and 

essentially static. A useful example of the latter is a development of the so-called 

Karlsruhe metric by Hyman and Mayhew47.  

 

The Karlsruhe metric is based on the assumption that the city is a circular region with 

all routes determined by either radial paths from the centre or ring (orbital) paths around 

the centre, or a combination of both, such that distance is minimised between the origin 

and destination points. An arbitrarily fine road network is assumed, allowing for any 

selection of origin and destination within the city. The metric, KD, is then: 

 

KD = min{radial route, min{radial plus orbital route}} 

 

The first term may include a single or double radial (the latter being a pair of radial 

paths via the city centre) and the second term is the smaller of the two ‘shortest’ radial 

plus orbital routes. Lines of equal distance from a point (the locus or distance isolines) 

for this metric are convex and either circular (for the city centre) or leaf-shaped (for 

points some distance from the centre). 

 

Hyman and Mayhew have modified this metric by removing the assumption that 

orbitals exist everywhere, replacing this with a single orbital at a radius, R, from the city 

centre. They also modify the model to be time-based rather than distance based, in order 

to allow for variable speeds on different road types (radials have speed Vr and orbitals 

have speed Vo). The revised hybrid metric, in polar coordinates, is then: 
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where the start point is (r,0) and the end point is (r1,). The travel times generated by 

this metric depend upon the relative speeds of the radial and orbital routes, the relative 

positions of the start and end points with respect to the orbital (i.e. inside or outside the 

orbital) and their angle of separation, .  

 

Extensions of this model to handle variable radial road speeds (simple power function) 

and multiple orbital routes are relatively straightforward. Further extensions, for 

example to incorporate only a limited number of radials, variations in speed by flow 

direction and by time of day, are possible but make the model increasingly complex. 

 

Another form of hybrid routing metric is one that is calibrated for multiple zones. For 

example, the family of metrics based on the Minkowski inequality may be calibrated on 

a zonal basis for improved accuracy of modelling. Zones might be urban/rural or 

sections of a city (e.g., the separate Boroughs of New York City). Zoning does, 

however, raise the issue of calculating distances or times between points in different 

zones. The simplest approach in this case is to assume a linear path or path of multiple 

linear segments, and apply each zonal metric in proportion to the linear segment within 

the zone in question. In other applications it may be more appropriate to consider point-

centroid distances within zones and centroid-centroid distances between zones. Some 

statistical measures of use in such applications are provided in Chapter 6. 

4.3 Paths and metrics 

The preceding Sections introduced the terms path and shortest path without defining 

these terms precisely. Smith48 provides formal definitions of path, path networks, and 

path length and from these, a clarification of the notion of the shortest path. We utilise 

his formulation in the following three paragraphs. 

 

A path can be thought of as a set of points in a sample space, such that as one travels 

along the path there is an ordering of the points with respect to the start. In simple 

terms, if the points along the path are parameterised by some variable, t  [0,1], then the 

path defined by p(t) satisfies the condition that for all values a, b where a < b, then p(a) 

precedes p(b). The length of the path, l(p), is then a function which yields a real-
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numbered value for the path, such that this number is 0 for null paths, additive (i.e. the 

length of bits of a path adds up to the length of the concatenated bits), and finally, 

changing the parameter, t, does not affect the length. Clearly l(p(a)) < l(p(b)). Within 

the scope of this definition, a path is seen as a one-dimensional object that has finite 

extent between finite (distinct) points of the path.  

 

A shortest path (with respect to l) is one for which l is minimised. If this is a global 

minimum (i.e. is the minimum for all possible paths, p(t)) then it implies that every sub-

section of the path, or every partition, is also a minimum between the start and end 

points of the partition. The conclusion one can draw from this observation is that if we 

generate any path between two points, a0 and an, it is possible to determine whether the 

path is a globally shortest path (or global geodesic) simply by examining any sub-

section of the path, say p(a0, a1). Furthermore, if the length of this sub-section turns out 

not to be the shortest possible, then the subsection can be replaced with an improved 

path, e.g. q(a0, a1) and the next sub-section examined. The resulting revised path will 

not, in general, be the shortest path between a0 and an since it still includes some 

intermediate points that may be sub-optimal. To obtain a shortest path each intermediate 

point must be moved (varied) to identify whether the overall path length can be reduced 

further. This requires an iterative process.  

 

These definitions of path and path length correspond to our intuitive notions, but are 

generalised. An important result that can be drawn from this axiomatisation is that a 

distance function d(x,y) is a shortest path distance iff d is a quasi-metric, i.e. shortest 

path distances can only be found if all the requirements for a metric hold except strong 

symmetry. This is not especially surprising, but the converse result states that the study 

of quasi-metrics is equivalent to the study of shortest path distances, and thus results 

proven for (uniform) quasi-metric spaces also apply to shortest paths.  

 

A further conclusion is that if a distance metric and associated space does not satisfy 

triangularity the concept of shortest paths may not be meaningful. This becomes 

especially apparent when the distance measure is some form of generalised ‘cost 

distance’49. In many such cases it is not safe to assume that the sum of least cost sub-

sections of a route will cost the same as the entire route – cheap day returns, penalties 

for stop-offs and inter-connection costs are all examples of factors affecting such 
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notions. Such cases are principally found in measures based upon existing 

infrastructure, such as physical networks and associated services. However, if one can 

describe costs in the sample space as some form of continuous cost surface or field, and 

cost distances are monotonically related to path length, then cost distance measures can 

be used in a similar manner to physical distance.  

 

For example, if the cost surface is described by some function F(x,y) and the distance 

measure by ds = d(x,y) where the points (x,y) are sufficiently close, then the sum or 

integral of Fds along any path will yield a cost distance. Likewise, if the cost function is 

of the form G[d(x,y)] where G[.] meets the criterion stated earlier, then one can apply 

the same methods for path optimisation as are available for metric and uniform quasi-

metric spaces. In practice, however, we may find that additional constraints and 

assumptions may be required in order to identify globally optimal paths. 

4.4 Conclusions 

In this Chapter we have seen that the notion of distance, and thus of space and spatial 

analysis, is more complex that it appears at first sight. We have shown that there is a 

wide variety of possible formulations for distance, many of which satisfy a set of rules 

that ensure simple operations work in a consistent manner. However, we have also seen 

that the conventional formulations have many weaknesses, both in terms of their 

inability to provide meaningful measures of separation in real-world situations, and as a 

result of their inconvenient analytical form. 

 

In order to address these issues we have described a range of alternative distance 

formulations, in particular examining incremental and hybrid measures and the 

associated notion of paths. We have also investigated approximations, which may be 

coupled with incremental formulations to provide a powerful set of tools with which 

practical, real-world problems in spatial analysis may be addressed. 

 

There are many real-world examples for which the assumptions of symmetry and/or 

triangularity do not hold. It is therefore appropriate to investigate many problems and 

applications from a perspective that does not assume Euclidean space as the a priori 

first or only choice. The use of a range of alternative metrics, semi-metrics and 
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generalised or quasi-metrics all have validity in the context of specific problems, 

although for certain types of problem (e.g. shortest path problems) metric or near metric 

distance measures are required.  

 

An extension to these observations is a consideration of spatial homogeneity and 

continuity. There are many instances (most real-world situations) in which these 

fundamental assumptions are open to question. Some of these issues are discussed in the 

following Chapter on measurement, but some simple examples serve to highlight these 

issues at this point: firstly, barriers, such as walls or fences, no-go areas, one-way 

streets, natural features of the landscape, variations in traffic, etc. may all serve to 

distort any analytic measures and make them inapplicable or of limited applicability; 

secondly, transport infrastructures, operational rules, safety or security considerations 

may all require the use of different measures at different scales or in different zones – 

for example, one model might apply within a given distance from the city centre (e.g. 

within the rapid transit zone) whilst another may apply for longer journeys – there are 

also many issues relating to the calculation of distances and related measurements when 

zone sizes, shapes or arrangements are changed; and thirdly in some cases questions of 

continuity and dimensionality is uppermost, as for example in the measurement of 

boundaries and in assuming uniform availability of and access to transport capacity. 

 

Despite the undoubted value of analytic metric space models of distance, there is the 

scope, and much evidence, to warrant re-examination of traditional geographic theories 

and models with the Euclidean metric assumption weakened, generalised, altered or 

discarded entirely. It is notable, however, that incremental metric formulations provide 

the foundation for much of the analysis that follows. 
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5 Distance, Path Measurement and Path Models 

Drawing upon the preceding discussion of distance and metrics, we now examine the 

practical and theoretical questions raised when attempting to carry out distance 

measurement. A range of circumstances is investigated in which distances are 

measurable and meaningful, together with those for which such measurement is 

problematic or impossible. We then review alternative models of path, including 

abstract classical models, fractal models, a number of alternative statistical models, 

and finally lattice models.  

 

In connection with statistical models we analyse paths from the perspective of point 

data recording and associated point-pair uncertainty, providing new error estimates for 

path lengths and profiles. Statistical methods are also applied in connection with 

measurement of existing linear forms and in the provision of models for simple, linked 

and closed paths, and tree networks. 

 

In connection with lattice representations, Distance Transforms and their associated 

local neighbourhood metrics (chamfer metrics), familiar to those working in image 

processing, are discussed and examined in some detail. The first of a series of 

developments of conventional Distance Transforms is described, in this instance 

involving obstacle avoidance and associated path diffraction. Further development of 

this group of Transforms is provided in Chapters 7 and 8. 



Distance, Path Measurement and Path Models 

138 

5.1 Measurability 

The present study concentrates upon distance measures, metrics and metric spaces. It is 

therefore important to identify which areas of interest to spatial analysts lend 

themselves to such measurement and which do not.  

 

Gatrell1 has examined the application of alternative formulations to metric space in 

geographic research in some detail, focusing upon the use of multidimensional scaling 

(mds) and “Q-analysis”. He provides a much broader view of geographic spaces as a set 

of objects together with a relation defined between pairs of objects. He argues that we 

should be less concerned with physical distance or absolute location and more with the 

relationships between objects, such as places or people. Physical distance is regarded as 

just one of a large set of possible relations. Gatrell then proceeds to examine time-

distance, cost-distance, cognitive distance and social distance relations. The set of such 

relations and objects may then be subjected to metric or non-metric mds techniques to 

analyse the dimensionality of the data and to generate two-dimensional (i.e. map-like) 

presentations of the data with a known degree of stress. However, as Cliff and Haggett2 

have observed, the mds procedure has distinct limitations: 

 

“… we see multidimensional scaling as akin to the problem of erecting a 

hideously complex frame tent with thousands of tent-poles, each of different 

lengths. Although the poles may fit perfectly in a high-enough hyperspace, 

they become ever more stressed and skewed as the dimensions are 

progressively reduced towards those lower-order spaces which the human 

brain can comprehend.” 

 

There are many situations in which measurement is problematic, some of which may be 

amenable to scaling techniques such as mds. The various cases may be grouped into a 

number of classes, which are not strictly independent but are separated below in order 

to highlight a number of key issues. 

5.1.1 Class 1 - Qualitative 

This is the class of (spatial) information that either cannot, or has not, been collected in 

a quantifiable form because of its descriptive nature. Opinions, emotions and general 

descriptions are examples. There has been some work to reconcile certain descriptive 

terms (e.g. lake, mountain, region) with scientific requirements of precision but this 
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remains far removed from the realms of numerical measurement and mathematical 

analysis. Ordinal scale measurement is often used to attempt to quantify information 

this class - e.g. survey data asking people to rank their opinions on the desirability of a 

new city bypass. Such data generally do not meet metric space requirements although it 

has been shown that ratio scales (which are suitable) can be derived from ordinal 

datasets under some circumstances3. 

5.1.2 Class 2 - Discontinuous 

There is an argument for stating that much geographic data actually exhibits an infinite 

number of discontinuities – for example, when seeking to measure the length of a 

coastline we are aware that both the measurement method and the scale used to compute 

distances affects the lengths recorded4. Mandelbrot treats this problem by examining a 

variety of deterministic and stochastic processes in the plane, and interpreting the 

problem in terms of fractional dimension (similar concepts were put forward in earlier 

work by several authors, including W Bunge and L F Richardson5). The fractional 

dimension viewpoint represents an approach to immeasurable sets which is very 

appealing and visual, but which strongly conflicts with classical notions: 

 

“The question of the number of dimensions is closely linked to the notion of 

continuity and it would have no meaning for anyone who wished to exclude 

this notion.”  
Poincaré (1913, p27-8) 6 

 

The problem of continuity (and the related problems of scale and uncertainty) arises 

immediately one takes a closer and closer look at anything in the real world. All 

coastlines (boundaries, rivers, roads…) have apparently infinite length since one could 

weave in and out of the finest particles (sand grains, fences, riverbanks, road-stones) 

forever, and at the finest levels of observation the location of basic subatomic particles 

is indeterminate. Indeed, in map-making and associated spatial analysis we use a line to 

represent a linear structure, not to be an accurate rendition of that structure itself. In the 

same manner, we use points to represent point-like structures, but do not expect these to 

lie in one-to-one correspondence with the subjects that they are representing. The 

underlying structures in both cases have complex 3-dimensional spatial extent, which 

we choose to ignore for selected purposes. 
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In geographic research (and in mathematics) we avoid such questions by making 

convenient assumptions and/or basing our analysis on pre-defined scales and methods 

of measurement and representation. This approach disguises central difficulties of the 

notion of dimension, continuity, distance and space – one must always be aware of the 

implicit and explicit decisions made when collecting, representing, storing, using and 

interpreting spatial data. It should not then come as a surprise when problems arise 

which are scale-related within the particular scales of interest. Such data are not 

absolute and their use and interpretation is relative to the underlying data and the 

purposes for which the data are being used. Data may or may not display consistency 

(self similarity) at different scales of observation – if self-similarity is observed an 

indication of fractal-like behaviour over these scales may be suspected (but not 

assumed). Similar behaviour is found when examining physical or electronic traffic 

data7 – patterns may be observed which show self-similarity over a range of scales, but 

which do not, of themselves, offer additional insight into the processes at work, of a 

kind needed for predictive modelling. 

5.1.3 Class 3 - Uncertain8 

In addition to quantum and scale-related uncertainty issues there are many cases where 

the data to be collected is known to be an approximation: based on the accuracy of 

measurement instruments with a known (or unknown) resolution and error pattern (e.g. 

as discussed in earlier Chapters); the susceptibility of measurement to the skill and 

behaviour/presence of the observer; the environment in which measurement is taking 

place; the need to sample data (such as attributes of objects within regions or at sample 

points); and the processes (systems, software etc.) involved in data conversion and 

interpretation (e.g. edge detection). Other uncertainty issues include temporal questions 

(is all the data contemporaneous, is it still correct/is it changing); consistency (was all 

the data collected in the same way, stored in the same, totally consistent manner, what 

abstraction processes applied in its recording, storage and retrieval?); and the underlying 

vagueness or imprecision of the items being measured. 

5.1.3.1 Point pair uncertainty 

Positional uncertainty of point and line features have been the subject recently of 

detailed analysis, particularly in respect of the quality of point and linear data for 

storage and retrieval9. The measured and recorded position of a single point (point-like 
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object) can be regarded as a sample from a population, with a two-dimensional 

(circular) or three-dimensional (spherical) statistical distribution (e.g. Normal, 

Uniform). If a path then is represented by a finite set of such points, the path profile will 

be subject to error (typically additive errors). If we suppose that there are two points 

subject to error which are close to each other then the errors will combine to generate 

errors in the path profile, the distance measurement and the path angle (Figure 5-1).  

Figure 5-1 Positional errors – 2D model 

2sd

A

B

C

D

E

 

 

In Cases A-D we assume that the true location of each point is at the centre of the 

circular regions shown, each of which is 2 standard deviations (sd, or ) in size and 

based on an identical, independent bivariate (polar) Normal distribution with no 

systematically introduced errors. This model may be compared with that of uniform 

distribution of each point within a circle of radius 2 (Figure 5-2A and B): 
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Figure 5-2 Uniform and Normal distributions – 2000 sample point pairs 

A. Uniform model: random point pairs and sample lines 

separation, s = 5.0, mean distance = 5.2 

 

B. Polar Normal model N(0,1): random point pairs and sample lines 

separation, s = 5.0, mean distance = 5.1 

 

The mean distance between randomly chosen points in these regions is slightly greater 

than the true centroid-centroid separation, s , i.e. distance Dt, Case C above. A first 

approximation to this mean distance can be derived from a result provided in Chapter 6 

(due to Bouwkamp10) for the expected mean distance, E(r), between two points 

uniformly and randomly located within separate non-overlapping circles of radius R and 

s units apart. In the present case, the approximation for the expected distance in a 

Uniform model with circle radius R=2 and separation s = 5 is: 

 

E(r) = s(1 + 1/s2+ 5/12s4) = 5.2033 
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This approximation provides an upper bound for the equivalent Normal distribution 

model since almost all sample points will lie within 2 of the two centres and on 

average, sampled points will be closer to the centres than under the Uniform model.  

 

A number of observations should be made regarding these results: 

 

(i) the Normal distribution diagram shown above has been generated used polar 

coordinates with radius selected from N(0,1) and angle selected from a 

uniform distribution over the range (0,2). This may be a good model for the 

problem under consideration, but is not the same as assuming both the x and 

y components of each point are independently distributed as N(0,1) - the 

latter distribution is more evenly spread (and has been widely studied in 

statistics, often known as Circular Error Probability, or CEP). The 

Bouwkamp model gives a surprisingly good approximation to the mean 

value for this latter method of random point generation where the separation 

is taken as s>=2 and the radius of the Uniform model circles is R=2 

(ii) in the model where the x and y coordinates are separately selected from 

independent N(0,1) distributions, and both pairs of coordinates are selected 

from distributions with the same centroids (i.e. s=0), then the theory of 

summed squared normal variates can be used (2 distributions) with a 

change of variables, to produce a simple probability density function (pdf) 

with mean value p= (essentially this mean value is a simple Gamma 

integral)11. From this result we can derive a good estimator for the mean 

value in this model for separated samples using the cosine rule for triangles, 

with separation s>=0, as d=[p2+s2-2pscos], where =/2.08 (derived 

experimentally). This estimator still appears to be very slightly biased, but 

has the advantage over the Bouwkamp-based estimator that it applies for all 

s>=0. An explicit pdf for the above case where the centroids are s units apart 

does not appear to be easily derived 

(iii) in the Polar Normal model the same estimator model for d can be used, but 

with p=1.204 and =/2.05 (both p and  have been derived from 

experimental evidence). As before, this estimator appears to be very slightly 

biased. 
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Model and sample values for d when s = 5, 2, 1 and 0 are given in Table 5-1 (figures in 

brackets are the means computed from a run of 1 million samples using random normal 

variates generated by the software package, MATLAB). This data is shown in graphical 

form in Figure 5-3, based on values of s = 0(0.5)5: 

Table 5-1 Mean distance models for point pairs 

s Bivariate Normal Polar Normal Uniform* 

0 1.772 (1.773) 1.204 (1.201) 1.811 (1.818) 

1 1.982 (1.988) 1.535 (1.534)      -    (2.016) 

2 2.591 (2.565) 2.295 (2.276) 2.552 (2.571) 

5 5.203 (5.206) 5.098 (5.102) 5.203 (5.201) 

 
* for the Uniform case, model values are derived from Bouwkamp for s>=2 and from the exact mean value 
(256/45π) for the case s=0, R=2 derived by many authors (as discussed in Chapter 6) 

Figure 5-3 Graphs of mean distances – sampled data pairs 

 

 

What these model results show is that errors in path length are likely to increase as a 

result of point positional errors when samples are taken at intervals which are less than 

around 5 times the standard deviation associated with each point; sampling intervals of 

10+ times the positional standard deviation provides a safer guide level for sampling - 

however, of course, sampling frequency needs to be a balance of representational 
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benefit and the management of positional errors. Using the Polar Normal model with 

σ=1 and a set of 100 co-linear points at true intervals of 10 units, the line length will be 

over estimated by roughly 0.3% (1003 units), compared with 2% (510 units) if the true 

intervals were 5 units with the same standard deviation.  

 

The maximum measurement (Case B, Figure 5-1) would be > Dt+4sd and the minimum 

(Case A) would be < Dt-4sd. The distance recorded, therefore, could be Dt+/-4sd or 

more, or an error of 8+sd. If the points were 10 units apart and sd=0.5 units, then a 5% 

root mean square (rms) error in point location would appear as distance measurements 

varying by up to 40%.  

 

The angular variation in this Case (D) could be 22 or more, assuming the true path is a 

linear segment over the interval. Case E illustrates the major problems that will occur if 

the positional error is large in relation to the spacing of adjacent sample points. In this 

case it is possible that the locations of the two points could be confused and angles and 

distances would be almost meaningless.  

 

Unlikely as this scenario may appear, situations of this kind do occur - for example, in 

attempting to locate a point (e.g. an intersection, a vehicle) on a given road, a modest 

error in point positioning could result in the point being located off the route, on an 

adjacent route or on the wrong carriageway of the current route. These observations 

show that the path between two adjacent sample points may be subject to error, and 

hence paths and path lengths are in general subject to such errors, although these are not 

necessarily cumulative. To minimise such factors (or at least, to account for them 

explicitly) it has been suggested that paths should be considered as having error bands, 

rather as per the measurement bands discussed later in this Section (see Section 5.2.6). 

However, the use of a constant width of band in this case is questionable12 and variable 

width and probability profiles have been suggested. It is unlikely that any single model 

of uncertainty can be ascribed to linear features, since such ‘errors’ will be dependent 

upon, and only meaningful in the context of, specific datasets and circumstances – there 

is no reason to suppose that a model of linear uncertainty which applies to the manual 

production of polygonal regions abstracted from pre-existing maps at a given scale has 

close similarity to computerised linear feature detection from high resolution satellite 

images of the same region. Construction of such models should be based on the 
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fundamental components and processes by which the observed path has been produced, 

and the purposes to which such measures might be put, bearing in mind the intrinsic 

underlying uncertainties highlighted above.  

5.1.4 Class 4 - Relative 

There are at least two areas in which relativistic concepts need to be included in 

geographic research and analysis. The first involves an extension of the observer 

influence noted in our discussion of Uncertainty above. The second involves the 

application of the mathematics of curved spaces (notably curved surfaces), which is 

widely used in Relativity Theory, to the solution of problems involving the 

determination of least-cost or least-time paths. 

 

The paper by Roberts and Suppes13 on the geometry of visual perception is a 

particularly interesting contribution to the a priori nature of space. From a review of 

controlled experiments with human vision (head and eye movements restricted), such as 

those of Blank14 and Platt15 they conclude that: 

 

“those physical curves (or loci of light) seen as straight or aligned are not 

the usual Euclidean straight lines, but rather certain hyperbolic curves….the 

physical curves ‘seen as straight’ appear to be hyperbolas that are convex to 

the primary point of fixation.” 

 

This finding, together with their discussion of the laws of Donder and Listing on the 

movement of the eye, led the authors to conclude that: 

 

“… our elementary properties should be divided into two classes, primitive 

and learned. Those such as Euclidean straightness, parallelism and the like 

are learned, while such factors as contiguity, boundary and closedness are 

probably primitive” 

 

This conclusion concerning the nature of primitive visual space is completely at 

variance with conventional views and provides further evidence that geometries other 

than that of Euclid are worthy of attention in the human sciences. More recent published 

research and limited-scale experiments conducted by the present author upholds these 

conclusions in broad terms, but has demonstrated that there are large variations in the 

metrical structure of perceptual space, varying by position, problem and observer16.  
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There are many studies that have shown how the perception of space differs from 

conventional notions of physical space – distances are frequently incorrectly estimated 

by people, resulting in distortions with increasing distance that have been shown to be 

hyperbolic, logarithmic or similar17. Over time, and as individuals move around in 

space, such distortions alter, making it clear that for certain situations and problems, 

spatial measures are relative to the observer and the time at which they are taken. The 

observer (measurer, data user) may be completely unaware of these distortions and so, 

being as it were ‘embedded’ in the space, will behave as if the distortions do not exist. 

An outside observer, however, would see a very different picture.  

 

This may be exemplified by considering a region (a two-dimensional universe) that is 

‘hottest’ at the centre and radially ‘cooler’ as it extends to the extremes of the region. 

This temperature-like variation has the effect of systematically deforming everything in 

the same manner until it disappears completely at the margins. For a person travelling 

from the centre of this universe to the periphery, the universe would appear infinite, 

since each step taken would be shorter than the previous one and this change could not 

be detected. The Dutch artist, Maurits Escher, provided an impression of such a space in 

his Circle Limit III woodcut (see Figure 5-4A).  

 

Reichenbach18, p.32-33, has expressed this phenomenon in the form of a theorem: 

 

“Given any universal geometry, G, to which measuring instruments conform, 

we can imagine a universal force, F, which affects the instruments in such a 

way that the actual geometry is an arbitrary geometry, G’, while the observed 

deviation from G is due to universal deformation of the measuring 

instruments.” 

 

Reichenbach’s theorem provides a particularly clear description of this aspect of 

absolute versus relative space and time. Indeed, similar concerns affected the early 

development of accurate timekeepers: Christian Huygens, in 1690, dismissed the notion 

that metallic expansion affected pendulum rates based, in part, on contemporary 

evidence from the measurement of the length of brass pendulums with brass rules in 

Europe and the tropics – unsurprisingly the studies were unable to detect the true 

changes that occurred19. In fact brass is quite susceptible to temperature changes – as 
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noted in Table 3-3 a change of 20C will alter a one second pendulum and bob made of 

brass by just over 16 seconds/day20.  

Figure 5-4 M C Escher - Woodcuts 

  

A. Circle Limit III B. Smaller and Smaller 

Escher’s woodcuts, Circle Limit I, II, III and IV were all based on Poincaré’s planar model of hyperbolic 
space (compare this with the geometry of Figure 5-5A). Escher did not produce a directly equivalent 
woodcut for the geometry of Figure 5-5B, but his design “Smaller and Smaller” is similar in concept 
© Cordon Arts b v 

 

Poincaré (op. cit.), following a similar argument pointed out that the universal force, F, 

would have to represent a continuous transformation. He continues: 

 

“Space, when considered independently from our measuring instruments, has 

therefore neither metric nor projective properties; it has only topological 

properties.” 

 

The second area in which relativistic concepts have applicability is in the formulation of 

minimum distance, time or cost paths in the presence of scalar or vector fields. 

Referring back to the imaginary universe described earlier, we might ask what is the 

behaviour of a person travelling in a straight line21 between two arbitrary points, A and 

B, within this space? Since our space-deforming ‘temperature’ variation is perhaps not a 

realistic condition, we might replace this with a radially symmetric scalar cost or travel 

time field (cf. Section 8.1.3.2 and Section 12.3 Radially symmetric cost functions). In 

this case a straight line (shortest/ quickest path for an embedded traveller) will appear to 

an external observer to be a smooth curve convex towards the universe centre, since 

advantage can be taken of faster journeys nearer to the centre (Figure 5-5A). The 
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reverse pattern would be seen if travel times/costs were higher in the centre (e.g. an 

urban area) than at the periphery, as in Figure 5-4B, Figure 5-5B and Figure 5-6A. Note 

that in both cases radials are always shortest/quickest paths. As was shown in Section 

4.2.4.5 the shortest path in such imaginary universes are, in fact, straight lines in an 

associated curved space – the two views are simply different perspectives on the same 

phenomenon. 

Figure 5-5 Optimal paths in alternative space models 
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Time is frequently a priority and provides more meaningful units for distance 

determination. For example, in order to journey from Bromley in South-East London to 

Sunbury-on-Thames in South West London, the quickest route may well be one that is 

far longer in terms of physical distance, and commence in a direction almost opposite to 

the true bearing between the start and end points (Figure 5-6A). The advantage of a 

(hopefully) high speed ring road more than counter-balances the extra journey length – 

in fact in this case the journey time is expected to be 30% less than the shortest path 

even though the distance travelled is over twice as far.  

 

The theoretical foundations for the design of such radial-ring-radial road networks are 

due in part to the work of Professor Smeed and his colleagues at University College 

London and the Transport and Road Research Laboratory in the 1960s and 1970s (see 

further, Section 6.5).  



Distance, Path Measurement and Path Models 

150 

Figure 5-6 Alternative routes between two sites in London 

A. Fastest 

 

 

B. Shortest 

 

 

The Bromley-to-Sunbury example uses two kinds of primary or A-road (two speed 

variants) and one Motorway (another speed variant) and the function to minimise is 

actually a sum based on network distances and route speeds. Each road type is assumed 

to have a fixed average road speed (predefined, but in many systems this is amendable). 

If all road types vary in their traffic carrying characteristics (and thus traffic speed) in 

the same way by time of day then this amounts to a constant multiplier and has no effect 

on the route selection (although the journey duration will alter based on the factor). 

However, if road speeds change in different ways across the day then time of day 
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becomes important – for example, city roads may improve by 30% during the daytime 

outside of rush hours but motorways might improve by 100%. 

 

The shortest route in this case is seeking to minimise  

 

=
i

idz  

 

where the di are the length of route segments. For the fastest journey this changes to  

 

=
i

itz  

 

where the ti = di/vi are the times taken to travel along each segment with speed, or 

velocity vi. The integral formulation of this expression, which we use at various points 

in this study, is: 

 

min = ds
v

z
1

 

 

Note that different routing software and datasets can yield radically different results. In 

the example above some online systems suggest that the fastest route is via the London 

inner ring road (the South Circular) during the rush hour, which will be incorrect in 

most cases. Furthermore, in the example above a large section of the motorway selected 

(the M25) is operated with an official variable speed limit system, varied by time of day 

and traffic conditions.  

 

Computerised routing systems should take account of such variations, incorporating 

knowledge of actual traffic conditions and, for example, ask users when their journey is 

to start or (more usefully) when they need to reach their destination. It can be shown 

that this ‘backward path’ view is equivalent to the conventional forward path model22, 

thus solution or failure to find a solution of either one implies the other for scalar fields. 

In the example above journey times in rush hours may actually be longer by the ‘faster’ 

route. Furthermore, this highlights the issue of solvability – if the objective is to reach 

Sunbury between 08:45 and 09:15 for a meeting there may be no starting time that can 
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achieves this objective - arrival times of before 08:15 may be the only solution. This 

phenomenon is prevalent in modes of transport that run to timetables or schedules (or 

fail to!). These kinds of ‘time holes’ in solution sets are mirrored by spatial ‘holes’ or 

‘shadows’ in some cases. 

5.2 Path measurement theory and practice 

At first sight the question of measuring and working with path lengths would appear to 

benefit from the use of the tools of measurement theory23 and measure theory24. Indeed, 

both fields have important contributions to make, but neither possesses the range of 

tools required. Among the concepts these theories do provide are the notions of 

invariance25 and measure. Stevens26 has classified various scales of measurement, such 

as ordinal, nominal and ratio scales, on the basis of the group of transformations that 

leave the scale form invariant. For example, in the ‘intervening opportunities’ model of 

trip behaviour the distance to a shopping centre from any consumer is essentially a 

simple ranking of proximity or accessibility, i.e. an ordinal scale. Such a model would 

be unaffected by a transformation of proximity using any positive monotonic function 

(e.g. replacing a proximity measure x by xn, n>0). Similarly, the classical notion of 

length, as measured on a ratio scale, is unaffected by multiplication by a positive 

constant. 

 

The notion of a measure of a set, A, contained in the real line, is a generalisation of the 

idea of length and is invariant under translations of the set. Hence if M(A) is the 

measure of set A then M(A) = M(A+x) where x , A+x = [y+x: y  A].  

 

The application of measure theory to the social sciences appears to be limited to 

Faden’s27 monumental (but rather abstract) work, in which a range of location and other 

problems are generalised using the power of measure-theoretic analysis. It is, however, 

central to Crofton’s development of geometric probability, which is discussed in greater 

detail in Sections 5.2.7 and 6.3 below. 

5.2.1 Linear approximation 

The conventional mathematical approach to measuring path length involves 

distinguishing two classes of curves: rectifiable and non-rectifiable (without length). 
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The method of determining whether or not a curve, C, is rectifiable, involves replacing 

it with all possible inscribed polygons (Figure 5-7). If the length of these inscribed 

polygons, P, P′ etc., is bounded then the curve is called rectifiable, with the upper bound 

of polygon lengths defining the curve length.  

 

If the curve is not rectifiable it is regarded by classical mathematics as having ‘no 

length’ or indeterminable length. This approach, whilst corresponding closely to the 

familiar ‘dividers’ or poly-line method of measuring line-lengths on maps and in vector 

GIS datasets, has the unfortunate property of assigning no length to non-rectifiable 

curves. Such curves are not merely confined to the so-called ‘pathological’ functions 

(such as Dirichlet’s function: f(x) = 1 if x is rational and f(x) = 0 when x is irrational) 

but includes several apparently well-behaved continuous functions (e.g. 

f(x)=xcos(/2x), x0, f(0)=0, x[0,1]), and arguably, all real-world curves. 

Figure 5-7 Rectifying a curve, C, by polygonal approximation 
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The practical problem of measuring the length of a curve or line, whether mathematical, 

physical (e.g. a lake shore, a molecule or gene under the microscope) or cartographical, 

has attracted much attention. In addition to the linear method (rectification) described 

above, which forms the basis of land surveying methods, several other methods have 

been developed, each of which involves use of a scale-critical component, .  

 

If the rectification process above used dividers to ‘walk’ along the line to be measured, 

then the separation of the divider points, , would determine the curve length Lm(), 
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where m indicates the method used for measurement. Length is thus not an absolute, but 

a function of the way in which the underlying data is modelled or represented, together 

with the measurement method and the resolution used when measuring. Rectification 

can be regarded as a piecewise linear approximation technique. Invariably, this 

technique under-estimates line length at a given resolution. For example, within GIS 

datasets recorded at a scale of 1:100,000, comparison with accurate odometer 

measurements of road lengths shows errors of up to -15% on sinuous routes28. Fixed 

interval walks can also be computationally intensive and require separate handling of 

the inevitable remainder at one end of the line. 

 

In order to reduce computer data storage and/or manage representation at varying 

scales, some authors29 have developed algorithms which examine the deviation of an 

approximation such as P′ to C with a coarser approximation such as P. If this deviation 

is less than a pre-defined value then the coarser link is retained. For example, in Figure 

5-7 point x2 might be dropped (or weeded out) in favour of the direct link from x1 to x3. 

This approach will exaggerate the under-estimation of length that is inherent in the 

poly-line approach. Also note that the orientation of the line segment x1x3 is 

substantially different from x1x2 and x2x3 and from the original curve. Algorithms (such 

as refraction) that rely on boundary orientation are significantly affected by such 

approximations.  

5.2.2 Quadratic approximation 

Piecewise non-linear approximations could also be used, such as quadratics, cubics and 

circle arcs. With quadratic approximation (Figure 5-8) the triple of path coordinates:  

[xi, yi], [xi+1,yi+1] , [xi+2, yi+2] are used to determine the three coefficients of a quadratic 

of the form y = a +bx + cx2.  
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Figure 5-8 Quadratic approximations to a map outline 

y

x

x0 x1 x2 x3

S1

S2

S3

S4  

The curve length over the interval [xi, xi+1] can then be calculated and the estimation 

process repeated for the next triple (i+1, i+2, i+3) etc. This method can be applied to 

both 2- and 3-dimensional (space) curves, since any three points will always be co-

planar. The separation interval on the x-axis becomes our  and the estimated length 

being the integral along the piecewise construction.  

5.2.3 Circular approximation 

A similar method involves piecewise circular approximation (Figure 5-9). For this 

method a point is selected along the line to be measured and a tangent drawn at this 

point. The normal to the tangent is then drawn and a circular arc constructed to 

approximate the interval [xi, xi+1] by selecting the circle radius, ri (i.e. i), such that it 

lies on the normal and passes through y(xi) and y(xi+1).  

 

The angle i is measured and the length of the line estimated as  

 

 ==
i i

iii rLL  .  
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Figure 5-9 Circular approximations to a map outline 
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This method is similar to the use of a rolling wheel to measure road lengths except that 

in this case the circle radii can be variable. There is also an interesting relationship 

between this method and design guidelines for road construction, which often quote 

design objectives in terms of the radius of curvature - in some instances such guidelines 

assume a horizontal road profile to be designed from linear and circular elements. 

5.2.4 Tangent approximation 

This method is similar to that used in calculus, but instead of assuming that the step 

interval,  → 0, it is retained as a finite measure (Figure 5-10). In calculus it is usual to 

specify this interval, , as x with y = |y(x) - y(x+x)| giving: 

 

 ( ) xxyxd =+=+=  sectan1 222  

 

where  is the angle between a tangent to the curve at x and the x-axis.  
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Figure 5-10 Tangent approximations to a map outline 
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The total length of the line to be measured can then be calculated by summation. If x is 

fixed, the method simply requires measurement of the angle  at each point. However, 

accurate measurement of  requires accurate construction of tangents, which in many 

cases may not be possible. 

5.2.5 Grid approximation 

If a square grid of cell size  is placed over the curve of interest, then both the number 

of grid lines intersected and the number of cells encountered measure the length of the 

curve (Figure 5-11). 

Figure 5-11 Grid approximations to a map outline 
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In the example shown there are slightly more grid line intersections than cell 

intersections, so the two counting methods will differ. Goodchild30 has suggested that 

for maps the cell counting approach “gives estimates which are more simply related to 

scale and less to how the map was constructed.”  

 

Both methods are well suited to automation, unlike some of the previous approaches, 

but will generally require smaller values of  (a larger number of computations) for 

comparable levels of approximation. Figure 5-12 highlights the degree of approximation 

involved by replacing the intersected cells in Figure 5-11 with the filled cells: 

Figure 5-12 Grid approximations to a map outline – filled cells 
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5.2.6 Area approximation 

In the second grid method described above, the number of cells intersected (the ‘box 

count’) is also a form of area approximation or ‘coverage’ of line length. A number of 

other methods have been devised using the area in the neighbourhood of a curve as a 

measure of curve length. Each of the three methods to be described uses circular regions 

to approximate the curve. 

 

The first method is the so-called Minkowski or Cantor sausage (Figure 5-13, method 

A). In this method every point along the curve of interest is replaced by a circle of 

radius. The area of the ‘tape’ formed by the trace of these circles is then A, where A = 

2L, hence L() = A/2.  
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This method essentially transfers the measurement of the line length to that of 

calculating the area, A. The surface area equivalent, utilising a sphere, is called the 

Minkowski comforter. Note that there is an important problem with this method – it 

assumes that the curve to be measured is everywhere defined and identifiable and 

drawing of a circle at each point to be possible, which may not be the case. It has 

recently been suggested that the measurement should be of the “-neighbourhood” of 

the original line, where  is a small but finite number, using a line of length 2 drawn 

perpendicular to the path. This revision still leaves the method of defining the 

neighbourhood open to similar criticisms.  

 

Mandelbrot calls the second method the Pointillist technique31 by reference to the 

Pointillist school of art (Figure 5-13, method B). The curve to be approximated is 

completely replaced by the smallest possible number of circles (points) of fixed radius 

, i.e. the smallest possible covering of the line. The centres of the circles used will not 

necessarily lie exactly on the line to be measured. As before L() = A/2. 

Figure 5-13 Area approximations to a map outline 
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The final method illustrated in Figure 5-13, method C is due to Perkal32, although it was 

not initially introduced by him specifically for line measurement. The method uses 

circles constructed on either side of the line to be measured to define an outer envelope. 

As with the first method, the area of the outer envelope divided by its width (in this case 

2) gives the approximate line length (finite lines require an end of line adjustment 

factor). In a subsequent paper Perkal33 examines method A alone and in conjunction 
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with method C. He describes the use of square and triangular templates (similar to 

Figure 5-12) to estimate line length by repeated random sampling. Perkal calls these 

measuring templates “-longimeters”.  

 

None of the above methods is particularly easy to carry out by hand or computer, 

although method A is probably the most amenable to automation. Perkal tested his 

techniques and those of Steinhaus (see Section 5.2.7 below) on a variety of lines with 

varying values of  with several test users. He found that his methods were faster than 

those of Steinhaus, but both methods were subject to considerable variation by user in 

the estimates found.  

 

Line following (tracing) by humans or computers (e.g. optical devices) will inevitably 

involve selection of points along the line and thus linear approximation will result 

automatically. The main advantage of the area methods is where the line to be followed 

is poorly defined (at the scale selected) and/or area separation is required. 

5.2.7 Statistical approximation 

There are a number of statistical methods for estimating the lengths of a fixed path 

between two known points, A and B. Some discussion of statistical models of paths has 

already been given in Section 5.1.3 - a more extensive discussion of the role of statistics 

in distance studies is provided in the next Chapter, where issues such as trip 

distributions within defined regions are considered. This Section concentrates on the 

application of statistics to line length estimation. 

 

In the 1885 edition of the Encyclopædia Brittanica (9th Ed.) Crofton’s article on 

probability34 described several important results of interest to this, and subsequent 

sections. Crofton discusses ‘measures’ such as: 

 

 =
X

dpdwXM )(  

 

where p and w are the polar coordinates of equi-probable random lines in the plane, and 

X is a region in the plane (Figure 5-14). When the integral above is evaluated over the 

region X it measures the total density of lines in X. Santaló35 points out that: 
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“.. up to a constant factor, this measure is the only one which is invariant 

under the group of motions in the plane.” (i.e. translation, rotation, 

reflection) 

 

The measure M(X) can be used to determine the length of any curve in the plane which 

is composed of a finite number of arcs with a tangent at every point. Santaló shows that 

if a curve, C, has length, L, then: 

 

  ==
X

LndpdwXM 2)(  

 

where n is the number of intersections each random straight line has with C. This result 

also holds when C is a curve on a surface other than a plane, and straight lines are 

replaced with geodesics.  

Figure 5-14 Polar coordinates of a random straight line in the plane 
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If C1 is a closed, convex curve of length, L1, then n=2, hence M(x) = L1. Now if C is 

contained within C1 the mean value of the number of intersections is:    
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hence 
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2/1LnL   

 

Crofton produced a similar result to that above, as did Steinhaus. The latter noted that if 

a curve of length, L, is dropped at random K times on a set of parallel lines d units apart, 

and n is the number of intersections observed, then 

 

KndL 2/  

 

a result similar to George de Buffon’s needle method of estimating , first proposed in 

1777 (i.e. using a straight line/needle of known length an estimate of  can be found by 

re-arranging the above expression). Abeyata and Franklin have used a variant of this 

approach36 and others to estimate boundary lengths (e.g. of patches of desert scrub and 

forested tracts) using a series of linear transects. They then compare these estimates 

with reference and/or alternatively derived data.  

 

Steinhaus also states that if the m-length, Lm, of a line is defined using the method 

above, but limiting the number of intersections per parallel counted to m, then Lm tends 

to a fixed limit with increasing map quality as K increases and d decreases. The method 

could be reversed, with a set of parallel lines being randomly dropped onto the curve to 

be measured, which may prove more amenable to automation.  

 

A related concept, which has been shown to be of considerable practical use, involves 

the use of projections (Figure 5-15). This has similarities to the tangent method 

described earlier.  
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Figure 5-15 The projection method – projected segment into x-domain 
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In this Figure the projected arc length d(x1,x2) =L|cos|, hence L=d/|cos| (= P() say). 

But this example covers the case of a single straight-line segment projected onto the x-

axis. With a complex curve there will be many projected segments. The mean value of 

P() taken over all  is: 
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a formula originally due to Cauchy and used by Steinhaus37 as a basis for measuring the 

length of a curve under a microscope. In Figure 5-16 the projection of the line AB onto 

the x-axis gives P(x) = |x2 – x1|. The projection onto the y-axis involves overlapping 

line segments, resulting in double or triple counting. 
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Figure 5-16 Projection method - detail 
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The y-projection over-estimates the line length: 

 

P(y) = 2|y2 – y1| + 3|y3 – y2|+… 

 

but as we have seen earlier, re-arranging terms: 

 

2

)( P
L =  

 

thus a first estimate of L is to calculate the total length of the projections onto a series of 

lines at angle  to the x-axis and divide these by 2. Increasing the number of projections 

carried out to 2n gives the mean value for P(), which yields acceptable results even for 

small n. Kendall and Moran38 quote a general formula for the accuracy bounds with 

projection lines at intervals of /n: 
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For n=6, L is estimated to an accuracy of 3.4%, and for n=10, L is estimated to an 

accuracy of 1.2%. Improvement in accuracy as n increases is relatively slow, and we 

would expect systematic or statistical area-based methods to be more effective in many 
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applications. Indeed, the latter have the added advantage of being suitable to complex 

networks of linear forms, such as fluvial tree structures and transport networks. 

5.2.8 Lattice approximations and distance transforms39 

Many spatial datasets and spatial problems are described with reference to regular 

lattice frameworks rather than continuous space. Examples include raster scan and 

Digital Elevation Model (DEM) data, pixelated screen images, cost surfaces, cellular 

automata models, swarm models and many others. This raises the question as to how 

distances should be measured in such cases and to what extent these relate to continuous 

space metrics such as L1 and L2. The most common regular lattices used today are 

square and we limit the discussion below to such arrangements – similar analyses can 

be carried out on other regular lattices in the plane, such as those of triangular and 

hexagonal form. All measurements are constrained to lie on the lattice, generally taken 

as either cell centres or lattice intersections, according to the data type. The methods 

described can be applied to greater than two dimensions, and three dimensional 

problems have widespread application in visualisation and medical imaging (e.g. CAT 

scans, MR scans) and related fields. 

 

For the discussion below we consider centre-to-centre distances, and initially consider 

the family of local or neighbourhood metrics defined by the 3x3 cell-adjacency matrix. 

A sample of such metrics is shown in Table 5-2. These are known as chamfer metrics 

because the locus of the metric generates a figure similar to a piece of wood with 

chamfered or bevelled edges (e.g. see Figure 5-22D). Chamfer metrics and their 

associated distance transform (DT) algorithms (see further, below) provide a very 

simple and extremely fast method for the approximation of Euclidean distances, or a 

multiple of Euclidean distances, over a square lattice40. In this Section we discuss the 

basic attributes of these transforms, whilst in Sections 7.4.3 and 8.1.2 we extend the DT 

concept and show how DTs can be used in the fields of optimum location theory and 

decision support systems. 

 

Distances in the 3x3 cases are calculated in an incremental manner based entirely on the 

distance to directly adjacent cells. The standard ‘distance transform’ algorithm involves 

a two-pass scan of a square lattice: a forward scan from top left to bottom right, and 

then a backwards scan from bottom right to top left (Figure 5-17). The algorithm thus 
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involves in the order of Mn2 computations where n is the maximum dimension of the 

lattice and M is the number of cells used in the neighbourhood computation, or more 

formally MN computations where N is the number of cells in the underlying lattice (i.e. 

linear in the number of cells). 

Table 5-2 3x3 Chamfer metrics 

Case Description  Adjacency matrix 

A Distances are determined by the L1 or ‘city-block’ 
metric and paths correspond to the “rook’s move” 
in chess parlance 

 2 1 2 

1 0 1 

2 1 2 

      

B As per A but with diagonal distances determined by 
the Euclidean metric applied locally - sometimes 
referred to as the Local Euclidean metric 

 2 1 2 

1 0 1 

2 1 2 

      

C Integer Chamfer (3,4)/3 metric. These integer 
values provide an improved estimate of distance 
than Cases A or B; divide by 3 on completion 

 4 3 4 

3 0 3 

4 3 4 

      

D Fractional Chamfer (Borgefors, 1986) – optimal 
non-integer values for all directions (values shown 
are after Butt and Maragos, 1998) 

 1.36039 0.96194 1.36039 

0.96194 0 0.96194 

1.36039 0.96194 1.36039 

 

Each pass involves adding the values in a mask to cell values in the underlying lattice - 

see Figure 5-17, where 5 values are used based on the (3,4) chamfer. The value in mask 

position 0 of the transformed lattice is then set to the minimum of the sums calculated. 

The central function of the algorithm (see further, Annex 3 – Sample algorithms) is: 

 

d0 = min{d+D(i),d0} 

 

where d0 is the current value at the central point (0) of the mask, D(i) is the local 

distance to the ith element of the mask, and d is the current value at the selected row, 

column position (r,c) . 

 

The underlying lattice is normally a binary image, but could be a single source or target 

point or set of points from which distances are automatically generated. In this case the 

source point(s) would be initialised to 0 and all other points as a large value, e.g. 9999. 

On completion of the two-pass scan each cell in the resulting lattice will contain the 

distance to the nearest point in the set of source points. In the example above, division 

of the values by 3 can be made on completion of the scanning process, giving an 

approximation that will be within 6.1% of the true Euclidean distance. 
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Figure 5-17 3x3 Chamfer masks for distance transformation 

4 3 4     4 3 4 

3 0   0 3  3 0 3 

   4 3 4  4 3 4 
Forward scan Backwards scan           Combined masks/adjacency matrix 

 

There are a number of highly efficient (very fast) sequential and parallel algorithms for 

performing this process and a great deal of research into these and the quality of 

approximation has been conducted for both binary and grey-scale images. Distance 

Transforms (DTs) are used in a wide variety of image recognition and processing 

applications (for which they were designed) – example applications include image 

matching, skeletonisation and 3-D rendering. As we show below, DTs may also be used 

for the fast computation of distances and multi-level buffer zones from single or 

multiple objects (points, lines, areas) rather than just single points (see examples in 

Figure 5-18), for the computation of watersheds and slope lines, for the determination of 

optimal paths and for the computation of Dirichlet regions (or Voronoi polygons) from 

lattice/raster data.  

Figure 5-18 Raster buffer zones from distance transform using (3,4) chamfer 

  

 

The examples in Figure 5-18 show distance bands from object sets shown in white, 

comprised of (a) a single central point, and (b) a cross shape, over a 100x100 lattice, 

generated with a single forward and backwards pass of the masks. Colours indicate the 

distance from the nearest point of the object set. There are many applications for such 

computations, for example in the computation and mapping of noise and environmental 

pollution impacts associated with major roads and aircraft flight paths.  
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With multiple objective points the distance transform generates the equivalent of 

Voronoi polygons, or planar digitised Voronoi diagrams41. These may be mapped in 

two dimensions as above, or in three dimensions, where distances are treated as 

elevations, shortest paths are lines orthogonal to the contours (Figure 5-19), and region 

boundaries are watersheds. An example application with multiple objective lines is the 

interpolation of contour data42, although results in this case are improved if additional 

key landscape points are included (notably peaks and pits). 

Figure 5-19 3-point distance transform, 2-D and 3-D views 

 
 

 

Distance transforms can also be applied with almost no alteration (see further, Annex 3, 

for details) to cases where obstacles are included. For example, if we introduced a 

rectangular region as an obstacle in the single point example above, the resulting paths 

in the region are distorted (Figure 5-20A) – in this example the transform has been 

generated using modified Borgefors fractional values on a 5x5 mask (see further, 

below), with iterated passes of each mask to ensure convergence (two or more iterations 

may be necessary in cases where obstacles or varying costs exist). As before, following 

lines that are orthogonal to the contours shown have been used to generate the shortest 

paths.  

 

Shortest paths can also be determined by retaining a record of the closest cell in the 

mask neighbourhood as part of the DT operation. This record can be held in absolute or 

relative terms, i.e. of the form: “next path point is in position 15” (15), or “next point is 
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in row 23 column 46” (R23C46), or “next point is 2 rows down and 3 across”. Using 

two arrays (or a multi-dimensional array) for x-components and y-components, this 

information can be stored as a pairs of single relative values, e.g. x(i,j) = -2, y(i,j)=1. 

This formulation is convenient for use with the algorithm provided in Annex 3 since the 

components are simply the values already held in the DX(k) and DY(k) arrays. A vector 

diagram generated from a pair of arrays corresponding to the previous diagram is shown 

in Figure 5-20B (note the path distortion generated from the lattice representation of the 

underlying dataset). 

Figure 5-20 Shortest paths by distance transform with constraints 

  

A. Paths constructed orthogonal to contour lines B. Vector map of path directions obtained from  

     tracking during the transform operation 

 

It should be noted that the shortest path vectors shown in Figure 5-20B above differ 

from the steepest descent vectors computed directly from the DT surface shown in 

Figure 5-20A. The latter do not, in general, indicate the correct shortest paths, as 

illustrated by comparing the vectors in Figure 5-21 with those in Figure 5-20B and the 

orthogonal path construction method.  
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Figure 5-21Steepest descent (slope vectors) of distance transformed surface 

 

 

A simple iterative procedure can be devised which utilises the local vector arrays to 

produce a complete set of shortest paths from each cell to its closest object point. This 

process can be used to produce digital Voronoi diagrams in inhomogeneous space since 

it assigns each point to its closest target point. It may also be used in homogeneous 

space to compute an exact Euclidean distance transform by calculating the Cartesian 

distance between the solution path start and end points – thus a chamfer transform can 

be used to create an exact transform in such cases. This result, whilst self-evident, does 

not appear to have been reported previously. It can be seen to be true since assignment 

of the closest target point under an accurate chamfer metric will always or almost 

always be the same as the assignment under an exact Euclidean metric, and thus 

computations based on this assignment will exactly match an exact Euclidean 

transform. Sample tests by the author have found no difference between the results 

obtained in this manner to those generated using an ‘exact’ algorithm. 

 

For inhomogeneous images, such as that above, distance transforms are frequently 

based on an algorithm known as the uniform-cost model43, itself a form of A* algorithm 

(i.e. an heuristic search procedure rather than an image scanning procedure). For 

variable cost surfaces and combinations of surfaces, scanning distance transform 

techniques can still be used (with minor modifications), as we demonstrate in Section 

8.1.3. 
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By plotting the locus diagrams for a range of 3x3 chamfer metrics against the optimal 

Euclidean locus (a circle) the relative merits of different local values or weights can be 

seen (Figure 5-22). Examining the diagrams it is clear that the last of the four 

approximations achieves the closest possible match to the circle, with a mix of positive 

and negative errors at intervals of /4 (positive) and /8 (negative). The first two 

approximations underestimate most distances. The octagonal shape of all but the first 

example is the result of the 8-cell local neighbourhoods utilised. If a 5x5 local 

neighbourhood is used (see Figure 5-20 and Figure 5-23) the approximation is 16-sided 

(a “hexadecagon”). The symmetry displayed and closeness of the best approximations 

to the Euclidean metric means that optimal chamfer metrics are nearly, but not 

completely, rotationally invariant.  

Figure 5-22 Chamfer metric locus diagrams 

A. Chamfer (1,2) or Manhattan metric B. Chamfer (1,2) or Local Euclidean metric  

  

C. Chamfer (3,4)/3 metric D. Chamfer (0.96194,1.36069) optimal metric 
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Integer values are frequently used in distance transforms, but Borgefors recognised that 

the approximation to Euclidean distance could be improved upon. She used Cartesian 

coordinate pairs to produce her non-integer results (Table 5-3). The Cartesian model 

generates a result that is not fully optimal in the propagation of distances around a point 

in a lattice (although these do provide the basis for the approximation to Euclidean 

distance we presented in the previous Chapter). In a detailed analysis using polar 

coordinates, Butt and Maragos44 have shown that the values derived by Borgefors can 

be marginally improved upon. Their results for the 3x3 case are shown in Table 5-3: the 

(3,4)/3 metric is the best low valued integer solution and yields correct values for 

horizontal and vertical paths; other choices involving larger integer pairs, such as 

(24,34)/25, can be used to approximate non-integer variants quite accurately. 

Table 5-3 Maximum absolute error for 3x3 chamfer metrics 

Local distances (a,b) Maximum absolute error Comments 

(1,1) 41.41% Chess board “rook’s/bishop’s move” 

(1,2) 29.29% City-block, L1 

(1,2) 7.61% Euclidean local distance 

(3,4)/3 6.07% Integer chamfer 

(1,1.3507) 5.63% Borgefors, with a=1 

(1,1.3420) 5.38% Butt-Maragos with a=1 

(0.95509,1.36930) 4.69% Borgefors optimal 

(0.96194,1.36039) 3.96% Butt-Maragos optimal 

 

The lattice neighbourhood can be increased to a 5x5 matrix, as noted above, in which 

case there are three distance weights to be assigned to the various cells rather than two, 

and the optimum fractional values in this case are (0.9866, 2, 2.2062). These values 

provide estimates that are within 1.36% of the direct Euclidean distance but at the cost 

of slightly increased computation. The integer value optimum values are (5, 7, 11)/5, 

and are remarkably accurate – within 2% of the Euclidean distance. The integer 

neighbourhood (mask) for the 5x5 model is shown in Figure 5-23 – values not entered 

are predetermined (e.g. as 5+5 = 10 or 7+7=14). The mask is divided into two for 

forward and backwards scans, as per the 3x3 mask described above. From Figure 5-23 

the distance transform of a point using the 5x5 mask can be seen to be a very close 

approximation to a circle over a square lattice. 
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Figure 5-23 5x5 Distance transform and integer chamfer mask 
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With neighbourhoods of 7x7 or greater the maximum error falls below 1%. Results can 

be obtained for triangular and hexagonal lattices45, with the latter providing improved 

results, but again at the cost of increased complexity in both representation and 

processing.  

 

There is an additional useful result obtained from this table. It relies on the fact that 

between any two points on a square lattice it is always possible to construct a path 

consisting of two components, one diagonal path and one horizontal or vertical path. If 

two points in a square lattice are selected at random, and these are M steps 

(horizontal/vertical) and N steps (diagonal) apart then the best estimated distance 

between them is: 

 

d = 0.96194M + 1.36069N  

 

The maximum absolute error in this calculation is 3.96% of max{|x1-x2|, |y1-y2|}. 

 

The lack of exact correspondence to Euclidean distances must be recognised and 

regarded as a form of systematic error or uncertainty, which may be exaggerated with 

scale changes and/or systematic growth/shrinkage of objects using distance transform 

methods (e.g. topological inconsistencies may result) - these considerations are in 

addition to the representational issues associated with the original lattice/raster dataset. 

However, algorithms are now available that provide exact Euclidean distances in near 

linear time, which may prove more suitable for some problems46.  
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5.3 Elevation and path 

Many of the methods described above ignore elevation and associated cost or effort 

factors. In practice the direct line distance on a map/within a GIS facility is frequently a 

good first estimate of the surface distance (i.e. allowing for elevation)47 and will often 

closely approximate the shortest distance across the surface. For example, the map 

sections below (Figure 5-24) show a transect southwards from East Creech, near Creech 

Barrow in Dorset, extending for 1km from the road at East Creech to Barneston Manor 

(now known as Barnston Farm). This value (1km) provides the 2-dimensional 

(projected plane/map) distance rather than the surface distance.  

 

The surface route, as a walker, rises from 260 at East Creech, to 400 as the transect 

crosses a complex ridge and narrow valley structure over the chalk, and falls away to 

200 on the far side of the ridge. Despite the fact that the rises and falls are steep, and 

thus difficult to traverse, the total 3-D surface distance is only slightly further than the 

projected plane distance (still being under 1.2km). The surface distance is equal to the 

sum of the incremental map distance divided by the cosine of the slope angle, thus it 

may be computed directly from a map or database representation by measuring or 

computing slope values along the transect or path. Only in extremely rough or 

mountainous terrain are surface distances much greater than simple 2-D estimates. For 

example, if the top of a 500m hill were located in the middle of a 1km stretch of path, 

giving a 45 slope (1:1) to the top and down again, the surface distance would still only 

be 1.4kms. Current design standards for UK roads aim to keep all gradients to below 5-

6% (c.1:20) - above these levels the operating costs for larger vehicles (HGVs) 

increases quite rapidly.  

 

It has been suggested that elevation is a significant factor in the observed differences in 

distance calculated by driving along roads (using accurate odometers) and calculated 

distances obtained from GIS packages, but the principal causes of these differences are 

accounted for by horizontal errors introduced by poly-line approximation and the scales 

at which GIS datasets have been collected (as noted above) – path length calculation 

using piecewise polynomial, circular arc, spline or trigonometric functions have been 

shown to remove much of this error48. 
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The effort of traversing a path of 1:2 or even 1:5 is quite different, however, and a least 

cost or least effort route (i.e. avoiding the steep slopes of the ridge and valley structure) 

might take the route in Figure 5-24B now provided for cars, which has road distance of 

c. 2.5kms. Least cost/effort paths are thus rather like shortest paths on extremely 

mountainous terrain, they strenuously seek to avoid the high cost/effort zones even if 

this means that the path length itself is much greater than one might expect or takes an 

unexpected route49. We return to this question and example in more detail in Chapters 7 

and 8. 

 

Comparing the modern map with that from a century earlier, we see that two earlier 

routes existed across the ridge – one was a path or track, probably suitable for horses 

and light carts, but not for coaches or heavy carts, and the other was a purpose-built 

tramway for transporting materials from a small quarry. The current longer road route 

sweeps away to the left of the historic map, but still provides the basic path of today’s 

route. 

Figure 5-24 Transect south from East Creech in Dorset, 1896 and 2000 

 

200

300

400

400

400

300

East Creech

Cocknowle

Barnston Farm

 

A. OS Map, 1896 B. OS Map, 2001 - redrawn 



Distance, Path Measurement and Path Models 

176 

Figure 5-25 Old and new routes near East Creech, Dorset 

 

The blue circle on the first map (Figure 5-24) marks the location of the original route, 

and the photograph taken looking South-West (Figure 5-25), shows the area today, with 

the historic cart route still clearly visible in the cattle-field. 

5.4 Fractals 

The practical issues of estimating line length are at the heart of many problems in 

geographic research (and other sciences) and these have highlighted weaknesses in the 

underlying mathematical foundations. In order to determine the length of a curve one 

must first have a curve to measure. In spite of the concept of a curve being apparently 

intuitively obvious, adequate definitions are lacking. For example, let a plane curve, C, 

be defined as the set of all points (x,y) represented by the continuous functions: 

 

x =  f(t),  y = g(t)  for all t  [t0, t1] 

 

such that there exists only one value of t for each pair (x,y). Then C is called a simple 

Jordan curve or, when crossing points are permitted, a Jordan curve.  

 

This apparently simple and very general definition of a curve was shown by Peano50 to 

permit certain curves that completely fill the plane (hence are indistinguishable from 

figures of dimension 2). Netto51, however, showed that Peano’s result would not hold 

Original route 
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for simple Jordan curves. Further work on this question was carried out by Sierpinski52, 

who produced a recursive construction demonstrating that a (simple) Jordan curve could 

fill a square (Figure 5-26):  

Figure 5-26 Sierpinski curve construction 

 

 

Mandelbrot53 observed that the trajectory of a particle exhibiting Brownian motion will 

also fill the plane, and combined this observation with those of the previous paragraphs 

and his work on financial modelling into his theory of fractals. He (currently) defines 

fractal geometry as “the study of scale-invariant roughness”. 

 

Mandlebrot initially defined fractals as sets whose Hausdorff-Besicovitch (H-B) 

dimension54, DHB, strictly exceeds the topological dimension, DT. Peano curves and 

Brownian trajectories are both classified as fractals by this definition, as are Koch55 

curves (Figure 5-27), which, like Sierpinski curves, are defined by an iterative or 

recursive construction process. Conventional (rectifiable) curves have topological 

dimension of 1. Their H-B dimension will also be 1, since they are clearly not fractals.  

 

More recently this definition has shown to exclude a number of special cases of 

‘fractals’ which can be shown to have DHB = DT = 1 and improved definitions based on 

notions of self-similarity and self-affine sets have been proposed, without a final 

conclusion being reached56. There is even beginning to be a question mark as to the 

value of the H-B dimension in this context and the possibility of a more general 

definition of fractals being unachievable. 

 

Determination of fractional values of D for certain well-defined curves can be achieved 

by analytical methods. For natural fractals, i.e. ‘curves’ such as coastlines, rivers, 

contours, an alternative method is required. This involves selecting a measurement 
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method, such as any of those described above, and plotting the length L() against the 

measurement factor  on log-log paper. If the graph produces a straight line its equation 

will be: 

 

log L() = a + b log  where a and b are constants 

 

For conventional curves b = (1-DT) = 0 hence curve length is independent of sampling 

interval. However, for fractal curves b > 0. For example, Richardson (op. cit.), 

Håkanson57 and many others since found values of D varying from >1.0 to c.1.3 for 

coastlines and lakeshores, whilst Batty and Longley58 found similar values for city 

boundaries (e.g. Cardiff). In reality such measurements have almost always been made 

from models or representations of coastlines, lakeshores and borders (i.e. using maps or 

aerial photographs) and not from terrestrial surveys such as those of Mackenzie or 

Mason and Dixon. What is clear is that real-world boundaries have complex structures 

and are generally unlike classical curves, being nowhere smooth or differentiable, 

nowhere sharply discernable, and frequently dynamic (e.g. with tides, traffic flows, 

plant growth, urban development) – indeed, closely examined they are not strictly linear 

at all, but more like a narrow band or area. 

 

It is a reasonable question to ask whether fractal-like or ‘self-similar’ behaviour is 

retained as the scale reduces to a finer and finer degree. It is immediately apparent that 

measurement becomes impossible in the ‘real-world’ as the scale is reduced – coastlines 

and lakeshores are dynamic, precisely what is to be measured becomes increasingly 

unclear and ultimately known to be not measurable.  

 

The mathematical model of fractal lines and surfaces, which assumes an arbitrary fine-

ness of measurement (behaviour of systems as lim  → 0) is similar to the mathematics 

of real analysis in this sense, i.e. a model with a set of assumptions, one of which is that 

limits can always be taken. To this degree, fractal analysis provides models and tools 

rather than definitive explanations. In addition, it should be noted that for curves such as 

Brownian motion in the plane and other forms of random walk, such as random lattice 

walks and the trails left by insect, animal or human walks, self-crossing of paths is 

normal. Measurement of the length of such paths by the area methods described earlier 
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is not appropriate and incremental measurement must be used (i.e. calculating 

cumulative path length from the sum of the steps taken). 

 

A major value of fractal analysis is in enabling us to distinguish between classes of 

curves: D=1 are in almost all cases simple (conventional mathematical) curves; 1 < D < 

2 are distinctly fractal curves; D = 2 are plane-filling curves, or in some senses could be 

regarded as area measures. A secondary benefit is its descriptive value over varying 

scales. If D is constant over a range of  values it indicates self-similarity in the curve 

form; that is, a similarity in the form at various scales. For example, the latter is true for 

Koch curves (Figure 5-27) where D = 1.2619 (log4/log3) for all . In a later, detailed 

study of boundaries, Longley and Batty59 found that D appeared to vary over a range of 

sample scales and raise the question as to whether an alternative log-linear model might 

not be more appropriate and/or a multi-fractal interpretation of the data. Their study also 

noted that different measurement methods had substantially different processing 

overheads and at least one piecewise polygonal approximation method (which involved 

elimination of selected points) was unsatisfactory – grid-based approximation was 

found to be simple, computationally fast and not subject to such problems. 

 

The dimension, D, does not describe or imply form or process – the same value for D 

may apply to completely different fractals and different generation models (e.g. 

Brownian motion, Diffusion-Limited Aggregation (DLA), Recursive Generation) may 

result in the same fractional dimension. For example, it has recently been proven that 

the dimension of the ‘hull’ or boundary of a Brownian process in the plane has H-B 

dimension of 4/3, but clearly this does not imply that some coastlines or city boundaries 

are actually generated in this manner60. 
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Figure 5-27 Koch curve construction 

dsS

 

The Koch curve or ‘snowflake’ is constructed from an equilateral triangle, where progressively 
smaller (1/3rd size) triangles are added to each of its three initial sides in place of a segment of 
the side. The length of the curve is unbounded, it is nowhere differentiable, but the area enclosed 
by the curve is finite, with the formula based on the initial side length, s, being:  
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5.5 Self-avoiding and self-attracting random walks 

Measurement of path length depends upon an agreed set of rules for carrying out the 

measurement, selection of sampling interval(s) and determination of the embedding 

space (e.g. 2-D versus 3-D). It also assumes that we have a clear understanding of where 

the path is and in general terms, what it is like. In the latter case, classical or fractal 

models are the main alternatives.  

 

A set of models of particular interest to geographic research is known as self-avoiding 

(random) walks (SAWs). These are random or pseudo-random walks, paths or trees that 

do not cross themselves, unlike some of those discussed above. There has been 

extensive analysis of SAWs, especially in the physical and biological sciences such as 

physics, polymer chemistry and biochemistry, but also in areas such as statistics, 

economics, financial modelling, engineering and robotics. SAWs have received limited 

attention in geographic studies. Most analyses focus on lattice-based SAWs using 

square or triangular lattices, but some studies of unconstrained (free space) SAWs have 

been carried out. 
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Random walks typically consist of a given start point and a set of rules which determine 

their behaviour (e.g. steps, directions, self-avoidance, self-attraction, 

bifurcation/spawning of children). In the plane it has been demonstrated that both 

unconstrained random walks (e.g. Brownian motion, which is not self-avoiding) and 

self-avoiding lattice walks will pass through every point (in the plane, on an arbitrarily 

fine lattice) as the number of steps, n, tends to infinity. A number of other interesting 

results have been produced, including analysis of the number of possible self-avoiding 

paths on a lattice. With a 6 x 6 square lattice the number of possible self-avoiding paths 

from (0,0) to (6,6) is over 1 million. At first sight this suggests that search methods for 

optimal paths on lattices may be very difficult unless additional constraints and rules are 

applied - however, efficient algorithms exist for such problems with solution times 

related to the square of the lattice size or better (single point to all other nodes). Note 

also that the specification of a random walk does not include a goal or destination as an 

explicit input. In general it is not possible to determine how many steps will be required 

to reach a target point or whether the route taken is optimal. It is often possible, 

however, to provide statistical estimates (for example of the expected path length or 

direction after a number of steps) and simulations can provide estimates of means and 

variances where analytical results are not forthcoming. 

 

For geographic analysis several types of SAW are worthy of closer attention. These 

include directed (or correlated) random walks, directed dislocation walks and random 

trees, each of which is described briefly below and some are explored further later in 

this study. For convenience we shall use Cartesian coordinates (x,y) in the plane, but 

polar (r,) or spherical coordinates could equally well be used, depending upon the 

requirements: 

 

• Directed random walks – this process involves incrementing x by a fixed or 

positive random value (optionally constrained to lie in a pre-defined range, e.g. x 

 [0,1]); y is incremented by a random amount in the same manner but positive 

and negative values are accepted, e.g. y  [-1,1]. The average position of y after 

a large number of steps will tend to 0. If both x and y steps are fixed the result is 

essentially a square lattice walk. Note that this process, and the walk described 
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below, generate single y-values for each x-value, and as such are a very 

restricted subset of possible random walks. 

• Directed dislocation walks – this process is the same as the above but constrained 

to a single direction (quadrant) for y, e.g. y  [0,1]. The dislocation is then 

similar to a random walk down a tilted surface, a sideways impact on a 

geological structure or a distortion of a populated landscape by a pull towards a 

dominant conurbation. A more general random walk model of both these types 

is: 

• Correlated random walks (CRWs). This set of models assumes that steps may be 

of fixed or variable length, but that the direction of travel is determined by the 

previous direction of travel plus or minus a random angular variable drawn from 

a range (e.g. 60) and distribution specified in advance (typically a Uniform or 

Normal distribution). CRW models, which have been used widely in the sudy of 

insect and animal dispersion, and on a limited basis to serial crime behaviour, 

are not necessarily self-avoiding (but constraints can be applied to ensure they 

satisfy this additional requirement). 

• Random tree walks - the directed walk model can be modified such that both x 

and y increments are repeated until either an obstacle, a solution space boundary 

or another random line or branch is reached or approached to within a specified 

distance. At this point the walk must stop, go back one or more steps and 

commence again with new x and y values. This kind of walk generates self-

avoiding random trees (SARTs). A variety of additional rules and constraints 

may apply in such cases, such as defining what ‘reached’ means (setting 

proximity measures) and how new branches or children are to be generated. Use 

of SARTs is discussed in greater detail in Sections 7.5 and 8.2 where variants of 

the RRT algorithm (Rapidly-exploring Random Trees) are discussed61. 

 

Examples of simple random walks are shown in Figure 5-28. The first has been 

generated in the manner described by Venn (of Venn diagram fame) in the 19th 

century, selecting directions from an 8-sided die and random distances in the 

selected direction. This clearly is not self-avoiding. The second example shows 

random positive increments in x and random +/- values for y, yielding a curve of 

market price-like movements (strictly speaking, a one dimensional random walk). 
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Figure 5-28 Simple random walks 

A. Simple random walk – after Venn B. Directed simple random walk 

  

 

As has been noted earlier, in 2-space (or n-space) random walks have a start-point but 

no definitive end-point. However, it is possible to create random trees simultaneously 

from more than one point (in sequence) and apply proximity rules to avoid obstacles 

and obtain end-to-end connectivity.  

 

Random trees can be constructed in many ways, but typically will consist of a branching 

process and self-avoiding walks. Such trees are the subject of analysis later in this 

study, and provide the basis for quite general and fast solutions to shortest path/least 

cost problems. A section of a random tree is illustrated in Figure 5-29. In this example a 

random tree is being used to explore the space of feasible solutions for a path. The 

brighter red line indicates a boundary constraint for the tree.  
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Figure 5-29 Random tree walk 

 

 

There has been a great deal of research into self-avoiding random walks (SAWs) in 2- 

and 3-space, much of it in chemistry, physics and mathematics rather than geographical 

studies. 2-D SAWs are often generated by a so-called ‘pivot’ algorithm62, which has 

similarities to some fractal generation models63, but unlike the processes described 

earlier the pivot algorithm generates a true self-avoiding random walk in the plane or 

higher dimensions.  

 

Pivot algorithms commence with a straight line of length N steps defined by N nodes 

(optionally being points on a square lattice). A series of n transformations are made to 

the line (rotations and reflections) by choosing a node at random and a transformation at 

random. The line is checked after each transformation to ensure it is not self-crossing. 

With large n the ‘memory’ of the original configuration is lost and a truly random line is 

generated. Since it is possible to generate 2 or more such lines and then join their end 

points, checking that the result does not cross, a random polygon (region, island) of 2N 

steps can be generated with familiar geographic look. To avoid the need for re-scaling 

and sharp corners, 3 or more SAWs or SAW segments would normally be required to 

create a suitable closed figure. An example is shown in (Figure 5-30), which we have 

created from segments of 3 SAWs, each of 1 million steps, generated by Kennedy64: 
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Figure 5-30 SAW generated island. 

 

Self-attracting random walks also have interesting applications in a range of practical 

geographic applications. For example, because random walks will eventually pass 

through all possible points, a subset of paths commencing at any given point (an origin) 

will reach a second point (destination) in less steps/a shorter time than other paths. If the 

shortest such path is marked or recorded each time walks are simulated, subsequent 

random walks can be programmatically biased to use all or parts of this path with a self-

reinforcing result. Such concepts have been used in a variety of traffic behaviour 

modelling and, more recently, in modelling crowd behaviour in built-up environments 

during special events (galleries, London streets)65. Similar methods could be used to 

simulate past (unknown, historic) flows as well as current or future (predicted) flows 

and congestion. As with all such methods, model assumptions and calibration become 

the key issues. 

5.6 Networks and path length 

The majority of the analyses in the present study are concerned with distance 

measurement and path location in inhomogeneous (and often bounded) free-space. Such 

problems may be static or dynamic (e.g. involving moving objects such as vehicles or 

robots, or involving varying flows over time) and may involve finding a valid solution, 
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a good solution or an optimum solution (if one exists). In seeking a good or optimal 

solution the process may involve distance minimisation or generalised cost 

minimisation with or without additional constraints. In many cases such problems can 

be re-stated using a range of techniques having first partitioned the sample space into 

some form of grid or lattice. Solutions may then be sought which are restricted to 

traversing the edges and vertices of this grid or lattice, or which use this framework as a 

simplification of the space and allow paths to cross the zones created by partitioning.  

 

Where the sample space can be represented in terms of a (directed) graph the techniques 

available for identifying specific paths through pre-defined networks are available. 

There is a substantial (almost limitless) literature dealing with this subject66. The classic 

problem and algorithm, which originates with Dijkstra67, is that of finding the shortest 

path from a source node to one or more destination nodes. Algorithms that seek 

solutions to network problems of this type are often compared in terms of their 

performance by reference to the number of vertices or nodes (n) in the graph and the 

number of links or edges (e). The simple shortest path problem can now be solved in 

linear-time, i.e. as a linear multiple of the number of vertices and edges, or O(n + e)68. 

 

In a wide-ranging review of the general least cost path problems (LCPP), Smith and 

Gahinet69 highlight the difficulties involved: 

 

• possible complexity of the surfaces – smooth/analytical to complex natural or 

man-made, or hybrids of these 

• possible complexity of the mobile object – size, nature of motion 

• conditions that must be satisfied – e.g. minimum ‘cost’, curvature constraints, 

continuity, passing through/via a specified location 

• computational cost (in memory, processor time) of alternative solution methods 

 

They conclude that it is most unlikely there will ever be a single, unified theory for 

solving the general LCPP. 

 

An additional body of research addresses distance and path problems in so-called 

‘geometric domains’. Mitchell70 provides an excellent recent review and summary of 
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many of these problems - in the text below references to solution algorithms and their 

efficiency derive from Mitchell’s paper, unless otherwise stated.  

 

Mitchell defines a geometric domain as follows:  

 

“In contrast to graphs, where the encoding of edges is explicit, a geometric 

instance of a shortest path problem is usually specified by giving geometric 

objects that implicitly encode the graph and its edge weights..… the most 

basic problem is: given a collection of obstacles, find a Euclidean shortest 

obstacle-avoiding path between two given points” 

 

Most geometric domain problems deal with path finding within closed polygonal areas, 

including one or more obstacles (high cost or prohibited zones). The majority of such 

problems relate to path finding in 2-space, with the objective function being simple 

distance minimisation. Variants include: alternative objective functions (e.g. different 

metrics); constrained paths; dynamic environments; and known versus unknown 

terrains. It is known that in simple polygons there is always a unique shortest path 

(series of rectilinear segments) between any source and destination point, but that in a 

general polygonal domain (i.e. one including obstacles or holes) there can be any 

number of optimal paths. The latter class of problems do permit path finding using 

current algorithms in solution times O(n2) or better.  

 

Geometric domain algorithms typically involve decomposition of the solution space 

into geometric components, notably triangular regions, and then they search the graph 

comprised of the edges and vertices so generated in combination with those of the 

original polygon and obstacle set. A variant, known as the continuous Dijkstra method 

simulates a wavefront, using this to construct a form of geodesic map, rather as 

described by Huygens and adopted by Wartnz. The method has been applied 

successfully in the so-called weighted region metric problem (WRM) in which different 

zones within the solution space have different weights or velocities applied to them. 

Smith and Gahinet (op. cit.) show that exact solution times for this class of problem are 

greater than O(n8).  

 

Mitchell points out that some constrained problems, notably those involving constraints 

on the average curvature (important for dynamic problems, such as transport 
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engineering and robotics) may result in problems that are either not solvable or are very 

difficult to solve. Likewise, solutions that seek two optimise two or more objective 

function criteria are in general not solvable in a provably optimal manner. A simple 

example for which no exact solution is known is the problem of finding a path that 

minimises both path length and the number of steps (links, or edges) in the path within a 

simple polygonal solution space. 

 

Another interesting class of problems relates to path finding without a map, but 

assuming knowledge (by observation/sensing) of the solution space as it is searched, 

and optionally knowledge of the location of a target (e.g. its coordinates). This is rather 

like journeying to the South Pole from the Weddell Sea, or finding one’s way in London 

or New York without a street map. Curiously enough, it has been shown that in a 

rectilinear street pattern when the location of the target is not known in advance but 

must be sought, prior knowledge of its location does not assist the solution time. 

5.7 Summary 

Measurement of distance from maps and in the field has highlighted both practical and 

theoretical problems. Central to the measurement process is a clear definition and 

understanding of the path along which measurement is to be made. A range of models is 

available, from the classical to statistical, and from the continuous and differentiable to 

discrete lattice and fractal formulations. Each measurement technique involves sampling 

and approximation and each is therefore scale-dependent as well as model or path-

dependent. Where sampling takes place at multiple scales it might highlight self-

similarity suggesting that the length is indeterminable and fractal like. But self-

similarity at a range of scales does not imply self-similarity at all scales, nor does it 

exclude curves models other than fractals from consideration: given a sufficient number 

of fine steps SAWs exhibit very similar behaviour to fractals – sub-samples of the walks 

are very similar to broader samples.  

 

From these observations and those of the previous Chapter, we must conclude that 

regarding distance measures as certain and absolute is frequently unsafe - geographic 

distance should be viewed in terms of context, measurement method, scale, path model 

and dynamics as well as metric formulation and the derived numerical results. 
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6 Distance Statistics1 

This Chapter (and the associated Annex 1) examines distance statistics: in particular 

average distances, and tests of complete spatial randomness (CSR) that utilise distance 

measures. We seek to illustrate both the scope and applicability of statistical distance 

measures to a variety of practical spatial problems. A wide range of results are derived 

and presented in a manner that seeks to clarify the underlying assumptions and the 

logic of the models used.  

 

Although a number of statistical methods have been discussed in earlier Sections 

(sampling, point-pair uncertainty, random walks), the central focus has been on 

deterministic problems. We now focus upon statistically defined processes and 

associated distance measures. Much of the research in this area is concerned with point 

patterns and processes – in many cases it is the relationship between each point and its 

nearest neighbour(s) that is of interest from a process perspective, so we start by 

reviewing this area. We then examine and develop a number of approaches to the 

distribution of the distance between random pairs of points in bounded regions, subjects 

that arise from research in the fields of geometrical probability and trip distribution 

theory.  

 

In recent years there has been a move away from these ‘direct’ statistical measures 

towards more exploratory approaches based on analysis of spatial intensity2 and spatial 

autoregression3, reflecting the difficulty of extending classical distance statistics models 

to many real-world situations. These more recent techniques still rely on distance 

measures, distance decay models and density (intensity) estimation – as such, much of 

the discussion in the previous two Chapters, which is extended in the present Chapter, 

applies to these newer approaches.  
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6.1 Introduction 

There is an enormous body of literature dealing with distance distributions reflecting 

their applicability in many disciplines. Much of this research has assumed that the 

distance metric to be used is Euclidean and that the sample space is unbounded and 

uniform. A number of results are presented in the following sections, and others 

derived, where the metric is more general and in which the sample space is bounded. 

These factors are shown to result in alteration of the expected distance (and squared 

distance), which result in divergence from the values for key parameters (such as mean 

values and ratios) that conventional models suggest. Statistical analyses of spatial 

datasets utilising inter-point distance measures, directly or indirectly must take into 

consideration the effects described above. This can be achieved either by using 

appropriate measures and modified statistical results or seek to eliminate such effects, 

e.g. by correction of distance calculations, topological transforms, sampling subsets of 

points well away from region borders, systematic subdivision of sampled regions, 

and/or use of functional distance measures and Monte Carlo simulation techniques. 

 

The set of distances defined by the spacing of randomly selected pairs of points within a 

bounded region represents a distribution whose frequency varies with line length, as 

measured by some agreed metric. There have been at least four approaches to the study 

of these ‘finite’ distance distributions:  

 

(i) tests of randomness 

(ii) geometric probability studies 

(iii) shape analysis, and  

(iv) trip distribution analysis 

 

Each approach is discussed in the sub-sections below in which we describe existing 

work in this field and develop a number of extensions to the theoretical findings. The 

variety of results and approaches taken illustrate the many ways in which distance 

distributions and their central moments (e.g. mean, variance) can be applied to practical 

problems. 
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6.2 Tests of randomness 

In botanical, biological and geographic research distance-based tests of point pattern 

randomness have historically been based on nth-order nearest neighbour (nn) statistics 

(distributions and central moments) in infinite (unbounded) Euclidean spaces. More 

recently there has been consideration of nearest neighbour relations in bounded regions. 

The majority of analyses focus on testing mapped point patterns against a hypothesis of 

“Complete Spatial Randomness” (CSR), but other hypotheses, such as non-stationary 

Poisson processes, have also received attention. Separately, there has been a lively 

debate on the treatment of planar point patterns which may exhibit clustering4. This 

latter area is not covered in detail here, especially as a number of the methods used do 

not rely on explicit distance measures for their analysis. Where such methods do adopt 

distance measurements they almost exclusively rely on Euclidean measures and often 

use (edge corrected) circular sampling regions (e.g. techniques such as Ripley’s K-

statistic and kernel-based density estimation).  

 

The formal definitions of dimension in the footnotes of the previous Chapter utilised a 

general expression, Vk, in the volume of a k-dimensional hypersphere of radius, r, 

where: 

 

( )12//2/ += krrV kkk

k   

 

The formula yields the familiar results for a line, circle and sphere:  

 

V1 r1 =2r; V2 r2 =r2; V3 r3 =4r3/3 

 

The results derived in Annex 1 - Nearest neighbour statistics and earlier by Dacey5, use 

this general expression in the formulae for the distribution of distances to the nth-nearest 

neighbour in k-dimensional space under the CSR hypothesis (which we show is related 

to the 2-distribution). From this result we derive the following general expression for 

the mean distance to the nth-nearest neighbour in k-dimensional space (the general 

expression for higher crude moments is also provided in the Annex): 
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where  is the point density. In two dimensions this expression can be simplified to6: 

 

2
2, !2/)!2( nnnr n

n =  

 

Thus, for example, we have: 

 

2/11,1 =r , 2/12,1 =r , 4/32,2 =r   

 

Tests of randomness may then utilise the observed distribution of point-event or event-

event distances and compare the observed mean values with those expected under CSR, 

e.g. as a ratio, or more powerfully, by comparing (transformed) sample distributions 

with the percentage points of the 2-distribution or with the Normal distribution for 

larger samples/higher order neighbours for which the Normal approximation to 2 is 

valid.  

 

The point density, λ, is typically an unknown and therefore its determination in practical 

problems is an important issue. In field-based studies (rather than mapped point sets) 

the CSR hypothesis is sometimes the presumed distribution and nearest-neighbour 

measurements used to determine λ. The approach is effective for relative dense, static 

objects (e.g. natural forest stands) but of limited use in lower density and dynamic 

objects (e.g. estimation of populations of animals or fish). In the latter instance density 

estimation is based on the assumption that not all events are detected and distances to 

events are regarded as samples from a detection function or distribution, which must be 

modelled7. Work in this latter area is almost exclusively based on Euclidean distance 

measurement without adjustment for boundary issues. 

 

The issue of point density estimation in mapped studies can be illustrated for the case of 

the line: if N points are dropped at random on a line of length, L, then the expected 

distance to the nth-nearest neighbours may be calculated. However, because the line is of 
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finite length some nearest neighbours to a base point will lie outside of the boundary 

and mis-measurements will be made. The error thus induced is equivalent to 

miscalculating the density, λ, and results in an increase in the measured mean and 

variance. The formula λ0 = N2/(N+n)L (where N2), i.e. adjusting the theoretical density 

formula by N/(N+n), has been found to provide a better estimate of the point density 

than N/L by the present author using simulation. This estimate of density is very good 

for n small and also for larger n when N>10.  

 

In two dimensions similar boundary effects exist and may be more or less serious 

depending on: the size and shape of the sample area; the event density; and the order-

neighbour measurements being taken. Donnelly8 has used simulation techniques to 

provide adjusted estimates for rectangular sample regions with sides of length a and b, 

and perimeter length P=2(a+b). Letting λ=N/ab (number of points/sample area) he 

proposes using the adjusted value: 

 

2/3

2,1 /041.0/0514.02/1 NPNPr ++=   

 

which approximates to 

 

 5/12/12,1 +r  for the unit square with N>10 

 

Donnelly also provides an edge-corrected estimate for the standard deviation which may 

then be used to compute a standardised measure (z-score) for significance testing. If P is 

large in relation to N, the adjustment is substantial. Furthermore, if the sample region is 

long and thin (e.g. 10:1 or greater) Donnelly’s adjustment becomes unreasonably large 

and one must question whether alternative approaches and models (e.g. Monte Carlo 

simulation) are preferable9.  

 

Extensions of formal analysis to more complex shapes and alternative distance metrics 

have been limited. A simple extension to hyper-ellipsoids and hyper-spheroids with the 

Euclidean metric will have larger values for the mean and variance than hyper-spherical 

measures, and an adjusted volume measure based on the formula for Vk but where the 

radius r is replaced by a set of i values which are the semi-axes of the figures. If all the 
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semi-axes are of equal length we have the hypersphere, as above. If two of three are the 

same in 3-dimensions we have the spheroid, and if all differ we have an ellipsoid. These 

figures have a larger surface area than a sphere of equivalent volume and thus boundary 

problems will be greater in these cases.  

 

In the simplest 2-dimensional non-circular case the sample region is an ellipse, and we 

may assume without loss of generality that the ellipse has one semi-axis, l, of unit 

length, i.e. l=1, and one of length s1. If the ellipse has the same area as a circle, we 

have s=r2 where r is the circle radius (since πsl=πr2 and l=1). However, random points 

in the ellipse have a larger maximum possible distance and smaller minimum distance, 

hence the variance of a nn measure and for random point pairs will be greater than in 

the circle case. Analytic formulae in this case are not forthcoming, but for squared 

distances between point pairs Barton et al10 have shown that the elliptic mean squared 

distance equals the circle mean times (s2+1)/2s. For example, if s=1/2 the mean is 25% 

greater than that for a circle of equivalent area, and they show that the variance is 50% 

greater. By simulation we can show that the mean distance rather than squared mean 

distance is approximately 9% greater for s=1/2 and approximately 37% greater for 

s=1/4. As the ratio l/s increases the mean value for point pairs tends to l/2, as would be 

expected. The same limit will apply in strongly rectangular regions.  

 

The derivation in Annex 1 - Nearest neighbour statistics, does not explicitly rely on the 

use of Euclidean distances, but does assume that the measure is a metric. If the distance 

to nearest neighbours is calculated using a metric other than the Euclidean formula then 

the volume Vk will be incorrect (Figure 6-1). For example, with the Lp metric the area of 

a ‘circle’ of unit radius will vary from 2 to 4 as the power, p, is raised from 1 to infinity. 

The modified area V2,p may be calculated from the integral: 

 

 −=

1

0

1

,2 |1|4 dxxV pp

p   

hence  

 

V2,2 = 2sin-1(1) =   as expected 
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If p is estimated as a parameter, for example to take account of road patterns, then 

calculation of the nearest neighbour ratio, R, should use p when calculating both the 

observed and statistically estimated nearest neighbour values. For example, if p2, 

nearest neighbour statistics based on the Euclidean formula will suggest greater 

uniformity than actually exists when distances are calculated using a metric related to 

the transport network. 

Figure 6-1 Area of a unit Minkowski p-circle 
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Note that if the boundary of the study region is not arbitrary but significant – for 

example if it is determined by an important natural or man-made barrier - assumptions 

regarding density estimates and distance distributions which assume extension of the 

process beyond the boundary will be in error. Likewise, if the metric used to calculate 

inter-point distances is not a simple, monotonic function of Euclidean distance, the 

implications of this need careful consideration.  In such cases, Monte Carlo simulation 

may well be the best approach to obtain meaningful tests of randomness or alternative 

process hypotheses. The availability of such facilities within GIS would greatly simplify 

modelling and analysis, particularly since such software typically holds the details of 

point events, transport networks and the details of boundary form. 

 

An alternative to the direct use of distance measures is their indirect use. For example, 

the number of occurrences of specific events (e.g. disease cases) can be counted within 

the 1st, 2nd, 3rd etc nearest neighbourhoods or fixed distance bands of control points (e.g. 

randomly sampled individuals from the same population mix). Thus the metric becomes 
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the count, or mean value of such counts, rather than the distances themselves. Although 

this approach in some respects diminishes the power of subsequent test statistics, the 

use of the controls removes a substantial proportion of the effects due to a lack of 

underlying homogeneity in the population and in the spatial structure. Methods of this 

kind were introduced by Cuzick and Edwards11 (1990) and applied to the detection of 

clusters amongst cases of childhood leukaemia and lymphoma in the Humberside region 

of Eastern England. This region is coastal and lies alongside a long estuary, thus 

estimation of expected counts within a given radius of a control point will be affected 

by these natural borders. However, since it is reasonable to assume that these borders 

affect the controls in the same manner as the cases, bias from border effects is reduced. 

 

An alternative approach to the line problem is to look at the ranked distribution of 

intervals, as defined by the spacing between adjacent points, with respect to one end of 

the line. Dropping n-1 points on the unit line defines n intervals, with di being defined 

as the length of the ith interval along the line. Ranking the set {di} produces a second 

set, {gi}. Barton and David12 have suggested the following measures as test for 

randomness in this case: 
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They show that: 

 

E(Y)  (n-1)/2n Var(Y)  (n–1)/12n2 

 

E(G) = 1  Var(G) = (n2+7n–6)/((n+1)(n+2)(n+3))  

 

Work of this kind in two dimensions is sparse. Hsu13 has considered aspects of the 

boundary problem in the circle and Dacey14 has treated the square case with both 

Euclidean and toroidal distance (the latter converging much faster with n to the CSR 

model). For the unit circle and unit square the ‘standardised expected distance’ (taking 

the mean value adjusted by the root density) to nearest neighbours can be obtained by a 

mixture of analytic and computer simulation methods (Figure 6-2). The results for the 

circle were computed by the present author whilst those for the square by Dacey (op. 
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cit.). As can be seen the standardised expected distance tends to 0.5 from above as n 

increases, with a reversal of the pattern for n<4. The expected nearest neighbour 

distance is always less in the circle because it has less boundary per unit area.  

 

Since the expected distance is greater than 0.5, statistics such as  

 

eo rrR /=    

 

suggest greater uniformity in the pattern than actually exists unless precautions are 

taken to minimise or eliminate such problems. For example, in the case of the square, 

with 10 points the expected standardised mean value is 0.5315 using Euclidean 

measurement, but is 0.5057 using toroidal measurement. 

Figure 6-2 Expected distances to nearest neighbour in a square and circle 
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From the above discussion it is evident that there are many approaches to minimisation 

or elimination of boundary effects. These include:  

 

• revision of the formulae used for density estimates and mean values (e.g. as 

discussed above for the 1- and 2-dimensional cases) 

• sampling within a subset of the selected region, leaving a ‘guard’ area around 

the samples zone 

• assuming that the boundary itself is a set of event points 

• ensuring that sample sizes are large enough that boundary effects are minimised  
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• using control points and neighbourhood counts as a substitute for explicit 

distance computations, where appropriate 

• utilising Monte Carlo simulation to produce a non-edge corrected estimator of 

the mean and probability density function under CSR or an alternative 

hypothesis 

• changing the topology of the sample space – in the case of a line this involves 

wrapping the line to form a circle, whilst in the case of a square or rectangle, 

wrapping it onto a toroid 

 

The latter approach is effective at removing edge effects by assuming that the 

underlying pattern is homogeneous and the re-mapping is acceptable within the context 

of the problem analysed. However, it should be noted that toroidal mapping is not 

rotationally invariant.. 

6.3 Solutions from geometric probability 

The earliest research into the statistical properties of bounded shapes gave rise to the 

subject of geometric probability – the original literature is due to Crofton. His work is 

discussed by Kendall and Moran15 and has been generalised by Gjacjauskas16.  

 

In Crofton’s 1885 paper he not only derived the measure for random lines in the plane 

referred to in Section 5.2.7, but also produced an important theorem which facilitates 

calculation of the mean distance between independently distributed workplaces and 

homes in a city. Crofton’s theorem for mean values17 states that: 

 

“If M be a mean value depending on the positions of n points falling on a 

space, A; and if this space receives a small increment, , and M′ be the same 

mean when one point falls on A+, and M1 the same mean when one point 

falls on  and the remaining n-1 on A; then (M′-M)A = n(M1-M)  ” 

 

In modern notation this result would be written as a differential equation with M′ – M = 

dM and =dA, giving: 

 

)( 1 MM
A

n

dA

dM
−=  
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As an example of the application of this theorem, consider the problem of determining 

the mean distance, M, between two points placed at random on a line of length L. Let 

M1 be the mean distance of a single random point from one end of the line. This is 

clearly L/2 (or 0.5 with a unit line). With 2 points we substitute in the expression above 

to give: 

 

)2/(
2

ML
LdL

dM
−=  

 

multiplying both sides by L2 and re-arranging terms gives 

 

22 2 LML
dL

dM
L =−  or 

2
2 )(

L
dL

MLd
=  

 

thus M = L/3  

 

Again, using this methodology it is possible to calculate the mean value on a line of 

length L when the distance measure is of the form, |x1-x2|p for p > 0. In this case the 

mean value becomes: 

 

M = 2L p/(p+1)(p+2)  

 

Thus M  L/2 for p = ½ and as p increases M tends to 0 if L 1 and M →  for L>1 

and as p → .  

 

A similar procedure can be applied for a circle of radius, R, by commencing with the 

expected Euclidean distance from a point on the circumference to a point within the 

circle. This can be shown to be 32R/9 (=0.6385 for a circle of unit area), which leads 

to the mean value for two points in a circle18:  

 

M = 128R/45  0.9054R 

 



Distance Statistics 

206 

Thus for a circle of unit area (R=1/):  M = 128/453/2 0.5108 and for a circle of 

radius R=2 we have M=1.811 (cf. Table 5-1) . 

 

The mean values for the line and circle have been derived by addressing a related 

problem: that of finding the mean value from a fixed point to other points within the 

figure. This related problem has applications in facility location and inter-zonal 

communications. In many instances it is of interest to know what is the mean distance 

from any point in a given bounded region to a specific point, such as its centroid, or a 

facility such as a retail or distribution centre. The simplest cases are for a uniform 

circular region with Euclidean metric. The mean distance to the centre can be found by 

direct integration to be: 
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Thus for a circle of unit area, the mean value M = 0.3761.  

 

If the distance measure used is the rectilinear or L1 metric, the comparable result is also 

obtained from integration over the circle19, as: 
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Thus for a circle of unit area, the mean distance to the centre with the L1 metric is M = 

0.4789. This result may also be obtained using the observation that a random line in the 

plane will lie at an average absolute angle of /4 to the horizontal, hence a mean value 

for the circle in Euclidean distance will translate to a mean value in rectilinear measure 

by multiplying the result by 4/. We can use this observation to extend existing results 

to find: (i) that the mean L1 distance between random points in a circle is M=512R/452; 

and (ii) the mean L1 distance from a fixed point on the boundary to a random point in a 

circle is M=128R/92.  
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If the sample region is a rectangle with side lengths A and B, rather than a circle, the 

result is simple for rectilinear distance, being (A+B)/4 (determined by examination of 

the geometry). For Euclidean distance the problem is much more complex, because the 

integral must be evaluated over three sub-regions ([0,A], [A,B], and [B,(A2+B2)]). The 

simpler case of the square yields the closed form result20: 

 

M= 3826.06/)2)21(ln( =++  

 

This value is only 2% greater than that for a circle, whilst for polygons that more 

closely approximate a circle (e.g. hexagons) the difference will be even smaller. From 

these results we can conclude that in most cases (where region or zone shapes are 

broadly polygonal and not highly elongated or concave) the mean distance to the 

centroid can be estimated by that for a circle of equivalent area. A safe upper bound for 

most zones with unit area would be ½ . 

 

If the fixed point in such problems is not the centroid, but an off-centre location, the 

case of the circle shows that mean distances are significantly affected – by at most 70% 

in this case. A good estimate for the mean value in such cases is 2R/3 + a2/2, where 0  

a  R, i.e. a lies within the circle between the boundary (at R) and the centre (at 0). In 

this case a safe upper bound for most zones with unit area would be ¾.  

 

Crofton’s Theorem can be applied in its more general form to properties, P, of random 

sets in k-space (i.e. properties other than mean values). For example, the mean values M 

and M1 above could have been replaced by other properties, such as distribution 

functions F and F1. However, its mathematical elegance is lessened by the need to solve 

differential equations by means that may be ‘obscure’, and Vaughan21 suggests using it 

only as a last resort. 

 

Crofton’s work was further developed during the first half of the 20th century into the 

disciplines of geometric probability and integral geometry, as for example in Santaló’s 

analyses cited earlier. Recent research has shown that such problems can be approached 

with greater rigor by transforming the problems into ones concerning random sets on an 

appropriate manifold – the study of such sets is termed stochastic geometry 22. Taking 
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the example of a random process of lines in the plane discussed earlier (Section 5.2.7), 

the coordinates were taken in polar form as (w,p). But these coordinates could equally 

well correspond to those of a point on a right circular cylinder of infinite radius. The 

Poisson process on such a cylinder corresponds precisely with Crofton’s Poisson line 

process in the plane – other point processes correspond to alternative line processes. 

 

A simple application of the Poisson line process to transport planning has been made by 

Davidson23, an originator of the study of stochastic geometry. He observed that if one 

were to choose between a rectangular grid pattern of roads and the Poisson line process 

(given a fixed amount of road) then the latter should provide much shorter journey 

lengths on long trips. In fact this observation depends on the orientation of the road 

network with respect to the start and end points of the journey and the journey length – 

in many cases long distance trips will be of similar lengths under both road network 

assumptions.  

 

An extensive body of statistical literature exists, primarily concerned with p(r, s) and 

p(r2, s) the probability distributions of distance (r) and distance squared (r2) between 

pairs of points randomly distributed within a figure s. This figure has generally been 

taken to be a circle (or hypersphere24) or a regular convex polygon.  

 

The distribution p(r, s) where s is a circle has been ‘re-discovered’ by many authors25. 

In its simplest formulation we may write: 

 

2/)2sin2(2)( arrp  −=  where θ = cos-1(r/2a) and a is the circle radius 

 

The z crude moments,  drrpr z )( , are given by: 

 

)2/3()2()2))(2/)3((8)(' zzazr z

z +++= √π 

 

Thus for the mean26 and variance of r we have: 

 

aarEr 9054.045/128)()('1 ==    (as shown earlier) 
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and 
222

2 1802.0)]([)()( arEarVarr −==  

 

The distribution, p(r2, s) for a circle is also known and given by: 
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   θ = sin-1(r/2a), a is the circle radius 

 

The z crude moments in this case are: 
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zC  is the combination symbol27;  

 

thus  E(r2) = a2  and  Var(r2) = 2a4/3 

 

This result can be extended to the case of n pairs of points dropped randomly. If we 

write: 

 


=

=
n

i

irD
1

2  where ri is the distance separating the ith pair, then 

 

E(D) =na2  and  Var(D) = 2na4/3 

 

For convex polygons the distributions are more complex because it is necessary to break 

the sample space (the region over which r is defined) into component parts. This is 

illustrated for the case of a rectangle with side lengths a and b, a ≥b. Following Ghosh28 

we have three components (k=4r/a2b2): 

 

p(r) = k(abπ/2 – ar – br + r2/2)    ;0 ≤ r < b 

p(r) = k(absin-1b/r + a√(r2-b2) – ar – b2/2)  ;b ≤ r < a 

p(r) = k(ab(sin-1b/r – cos-1a/r)+ a√(r2-b2)  

+ b√(r2-a2) - (r2+a2+b2)/2)   ;a ≤ r ≤ a2+b2 
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The moments of this distribution are quite complicated, but for the particular case of the 

unit square (a=b=1) we have: 

 

E(r) = 
15

22
2cosh

3

1 1 +
+− ≈ 0.5214  

 

Dacey29 has provided tables of the first four crude and central moments for this 

distribution, for a = 1, b = 0.1(0.1)1.0.  

 

The circle is the most compact figure possible in the plane (boundary/area using 

Euclidean measurement). A square with the same area as a circle has a border that is 

roughly 12.8% longer and a maximum dimension (diagonal) that is 25% greater. Other 

regular polygons with 5+ sides, such as hexagons, will lie between the square and the 

circle. For such figures their average internal random distances will be greater than the 

circle and less than an equivalent square, which itself has an average that is only 2% 

greater than a circle of equivalent area. The variances will differ more markedly: for a 

square, the variance is 7% greater than a circle. 

 

There have also been a number of statistical studies which have examined the average 

distance between two separate (distinct, non-overlapping) regions - either square, 

rectangular (see Ghosh, op. cit.) or circular - with direct or rectilinear distance metric. 

The analysis and distributions involved are complex, but the expected values are 

frequently close to those one would obtain obtained by ignoring the statistical variation 

and using simple centroid-based calculation. For example, from results obtained by 

Bouwkamp30, it can be shown that the average direct distance between random points 

selected within two circles of radius R1 and R2, whose centroids are s units apart is 

approximately: 

 

E(r)  s + (R1
2 + R2

2)/8s + (R1
4 + R2

4 + 3R1
2 R2

2)/192s + … 

 

If R1 = R2= R the first adjustment term reduces to R2/4s so that if R is small in relation 

to s, e.g. R=s/10, the first term becomes s/400 (cf: Figure 5-1 Positional errors). As 

discussed earlier, this result suggests that the distance between well-separated pairs of 
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points whose precise location is unknown (e.g. subject to sampling error and assumed to 

lie anywhere within a small circle of error) is likely to be very close to the true distance. 

If the true error distribution is more heavily weighted towards the true position (e.g. a 

Polar Normal distribution with standard deviation R/2) then the error will be smaller 

still.  

 

On the other hand, if we have s=2R (i.e. the two circles are touching), then the 

adjustment term achieves its maximum value, R/8 or s/16 (i.e. 12.5%). Likewise, with 

two adjacent (horizontally aligned) squares, with R now the side-length, E(r)  1.088R 

(i.e. under 9%). These cases are more akin to trip distribution analysis based on zones. 

As a first estimate, the area of adjacent zones could be computed and inter-zone trip 

length estimates adjusted upwards by a factor obtained by comparing the areas and 

shapes with the results applying to circular or rectangular regions. Within-region trip 

lengths can then be computed using the results provided earlier and the results weighted 

by the expected volume of trips of each type to produce an adjusted estimate for total 

travel. If there are a large number of regions, the statistical variation in lengths as a 

contribution to the totals is likely to be small and can generally be omitted. 

 

The principal mean value results reported and derived in these two sections can be 

summarised in table format (Table 6-1). The results also may be compared with those in 

Table 6-3, below and the related discussion on trip patterns in non-uniform circular 

regions.  

Table 6-1 Selected distance statistics in 1- and 2-dimensions  

Metric Mean value Line, L  Circle, r (r=1) Rectangle a, b (a=b=1)  

L1 All L/3 512/452(1.1528) (a+b)/3 (2/3) 

 Boundarya L/2 128/92 (1.4410) (a+b)/2 (1) 

 Centre L/4 8r/3 (0.8488) (a+b)/4 (1/2) 

 Nearest neighbour L/2 ( /8) 1/2+0.4 

L2 All L/3 128r/45 (0.9054) (0.5214) 

 Boundarya L/2 32r/9 (1.1318) (0.7852) 

 Centre L/4 2r/3 (0.6666) (0.3926) 

 Nearest neighbour L/2 1/2 1/2 

 

a for the line and rectangle, the boundary point is taken to be the origin, 0. Mean values will depend on the 
fixed point selected on the boundary or elsewhere within or outside of the sample region. Divide the circle 

results by  for direct comparison of the values cited with those of the unit square  



Distance Statistics 

212 

6.4 Shape analysis and area measurement 

Taylor31 suggested that if a plane figure was divided into n squares then the m = n(n-

1)/2 distances between the centres of all pairs of squares would provide a description of 

the shape. This description was then interpretable as the set of all possible two-point 

trips within the shape. In order to ensure that the set of such distances is independent of 

square size or positioning we may extend this suggestion by letting the size of the 

squares become arbitrarily small such that n tends to infinity.  

 

In order to find the distribution of distances within the shape under these conditions 

requires sampling pairs of points at random from within the bounded shape (Figure 

6-3). The distribution, p(r, s), of Euclidean distances within the figure, s, can be 

normalised in order to be independent of the size of the figure by dividing sampled 

distance pairs by the largest value sampled, D, or by using the area of the sampled 

region as a divisor. If we let R=r/D, then the distribution p(R, s) where R  [0,1] has 

been found by the present author (by simulation32) to be a unimodal, well-behaved 

distribution for a wide variety of convex and other figures, and can be closely 

approximated by the Beta distribution – a comparison of higher moments using a Beta 

distribution with mean and variance matching the sampled data is provided in Table 

6-2: 

Table 6-2 Beta fit to selected sample shape distributions 

Shape Sample Fitted Beta 

 μ3 μ4 μ3 μ4 

Square 0.1043 0.0622 0.1048 0.0629 
Equilateral triangle 0.1248 0.0805 0.1242 0.0794 
Simple cross shape 0.1225 0.0809 0.1213 0.0787 

 



Distance Statistics 

213 

Figure 6-3 Illustration of the sampling of distances within a bounded figure 
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Whilst these results are encouraging, they provide only a very limited measure of the 

original shape, since it is possible that the set of all paths in different shapes could be 

extremely similar. Furthermore, paths taken as straight line distances falling strictly 

within the figure provide a measure which is not ‘process-related’, so that lines between 

(x2,y2) and (x3,y3) or (x4,y4) in Figure 6-3 are not permitted. The latter may be 

meaningful, of course, if travel patterns (taking into account road networks) or 

telecommunication links, were the subject of analysis. 

 

The distribution p(r,s) provides a measure of the area of convex shapes: let A be any 

continuous convex figure of area, P, in the Euclidean plane bounded by a rectangle, X, 

with sides of length a and b. Let L be the set of all randomly generated lines in X and K 

be the subset of these lines that fall within A, then E(P) = ab√(K/L). From a practical 

standpoint, however, it is simpler and more convenient to use point sampling (the 

proportion of randomly sampled points falling in A) in order to estimate the area of A. 

6.5 Trip distributions 

The fourth direction from which statistical distance distributions have been derived 

arises from trip distribution research, especially the field of road traffic, shopping and 

journey to work patterns and to a lesser extent, marriage distances. Vaughan (cited 

earlier) notes that extensive research into actual journey-to-work trips has shown that 

distances travelled can be described by a Gamma distribution. An explanation for this 

observation may be a combination of the fact that the Gamma distribution can be 
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generated as the sum of independently distributed exponential variables33, together with 

its wide range of (unimodal) forms for selected parameters.  

 

In the field of traffic study a great deal of work has been carried out by the late 

Professor Smeed and his associates34. They consider three types of journey for an 

idealised urban area (uniform and independent distribution of homes and workplaces in 

a circular city): 

 

(i) internal journeys, having origin and destination inside the area under 

consideration 

(ii) cross-cordon journeys, having origin inside and destination outside the area, 

or vice versa (outside the area being defined as lying on the boundary) and 

(iii) through journeys, having origin and destination outside the area (defined as 

being between two points located on the area boundary) 

 

Superimposed on this typology is a routing variable, wherein statistics are derived for 

various types of all-pervasive routing (e.g. direct, via radials or ring roads, and on 

lattices). For lattice routing, including rectilinear road patterns, the routing is defined as 

including only one turn. Calculations of travel intensities per unit area and by type of 

road have also been made by Smeed’s team, optimal road patterns examined, and 

crossing densities calculated. The table below provides a summary of many of their 

results as compiled by Holroyd and reported in Vaughan.  

Table 6-3 Average lengths of random journeys, uniform circular town 

Routing system Internal journey Cross cordon journey Through journey 

Direct 128r/45π = 0.905r 32r/9π = 1.132r 4r/π = 1.273r 

Radial 4a/3 = 1.333r 5r/3 = 1.667r 2r = 2.000r 

External ring 2r/3+ πr/2 = 2.237r r/3+ πr/2 = 1.904r πr/2 = 1.571r 

Internal ring 4r/3-(4- π)ρ/2+4ρ3/3r2 5r/3-(4- π)ρ/2+2ρ3/3r2 2r-(4- π)ρ/2 

Radial-arc 4r/15+4πr/15 = 1.104r r/3+ πr/3 = 1.381r πr/2 = 1.571r 

External ring/radial 4r/3-19r/45π = 1.199r 5r/3-r/π = 1.348r 2r-2r/π = 1.363r 

Internal ring/radial 4r/3-2ρ/π+2ρ3/πr2-19ρ5/45πr4 5r/3-2ρ/π+ρ3/πr2 2r-2ρ/π 

Radial-arc/radial 4r/3-16r/15π = 0.994r 5r/3-4r/3π =1.242r 2r-2r/π = 1.363r 

Rectangular 512r/45π2 = 1.153r 128r/9π2 = 1.441r 16r/π2 = 1.621r 

Triangular 256r√3/45π2 = 0.998r 64r√3/9π2 = 1.248r 8r√3/π2 = 1.404r 

n-directional 256n.tan(π/2n)r/45π2 64n.tan(π/2n)r/9π2 8n.tan(π/2n)r/π2 

Hexagonal 512r/45π2 = 1.153r 128r/9π2 = 1.441r 16r/π2 = 1.621r 

r = radius of town, ρ = radius of internal ring road 
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Vaughan, in Chapter 5 of his book, provides a very thorough and clear presentation of 

many of the results produced and alternative methods of arriving at these formulae.  

 

In connection with research into sound wave propagation, Horowitz35 examined 

problems similar to the ‘through journey’ direct routing case above, but for a wider 

range of figures, including rectangles. As with the results of Ghosh (op. cit.), the 

distribution function and moments are quite complex, with the closed form mean value 

for a square with side length, S, being similar to that for internal journeys: 

 

M= SS 7098.0/)21)21ln(3( =−++   

 

This result is derived from a ‘radiation’ model, whereby a random point on one side of 

the square is selected and a random direction taken, noting the length of the path as it 

crosses one of the other sides. Somewhat surprisingly, this value is slightly less than the 

length of a random chord (generated in a similar manner) for a circle, radius R, of 

equivalent area - in this case, M=4R/, thus for a circle of unit area, M=4/3/2. Other 

propagation models over the square and circle are equally valid but may yield different 

mean values36. For example, if a point is selected from any side of a square at random 

and a second point is selected from any other side at random, the mean path length 

differs from that above and experimental evidence derived by the present author 

suggests that M 0.8690S 

 

Yet another result (M=S/4) is obtained if one consider the average lengths of paths 

created when random lines intersect a square, and M=D/4 for the same process when 

applied to circular regions37 of diameter D. These observations provide theoretical 

models against which field observations and simulations may be measured, but also 

focus attention on the need for simulations to be constructed with great care to ensure 

that they represent the behaviour being modelled as closely as possible. 

 

The results in Table 6-3 can be used to calculate the efficiency of alternative road 

networking designs based on the assumptions stated earlier. Taking a unit radius town, 

with an optional internal ring road half way to the town perimeter, we find that direct 

and multi-directional (3+) routing methods are the most efficient (Table 6-4), and that 
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routes based on grid patterns and ring roads (internal or external) are substantially less 

efficient (cf. Davidson’s observation that randomly oriented routes are shorter/faster 

than grid patterns).  

Table 6-4 Values for average lengths of random journeys, uniform circular town 

Routing system Internal journey Cross cordon journey Through journey 

Direct 1.000 1.000 1.000 

Radial 1.473 1.473 1.571 

External ring 2.472 1.682 1.234 

Internal ring 1.420 1.356 1.403 

Radial-arc 1.220 1.220 1.234 

External ring/radial 1.325 1.191 1.068 

Internal ring/radial 1.205 1.226 1.321 

Radial-arc/radial 1.098 1.097 1.071 

Rectangular 1.274 1.273 1.273 

Triangular 1.103 1.102 1.103 

N-directional (n=6) 1.024 1.023 1.024 

Hexagonal 1.274 1.273 1.273 

 

The values in the table above have been normalised by dividing each by the journey 

direct route value (e.g. 0.905 for column 1), thus the figures provide a ‘route factor’ 

similar to the parameter a discussed earlier (Section 4.2.4). Vaughan provides an 

analysis of route factors from a large sample of cities in the world and concludes that for 

many a route factor of 1.27 (roughly 4/π) applies. He also confirms that as n →  in the 

n-directional model the normalised distance tends to 1, as expected. The great advantage 

of such theoretical models is that they facilitate continuous-space analysis and enable 

design of traffic systems to be undertaken in cases that might otherwise be impossible 

or impractical using discrete network- or lattice-based approaches. 

 

The models above assume uniformity in the probability distribution of point pairs (for 

example, homes and workplaces). However, there are many instances where this is 

known not to be the case. Vaughan38 examines the fit of various models which are more 

complex than Smeed’s but which have three characteristics: improved fit to real data, 

low number of parameters, and mathematical tractability. A simple, but very restricted 

example, is to consider average trip lengths from homes located in a circular city to the 

city centre, where the central region is a circle of radius R1, and homes are assumed to 

be uniformly distributed in an annular region from R1 to R2. In this case the mean 

distance to the city centre region is 2(R12+R1R2+R22)/3(R1+R2), which reduces to 

2R/3 if R1=0, as shown in the previous Section. Following a review of Exponential, 

Power, Normal and Gamma models Vaughan concludes that the quadri-Normal 
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distribution is the most powerful option39, but even this did not fit the data as well as 

one would wish and is at the limits of analytic complexity.  

 

Variation of the density of trip ends as a simple inverse distance rule from the city 

centre in a circular town has been considered by Smeed. He found the average length of 

internal trips in a unit radius town to be 0.725, i.e. lower than in a uniform model, as 

would be expected.  

 

Taking a more general approach to this problem we might consider a city of circular, or 

part circular form, in which the population density, dx (or appropriate variable) varies 

with distance, x, from the city centre. We may then look at the distribution of trip 

distances generated in this town where the probability of commencing and terminating 

trips is proportional to the density distribution. Experimental evidence shows that for 

many cities an inverse power expression of the form: 

 

dx = ab-x where a and b are parameters with a>0, b>0 

 

provides a useful density model. Setting a = ln(b) we can convert this expression into a 

probability model: 

 

p(x) = ln(b). b-x 

 

Now, if we let λ = ln(b) then p(x) = λ b-x and since b-x = e-ln(b).x we have 

 

p(x) = λ e-λ x  

 

which has a mean value (e.g. the mean distance from a home to the city centre) of 1/ λ . 

Let the probability that a point sampled lies in the direction θ from an arbitrary fixed 

line be defined by: 

 

q(θ) = 1/Ω where 0 θ Ω , and  0 < Ω  2π 
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then any pair, (xi,θi), represent polar coordinates of a random point in the city sampled 

from p(x) and q(θ). Because the distribution of θ is independent of x it is possible to 

combine the two and determine the mean and variance for the variable, r2, where   

 

r2 = x1
2 + x2

2 –2x1x2cos|θ1- θ2| 

 

and xi, θi are polar coordinates of sampled points in the plane. This shows that for a 

circular city40: 

 

E(r2) = 4/λ2   and Var(r2) = 48/λ4 

 

i.e. E(r2) = 4 if λ=1, whilst for a semi-circle E(r2)  3.2. For partially circular cities with 

central angle between a semi-circle and full circle, some routes (those in which |θ1- θ2| 

> π) will be indirect (via the centre). 

 

The probability distribution, p(r), and moments of distances in this model are not 

readily derived analytically but can be obtained by simulation. This shows that the most 

frequent journeys are short trips in and around the city centre. For example, suppose 

that a city has 80% of its population living within 1 mile of the city centre and 20% 

further away. Then 64% of random journeys will between points in the centre and since 

the average length of such trips is roughly 0.9m (in a uniform road system) most 

journeys in the city as a whole will be short. Of course, in real cities, journeys are not 

between random points/people, but more usually between a (random) point/person and a 

facility (e.g. the shops and offices in the city centre). In this case radial distances may be 

more appropriate and actual travel patterns will simply be a direct reflection of the 

population distribution (density as a function of distance from the city centre). 

 

For a convex subset of a circular city, direct routes remain possible and expressions for 

the mean and variance of r2 can be obtained. More generally, cities, regions, islands etc. 

are not symmetric and paths for travel (as opposed to flights or telecommunications 

links) must take into account the land variations, obstacles and the physical 

infrastructure available. One approach to the latter issue is to use an alternative metric 

or rule, such as  
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r = d(x, y)  where x and y are sampled coordinates and d represents  

the adopted rule. 

 

For circular cities this approach has been discussed extensively by Holroyd, Smeed and 

others (op. cit.). Extension of their theoretical work to other shapes has been limited. 

One measure appropriate to some cities is the Manhattan metric described earlier (i.e. 

L1). In this case 

 

r = |x1 – x2| + |y1 – y2| 

 

If random trips take place in a rectangular city of sides (a,b) with this metric, each 

distance component (x and y) can be regarded as independent, and each would be 

uniformly distributed. The absolute value of the difference between two uniform 

distributions is a triangular distribution41 with means and variances that may be added, 

giving 

 

E(r) = (a + b)/3  and Var(r) = (a2 + b2)/18 

 

which corresponds to Crofton’s result for random points along a line of length, L, cited 

earlier (Section 6.3 and Table 6-1). 

 

Other examples of research into non-uniform models include: marriage distances – for 

example, in a study in Finistere, northern France42, found that the assumption of a 

uniform distribution was inappropriate – in this case the authors suggested that a more 

complex probability surface would be more satisfactory; nearest-neighbour statistics - 

Eberhardt43 and Dacey44 have considered nearest neighbour relations in point patterns in 

the non-uniform unbounded plane; and cluster modelling - there is an enormous body of 

literature dealing with ‘contagious and ‘more uniform than random’ distributions, with 

both analytic and computational methods widely studied.  

6.6 Summary 

This Chapter has focused on deriving, collating and developing analytic solutions to 

spatial statistical problems in bounded regions using a variety of (relatively simple) 
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metrics. Within epidemiological and trip distribution research there is an argument for 

augmenting and/or replacing analytical models such as those described above with 

computerised simulations which may incorporate quite complex assumptions. For 

example, in traffic studies, assumptions which take into account: the actual shape of the 

city, the distributions of homes and workplaces, a variety of routing systems and arterial 

effects, trip chaining, feedback effects, known development plans etc. Analytic models 

can then provide test cases for a subset of such simulations, e.g. for calibration 

purposes.  

 

However, the predictive power of all these approaches, including simulation, must be 

treated with caution. Blumenfeld45 highlighted many of the key issues in the early days 

of traffic simulation: possible changes in travel behaviour over time; the impact of 

travel on land use; within sampled/simulated time-slot variance; omission of intra-zone 

traffic (and problems of zone definition and usage noted earlier); changes in the 

underlying trip distribution, e.g. as a result of changes in the home/workplace 

distributions (independent of and/or caused by, infrastructure changes); simplifications 

in the modelling of transport systems (roads, multi-modal journeys) especially when 

considering future services which are currently non-existent; and simplification of cost 

models (e.g. tariffs for fuel, parking, differential tariffs for various modes of transport, 

over time). As computers and software systems have become more powerful, some of 

these factors can be minimised and/or explicitly incorporated into sophisticated choice 

models and decision-support systems models, but many uncertainties will always 

remain. 
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7 Paths and Surfaces 

In preceding Sections we have considered the problems of defining distance, measuring 

length, utilising distance statistics and finding optimal locations. Much of this review 

and analysis has focused on results in Euclidean space, notably the 2-dimensional 

plane, even in those cases where the metric used is not based on the Cartesian formula.  

 

This Chapter (and associated Annexes 2 and 3) examines more generalised metrics and 

surfaces; in particular we focus on optimal paths and their applicability to spatial 

analysis. We provide the theoretical and practical foundations for the most difficult 

class of problems we consider – these relate to the determination of optimal paths 

across real landscapes taking into account variable generalised costs and constraints 

on permissible paths. In addition to explicit (analytic) solutions for selected variable 

cost surface problems, new techniques for solving the more general problems are 

presented. The first of these techniques builds upon the image processing algorithms 

known as Distance Transforms, whilst the second builds upon existing work in the field 

of kinodynamics (the study of moving robotic devices). The robotics algorithm RRT is 

coupled with variational methods of optimisation to provide the basis for a procedure 

we call VORTAL.  
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7.1 Introduction 

The primary concern in this Section is with continuous metric spaces and with the 

location of paths on smooth surfaces (2-dimensional manifolds1) rather than routes 

through lattices or networks. Although numerical solutions to continuous space 

problems often involve the use of lattice-like structures or triangulation of the solution 

space, these follow rather than precede the definition and analysis of the problem2. 

 

The geographic background to optimal path location has two main origins. The first lies 

in the work of economic and transport geographers3 who have examined ‘the law of 

(optical) refraction’ in some detail. The second derives from a more detailed 

consideration of the nature of continuous geographic space. We examine these two 

approaches in the following Section before tackling the more general problem of 

optimal paths across variable surfaces and non-uniform (generalised) cost fields. The 

general problem we would ideally like to be able to solve is:  

 

given a variable physical surface, containing existing natural and man made 

structures, and given variations in the generalised cost over a sample region, 

which path(s) offer the least cost between arbitrary points and satisfy one or 

more constraints? 

 

In this connection, generalised cost fields are assumed to be definable, and initially they 

are taken as scalar rather than vector in form. The term constraints is taken to include 

any factor that acts as a constraint on possible solution paths, including for example, 

obstacles, gradient, curvature, number of direction changes, total cost, number of 

intersections, permissible solution space, proximity requirements etc. 

7.2 Refraction models 

The first area, the so-called law of refraction, states that the optimum path (least cost, 

least time) between two points in adjacent regions of differing ‘costs’ will be refracted 

at the boundary of the two regions in a similar manner to the refraction of light. The 

argument which leads to this conclusion takes an objective function, z, to be minimised, 

as: 
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z = f1d(A,E) + f2d(E,B) 

 

where f1 and f2 are cost functions applying in zones 1 and 2, and the path to be 

optimised in that between A and B via E (Figure 7-1). 

Figure 7-1 The law of refraction (after Lösch4) 
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Differentiating and equating to zero, we have: 
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which determines the site for point E, the point of refraction, if such a point exists. If 

f1=f2 then the angles α and β will be the same, and the line will be straight. If f1>>f2 

then sin α will tend to 0 indicating that the refraction will pull any path to the normal at 

the point of incidence in such cases.  

 

Re-arranging the above expression we have: 
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From this formula, if α = 30, f1 = 1 and f2 = 2, then β 15, i.e. given an approach path 

to a region of higher cost, the path direction will be refracted towards the normal at the 

point of incidence. Furthermore, if we set α = 90 then sin α = 1 and we have 

 

2

1sin
f

f
=  

 

Thus for each ratio of costs there is some angle of approach to the boundary, β, whereby 

the path will not be refracted into the second zone at all, but will run along the boundary 

edge and may subsequently be refracted back upon itself (or in theory, reflected).  

 

Beckman (op. cit.) and Werner5 have extended these simple results to include: 

 

(i) quite general flows rather than just simple flows and/or construction costs 

(ii) multiple regions and continuous variations in costs and flows, and 

(iii) networks of paths and alternative network topologies 

 

Cases (ii) and (iii) are discussed and developed later in this Chapter. More recently 

Hyman and Mayhew6 have examined the impact of fast routes, such as urban ring roads, 

on travel patterns using refractive models. 

 

If an optimal path is sought which must cross a surface of varying ‘cost’ then a whole 

series of refractions will occur – these are ‘local’ being defined solely by the precise 

path being taken across the surface. If the regions are arbitrarily narrow the variation in 

cost will become increasingly smooth and approximates a continuously varying 

function across which optimal paths will appear as smooth curves over sections of the 

route (Figure 7-2). Such paths remain consistent with the behaviour of refracting light in 

media whose refractive index may vary from point to point7. 
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Figure 7-2 Multiple refractions of paths in varying cost regions 
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Side effects of these observations are that any path which is orthogonal to a change in 

the cost surface will not be refracted, and that a very narrow but high cost element in an 

otherwise uniform cost surface will also have little or no effect on the path, even if the 

path approach is not orthogonal – in fact, if it is not orthogonal it will distort an 

otherwise smooth path with two brief, sharp ‘kinks’, a pattern familiar from that of 

minor roads crossing railways or motorways. 

 

Furthermore, the refraction model assumes that boundaries are well-defined, well-

behaved, and ‘correctly’ represented which has been shown by fractal studies and 

elsewhere not to be the case (although they may appear so when represented in a GIS 

system). Indeed, with polyline representation of the boundaries of discrete cost regions 

diffraction occurs at every vertex8. Some of these problems may be reduced by 

artificially smoothing the boundaries between cost zones using area techniques similar 

to those used in the measurement methods discussed earlier (e.g. see Figure 7-3), but in 

general alternative models are required in order to avoid such local issues. 
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Figure 7-3 Application of a smoothing region to refractive boundaries 
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Local and global (long range) path optimisation issues highlight inadequacies in models 

based on refractive or similar concepts. Figure 7-4 illustrates some of these points with 

a simple example. Paths BA and BA show direct routes ignoring freight rates. Paths 

BA, BA and BA show conventionally derived freight rate adjusted routes, none of 

which reach their target and two of which are deflected into high cost path directions. 

The optimal solutions are paths that exploit the narrowness of the region around C, i.e. 

depend upon the width of the high cost zone rather than any simple refractive model.  

 

Methods that explore the solution space and/or pre-scan it are more likely to find 

optimal or near optimal solutions than methods based solely on optical analogues. 

Methods which exhaustively explore the solution space, or are capable of exhaustive 

exploration when taken to the limit, can be expected to provide improved solutions but 

at a possible cost penalty in terms of computational requirements. 
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Figure 7-4 Example errors in path location using refraction methods 
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7.3 Continuous space models 

The second main area of research into optimal path location, as noted above, derives 

from the works of Warntz9, Tobler10 and Isard11. All three authors have investigated 

features of continuous non-uniform geographic space. Warntz in particular considered 

the problem of choosing optimal flight paths across large sections of the Earth, such as 

the USA and North Atlantic. In connection with this research he postulated that we 

may: 

 

“.. imagine a portion of the physical surface of the Earth as transformed into 

a time surface or a cost surface, with optimum paths regarded as geodesics 

on their appropriate surfaces… these time geodesics or cost geodesics, 

although generally not straight paths over the Earth’s physical surface, are 

nevertheless straight with respect to the surfaces on which they lie.” 

 

Angel and Hyman12 uphold this postulate for the case of a Euclidean plane surface and a 

particular class of transport ‘costs’, those represented by radially symmetric cost fields13 

(cf. previous Chapters). Their work has been extended by Williams and Ortuzar-Salas14 

who have investigated optimal ring road siting in radially symmetric fields. 

 

Warntz’ results are derived largely from light-ray analogies – refraction and wave front 

progression are key tools in his analysis of path problems. An important feature of this 

approach is that the destination point is not an explicit variable in the problem – the 

only way to reach the destination is to start at the origin, head off in several directions 
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and apply rules governing the direction that the path takes as one progresses. Essentially 

this is an initial value approach, since the path is determined by the start point and 

initial direction. Rules which have been used to govern the progress of path direction 

include: the law of refraction (described earlier); Huygens’ light wave-front 

construction15; Werner’s log cosine rule16 (a version of Snell’s Law of refraction); the 

optimum curvature principle (log directional derivative17 of the cost function devised by 

Howard et. al.18); and Beckman’s19 result on the curvature of a single trunk in a traffic 

flow (vector) field.  

 

More recent studies have focused on Warntz’ ideas of an accumulated cost surface 

(ACS), whereby the cost of some variable (e.g. land costs) is calculated in all directions 

around a given initial point. This process is continued outwards from each point, 

resulting in a set of locations that are at an equal cost distance from the origin. Through 

these locations lines of equal cost (isolines) can be drawn, and from the origin, lines 

(which are cost geodesics) may be constructed which cross the isolines at right angles. 

Representing this model using a square lattice it becomes well-suited to implementation 

within modern GIS frameworks – indeed, ACS is now widely available in commercial 

GIS packages20.  

 

The GIS versions of this method involves a two-stage process21: in the first stage an 

ACS must be created from the target or destination point spreading out to all possible 

source or start points; the second stage then involves construction of the path from the 

source to the destination across this cost surface (typically applying a steepest descent 

rule). This technique is illustrated below using the example given above which 

highlighted problems with the refraction approach: 
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Figure 7-5 Cost surface, accumulated cost surface and solution paths 

  

A. Cost surface B. Accumulated cost surface 

 

In this (much simplified) model the freight rates have been taken as f1=1 and f2=2, and 

during ACS construction only rook’s-move accumulations have been used. As can be 

seen, the ACS method finds a good approximation to the least cost path for BA, and a 

reasonable approximation for B′A. This is because it is a long-range solution, being a 

two-stage initial value method commencing from the destination and building a 

geodesic map outwards. It is effectively a systematic exploration process; this contrasts 

with methods that are single-stage local solution methods, i.e. those, such as refraction, 

that rely on discovering the path as it proceeds across the surface. In this particular 

example there are many different paths of identical overall cost, but all of the 

alternatives from the two start points exploit routes that seek out the narrowest band of 

higher freight costs. 

 

It is reasonable to ask whether the ACS method is intrinsically symmetric22 and whether 

the spreading process can take place simultaneously from sources and destinations. The 

figures below (Figure 7-6 A and B) examine these questions using the same diagram as 

before. The first observation to be made is that the solution path found in both cases is 

different from that shown in the previous ACS construction. This is a result of the grid 

resolution and ACS construction rules applied – commencing from B′ does alter the 

path, in this case to a route closer to the free-space cost optimum, although the overall 

cost is unchanged. In general both grid resolution and the rook’s move or queen’s move 

construction and path selection (or ‘drainage’) processes will affect ACS performance. 

The second observation is that simultaneous spreading from both ends will require a 
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subsequent search process for the optimal route, since there are multiple initial possible 

directions from B′ to A, and each needs to be explored before an optimal route (which 

may not be unique) is found.  

Figure 7-6 Accumulated cost surface – alternative constructions 
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A. Reverse path construction B. Dual-point spreading 

 

Warntz, Lindgren23 and Douglas24 state that the solution path is a path of steepest 

descent across an ACS. However, if more than one path has an equivalent accumulated 

cost, there is a strong argument for choosing a path that also satisfies other criteria, such 

as one that avoids steep (physical) gradients or complex/erratic path shapes. 

Furthermore, the steepest descent rule can result in incorrect path selection (similar to 

that noted earlier, as shown in Figure 5-21, for Distance Transform solutions). In the 

example shown in Figure 7-7 we use the local Euclidean metric (1,2) but similar 

results would be observed with other chamfer metrics. The yellow squares in the first 

two diagrams show the start (1,2) and end (5,2) points of the route. In this example the 

cost surface includes a number of high values that are included to force the path in one 

of two directions. The ACS has been generated by the Euclidean chamfer for distance 

and the commonly used procedure of allocating 50% of the costs to each cell pair, i.e. if 

the path goes from a cell of value 1 to one of 5, the allocated cost is 1/2 + 5/2 = 3 for a 

vertical or horizontal step and 2 times these values for a diagonal step. The steepest 

descent path from the start is a fall to (2,2) of 7.742, but the least cost path should be via 

(1,3), a fall of 6.5. This result is an artefact, being a function of the lattice resolution and 

path construction process. 
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The problem can be reduced significantly if the steepest descent process is computed to 

cell borders rather than centres – in the above example, the cell border value from the 

start over the least cost path is 7.6815 as compared with 9.5 for the apparent steepest 

path. Alternatively the fall in costs between cells must be compared with the fall in 

overall path cost, which requires repeated computations or use of additional stored 

values. How common such errors occur is difficult to determine without detailed 

information on the implementation of ACS algorithms in specific software products, but 

there is clearly scope for problems of this kind to occur. 

Figure 7-7 ACS and steepest descent 

 

 

The ACS approach is typically a “1-N” query method, i.e. it provides solutions to 

multiple questions or ‘queries’ at the same time, specifically “how do I get to the 1 

target point from any of N starting points”. There are several types of such queries, 

including 1-1, 1-N, m-N, N-1 and N-N, where m, N may be a subset of all possible 

points in the solution space. The main advantage of the ACS method is its optimal or 

near optimal behaviour in many cases, subject to the limitations of the underlying grid-

based symmetric cost model and associated metrics. Its main disadvantages are: (i) it 

may require a large number of possible paths to be calculated for a single destination 

point (e.g. a route across a 10km x 10km grid with a 10meter target accuracy could 
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require a million initial calculations); (ii) it does not explicitly incorporate the landscape 

as a variable – this must be addressed indirectly, e.g. as a ‘slope cost’, which may not be 

a valid assumption; (iii) because it is a multi-stage process it is not suitable for real-time 

or exploratory problems; and (iv) it is not suitable in its standard form for multiple point 

connectivity (N-N) and intermediate connectivity (i.e. ‘floating point’) problems. 

However, despite these limitations it is of considerable value, and provides the basis for 

a set of procedures we develop below (Section 7.4.3) using “Distance Transforms”. 

7.4 Shortest paths on smooth surfaces 

The previous Section describes techniques that have been applied, with varying degrees 

of success, to cost functions over a smooth plane. What paths apply if the surface is not 

a perfectly flat surface? The mathematical literature has only considered shortest paths 

on very regular, well-behaved smooth surfaces, such as a plane, a sphere and a cone. 

Despite the development of differential geometry as a major subject in its own right, 

analytical solutions for more general surfaces have not been widely pursued. For 

example, the boundary value question “what is the shortest distance between two 

arbitrarily selected points on a polynomial surface, f(x,y)?” has been the subject of only 

limited study. General methods for solving such problems, even for analytic surfaces, 

are not readily available. 

 

Geodesics on smooth surfaces satisfy the condition that their principal normal (a vector) 

coincides with the normal of the surface that they traverse25. For a sphere this means 

that great circles are the only geodesics, since only for these curves does the path 

normal correspond to the surface normal. For elliptic paraboloids (discussed further 

below) a substantial amount of research exists26 from which a useful theorem 

concerning geodesics has been produced. This is known as Joachimstal’s Theorem27, 

and its value in the present analysis is purely as a means of verifying the accuracy of 

numerical solutions to the elliptic paraboloid problem. For most other (non-

developable) surfaces such additional results are not available. 

 

For surfaces of revolution (radially symmetric surfaces) where a function such as z = 

f(x) in the plane y=0 is rotated about the z-axis, some results have been obtained. In this 

case the surface can be parameterised by the polar equations:  
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x = ucosv, y = usinv, z = f(u) 

 

In some cases geodesics on such surfaces can be found by analytic means and in all 

cases a first integral of the differential equations for the geodesics can be obtained28.  

 

For polynomial surfaces the problem is far more difficult. Since the elliptic paraboloid 

represents one of the simplest examples of a surface without excessive symmetry, 

attention is now given to the question of finding geodesics on this surface, as a guide to 

generalisation of the findings to more complex surfaces. This kind of surface is 

produced when fitting a second order equation to sampled data. Thus an elliptic 

paraboloid is a hill- or valley-like form, which has elliptical contours and parabolic 

transects. Its equation is of the form: 
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z +=    where a and b are constants.  

 

The parametric equations are  

 

x = aucosv, y = businv, z = u2 

 

In order to traverse a path of the shortest possible length between two points, A and B, 

on such a surface, one must minimise the expression: 
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where ds is the expression for incremental distance on this surface (cf. Table 4-1 

Sample metrics) and F(u,u’,v) is this expression viewed as some function of the 

parametric components u, v and du/dv. The objective is to find the geodesic curve, u(v), 

which minimises this (Functional) expression. Incremental distance, ds, is defined in 

Cartesian coordinates using the Riemannian metric: 
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ds2 = g11dx2 + g12dxdy + g21dydx +g22dy2 

 

where: g11=1 + fx2, g22 = 1+fy
2 and g12=g21=fxfy 

 

thus:  ds2 = (1+4x2/a4)dx2 +(8xy/a2b2)dxdy +(1+4y2/b4)dy2 

 

In this case, as for many surfaces, a differential equation for the geodesic can be derived 

but it is not amenable to analytic solution and numerical methods must therefore be 

used. 

 

Minimisation of z can be achieved by a number of numerical techniques, which fall into 

four broad classes: 

 

(i) minimisation of the integral as it stands 

(ii) minimisation of the integral by solution of the associated differential 

equation known as Euler’s equation 

(iii) minimisation (in certain cases) by appeal to special properties of the surface 

under consideration 

(iv) minimisation by computational (exploratory) methods 

 

Each of these cases is examined in the Sections below.  

 

Geographic data, whether topographical or generalised cost data, is rarely if ever 

provided or strictly representable as a convenient surface or curve equation. Typically 

the information is available on a sampled point set, grid or area (choropleth or 

dasymetric) basis and in order to apply continuous space models and methods, this data 

has to be used to generate a suitable continuous and possibly smooth surface. Likewise, 

paths that are effectively poly-lines due to their method of capture, creation or storage, 

appear as angular polygons rather than smooth curves. 

 

One of the most useful groups of approximating function for the generation of smooth 

curves and surfaces purpose is the cubic spline29 family. These have the properties of: 

 

(a) being the smoothest possible functions of their type 
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(b) exactly passing through sampled points, and 

(c) being twice differentiable (in both directions in the case of surfaces)  

 

If necessary bi-cubic spline surfaces can be fitted to irregular lattices, such as a lattice 

generated from key points of a landscape (e.g. “peaks, pits, pales and passes” 30). A bi-

cubic spline surface is essentially a surface created by fitting a series of cubic curves to 

each pair of points on the grid, such that each curve smoothly joins onto the next pair of 

points (originally splines were very thin pieces of wood, made to pass through a set of 

pin-like gates in order to match difficult contours, e.g. car door profiles, aircraft wings).  

 

The use of cubic and bi-cubic splines has been tested by the author using simple cost 

functions defined over the plane, such as f(x,y) = ay+b and f(x,y) = a/y, with a range of 

origin and destination points. The analytical solutions (see further, Annex 2) were 

compared with (a) those obtained using finite difference methods; and (b) bi-cubic 

spline approximation followed by finite difference methods, and the results for the two 

methods were almost identical. In a similar manner, the path through sets of solution 

points may be represented by cubic splines or combinations of circular and linear 

segments, or more complex curves such as hyperbolic cosines. These provide smooth 

solution paths where required and can be constructed in accordance with pre-specified 

curvature conditions. 

7.4.1 Direct minimisation of the integral 

Essentially the main techniques here are: 

 

(a) Greenspan’s approach31 replaces z by an n-step approximation, Jn, where: 
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with boundary conditions u0=u(v0) and un=u(vn), where (u0,v0) and (un,vn) are the end 

points of the geodesic. The equation can then be minimised by partial differentiation 

and equating the result to 0 for i=1 to i=n. This gives a system of n non-linear equations 

in n-1 unknowns which may be solved by an extension of Newton-Raphson32 iterative 

methods.  
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(b) Rayleigh-Ritz methods33, whereby the geodesic u(v) is assumed to have a particular 

form, e.g. a simple cubic, and this expression is substituted in the functional which is 

then integrated. The unknown constants are then found by performing partial 

differentiations, equating these to 0, and solving the equations as in (a) 

 

Both of these methods were examined for the elliptic and hyperbolic paraboloid cases. 

Case i(a) was successfully applied but was found to be enormously complex 

algebraically and very computer intensive once the equations were derived and coded. 

Case i(b) was rejected as impractical34, in preference for method (ii)b, below. 

7.4.2 Minimisation by solution of Euler’s equation 

Euler’s equation may be written as35: 
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This is a second-order non-linear differential equation and hence, in general, both 

analytically intractable and in some instances difficult to solve using numerical 

methods36. The main numerical methods for its solution include: 

 

(a) finite difference methods37 

(b) shooting methods38, and 

(c) Chebychev methods39 

 

Methods (a) and (c) require linearisation of the equation before its solution whilst 

method (b) does not but is an initial value rather than a boundary value technique. A 

variant of (b) which approximates a boundary value approach is to generate initial value 

solutions from either end of the solution space and attempt to match the paths at some 

intermediate point. Developments of this approach are explored in Section 7.5.1 and 

Chapter 8. 

 

In the various methods of this case (ii), one is starting with a differential equation of the 

form: 
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y(x) = f(x, y, y) 

 

In (a) the differential terms y and y are replaced by central difference approximations 

and the resulting set of equations solved (with or without linearisation).  

 

Method (b) takes the equation 

 

y(x) = f(x, y, y) 

 

as the starting point once more, but substitutes z = y to produce a pair of first order 

equations: 

 

y = z 

z = f(x, y, z) 

 

These equations may then be integrated with respect to x, over the interval xo to x1, 

giving: 
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where y0 = y(x0) and z0=y(x0). Since y0 is given but z0 is unknown, a series of guesses 

can be made for z0 and the progress of the geodesic paths so generated can be plotted. 

This produces a geodesic map from which interpolation40 may be used to correctly 

select z0 and hence determine the true path to the destination point. However, such 

methods do not ensure that globally least cost paths are found (i.e. the infimum 

requirement is not necessarily met). A successful development of this approach has 

been made by Kimmel, Amir and Bruckstein41 in order to determine minimal length 

paths between regions on a variable surface whose heights are defined across a square 

grid. They utilise Huygens’ (wave-front propagation) principle (also known as the 

entropy condition) to handle singularities that occur, i.e. specifying that once any point 

is reached by the wave front it is not re-examined and the front proceeds. This is also 
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described in terms of a prairie fire or burning flame analogy (which we utilise later in 

this study) whereby once a particle (point) is burnt it cannot be reignited. 

 

Method (b) can be extended to include gradient and curvature constraints by the 

inclusion of additional equations. The path gradient, g = fxdx/ds + fydy/ds and the 

constraint g<N% where N is a design target, could be incorporated in some solution 

methods. Likewise curvature, which is a more complex second order differential 

expression, could also be introduced in a similar manner. In practice such models are 

very difficult to construct and the likelihood of achieving a solution using this approach 

with more general and complex surfaces is small. 

 

Method (c) was also tested and found to be fast and accurate, but relatively complex to 

implement for general-purpose use. Essentially this method is similar to the Raleigh-

Ritz method, with the unknown geodesic being approximated by a polynomial of 

minimal variation (a Chebychev polynomial42), whose coefficients must be found by 

solving a series of equations. Further discussion of power series solutions applied to the 

related problem of least cost paths is included in Annex 2 - Geodesics on cost surfaces. 

 

The main problem with all of these methods is the difficulty of extending them to more 

complex and/or real world surfaces and incorporating constraints. Their principal 

attraction lies in the possibility of finding very accurate approximations to path 

locations and length in special, well-defined cases. These may then be used to check and 

calibrate alternative procedures, such as those based on alternative computational 

algorithms. 

7.4.3 Lattice-based methods 

With the availability of very high-speed computers it has become possible to consider 

radically different approaches to solving such equations. For example, the surface in 

question could be approximated by a triangular, square or even hexagonal lattice, and 

shortest paths computed between lattice points using the full range of network and 

related algorithms available, as discussed briefly in Section 5.2.8.  
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7.4.3.1 Topographic variations 

The use of chamfer metrics and distance transform models on square lattices using 8+1 

(i.e. 9=32) cells can be extended to a three-dimensional model, in this case using 26+1 

cells (i.e. 27 = 6 faces, 8 corners, 12 edges + 1 = 33 cells) in order to allow for all 

possible directions. A 3-D or 2.5-D digitised (lattice) surface can be viewed as a 3-D 

graph, with arcs connecting each point to its immediate neighbours such that the arcs 

are weighted by a local distance estimate based on three weights (for faces, corners and 

edges). In this case the optimum local weightings are no longer unique but depend upon 

the model assumptions one makes – however, in a range of test surfaces, with and 

without obstacles, Kiryati and Szekely43 found that solution paths were similar with 

weights of (0.9016,1.289,1.615) and (0.8940,1.3409,1.5879). These tests were 

conducted on relatively simple surfaces with a maximum resolution of 128 pixels in any 

one dimension, and the authors recognise that the solution method is almost certainly 

subject to problems of local minima and possible substantial path location changes with 

small changes in the modelling process.  

 

Since land surfaces are effectively open 2-D manifolds, the need for a 3-D model is 

questionable – in principle a slope-adjusted 2-D model should provide satisfactory 

solutions. Such a model requires computation of the estimated slope distance (i.e. height 

adjusted) for each cell position, and will typically require multiple iterations or passes 

rather than the normal 2-pass algorithm (see Annex 3 – Sample algorithms). An 

example is shown below. In this case the physical surface has been modelled as an 

elliptical hill with steep sides, using an elliptic paraboloid equation (see elliptical 

contours in the diagram) and then a cumulative least distance surface has been 

generated from a 5x5 height-adjusted Borgefors DT. The distance isolines from the left 

centre of the diagram are shown and geodesics may be constructed by plotting paths 

orthogonal to these lines from any point in the sample region to the DT origin or using 

computed or stored path vectors, as illustrated. 
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Figure 7-8 Geodesic path determination by distance transform 

 

 

Real-world landscapes are rarely as simple and unless steep, dome-like structures exist 

the shortest paths will generally be very close to straight line plane transects. Figure 

7-9A shows an relief map of a 400x400 sample 25m Digital Elevation Model (DEM) 

dataset (i.e. a region of 100 square kms) in the Pentland Hills area, just south of 

Edinburgh. The height difference between the valley to the right of the map and the 

highest point on the hills to the left is around 300m, or almost 1000 foot. However, 

isolines emanating from the map centre (200,200) are found to be almost circular, 

indicating that shortest paths on the surface (not least effort paths) are closely 

approximated by straight lines, despite the presence of the hills. This result is explained 

by the fact that much of this landscape actually has relatively gentle slopes (under 20º), 

the height difference is less than 10% of the plane distance from centre to boundary, and 

that the hills are broadly linear rather than deeply cut.  

 

However, if the dataset is treated as a 10m DEM the re-scaling results in some path 

modification, and when treated as a 2.5m DEM the re-scaling results in substantial 

distortion of the isolines as shown in Figure 7-9B. This finding confirms that for most 

real-world landscapes (and GIS systems) a very good approximation to the shortest 

distance across a landscape can be obtained by computing the surface length along a 

transect. 
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Figure 7-9 Relief map and distance isoline distortion in rugged terrain 

  
 

A. Relief map of Pentland Hills sample region:  
    25m DEM dataset 

 
B. Image map and distance isolines:  
    2.5m data model 

 

7.4.3.2 Cost variations 

The solution of shortest path problems across physical surfaces can be generalised, 

much in the manner described in Section 4.2.4.5, to include metrics that allow for 

variations in generalised ‘cost’ (i.e. including time etc.) across the surface of interest. In 

a number of studies of travel time44 F=1/v where v is velocity. The revised (Functional) 

equation may be written, minimise z, where 

 

= Fdsz  and F is the local cost per unit length of path 

  

Several methods for minimising this functional have been sought where F is replaced by 

a lattice of points, with the underlying surface being the Euclidean plane45. Smith, Peng 

and Gahinet46 have described a solution procedure for the special case where the 

physical space is a uniform plane and the cost space is described by triangular regions, 

each of varying but internally uniform costs. Mitchell, Mount and Papadimitriou47 

provide a solution procedure for a polyhedral terrain model with uniform costs. There 

have also been attempts to re-define the ACS method as a graph-theoretic problem48, 

with some success but at the cost of increased complexity and problem size.  
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Goodchild49 has analysed the quality of solutions which involve rectangular lattice 

approximations to the cost function, F, and which permit path segments of the rook’s 

move, queen’s move and queen’s + knight’s move types (Figure 7-10 A and B). He 

observed that: 

 

“Two kinds of error, elongation and deviation, were identified for lattice 

paths on flat cost surfaces. On general [cost] surfaces the presence of 

varying degrees of elongation leads to a lack of convergence between lattice 

and continuous surface solutions. But the ties between the costs of different 

paths, which led to possible deviation error on flat surfaces, tend to be 

resolved on general surfaces.”(p.733) 

 

Figure 7-10 Lattice moves 

 

Knight's moves 

Rook's moves Queen's moves 

 

Continuous space optimum

Equivalent rook's move (Manhattan metric) paths

Equivalent queen's move paths

 

 

These findings show that with fairly flat cost surfaces, optimal paths found by lattice 

methods will normally be longer (more expensive) than continuous space solutions and 

may deviate substantially from the ‘best’ path. Lattice solutions may also require a large 

number of searches and calculations, as noted earlier. Path approximation does not 

necessarily improve as the lattice becomes finer although it will improve where more 

directions are handled, but the number of paths to search grows rapidly. Trietsch50 

recommends the use of a honeycomb (hexagonal) lattice with 12-directional search on 

the grounds that (a) the maximum horizontal alignment error is low, at roughly 3.5%; 

and (b) when constructing highways and rail links the horizontal curvature constraints 

which apply effectively determine the minimum cell size (e.g. at 500metres +); these 

two factors combine to ensure the number of lattice paths to be considered remains 
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manageable. The evidence from our earlier review of chamfer metrics suggests that for 

most purposes use of a hexagonal lattice is not necessary, assuming an appropriate local 

3x3 or 5x5 metric is adopted. Furthermore, in the next Chapter we show that a wide 

range of path-finding and location problems can be addressed using variants of the 

Distance Transform procedure. 

 

As noted earlier, Goodchild also considered refraction and related optical analogies 

(diffraction, reflection) as approaches to the solution of least-cost path location 

problems. He discusses several limitations of simple refractive approaches, notably the 

problem of reaching a low cost region hidden ‘behind’ a localised high cost zone and 

the problem of path diffraction at vertices. He observes that the optimal path should 

diffract around the edge of the high cost zone since refraction will necessarily lead to a 

sub-optimal solution – this is essentially the same situation as encountering an obstacle, 

with paths diffracting around its edges as illustrated in Figure 5-20. This problem also 

occurs with numerical methods for the solution of differential equations.  

 

Distance transforms can be applied in such situations with considerable success. A 

simple illustration of this is provided in Figure 7-11A and B. The first diagram, A, 

shows refracted isolines and paths where the cost surface to the right of the centre line is 

set at 2 units as compared with 1 unit to the left. A fractional 3x3 transform was used in 

this case (see further, Section 8.1.3.2 and Annex 3 – Sample algorithms). 

 

A similar arrangement but with constant costs is shown in the second diagram, B. This 

shows a fixed barrier with a single, narrow ‘crossing point’. A (3,4) chamfer distance 

transform has been applied, with origin at the centre left of the diagram. Lines of 

constant distance (cost) emanate uniformly around the origin, pass ‘through’ the 

crossing point, and spread out again uniformly – to obtain correct path alignment a 

higher order DT (e.g. 5x5 or exact Euclidean DT) is recommended. This pattern is a 

direct analogy of optical diffraction of light through a slit. 
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Figure 7-11 Simple refraction and diffraction effects by 3x3 distance transform 

  

A. Refraction across a simple cost boundary B. Diffraction of paths in a constant cost field 

 

A more complex example is shown in Figure 7-12 (generated using a 5x5 fractional 

chamfer DT). In this case the sample region has a variable cost field defined such that 

the lower left corner of the diagram has a cost of 1 unit, whilst the remaining area has a 

cost of 2 units. The source point in this case is taken as the lower left corner and a 

selection of least cost paths shown. As can be seen, diffraction occurs at the vertex of 

the cost zone, and with complex zone boundaries, multiple refractions of this type will 

occur producing an extremely complex overall picture. 

Figure 7-12 Path diffraction at a zone vertex 
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The question of handling localised high cost zones also applies to linear obstructions, 

such as roads and railways (and region boundaries). Since linear, high cost features, are 

by their nature narrow, their refractive effect may be negligible. However, on a larger 

scale the alternatives of crossing either one or two railways, for example, may have a 

substantial impact on total road construction costs. For this reason, local optimisation 

methods could be conducted initially without these linear elements being integrated into 

the cost surface and/or by solving a series of separate but linked topologically distinct 

continuous space problems, selecting the overall least cost path from the set of solutions 

achieved. An important drawback of this approach is that it introduces more boundaries, 

and increasingly optimal paths will possess sharp angles/changes of direction. To 

identify least cost paths in such situations (and in all cases where high cost zones exist) 

a series of separate initial value problems could be solved or a more sophisticated search 

or multi-pass optimisation approach adopted. This latter strategy has much to commend 

it and is discussed further below. 

7.5 Lattice-free search methods 

The preceding sections have described approaches for tackling problems that are a 

subset of the general problem defined at the start of this Chapter. For example, 

approaches assume that the physical surface is a plane or a lattice of points defined over 

the plane, and/or that costs are uniform, and/or that no barriers exist, and/or that no 

additional constraints (e.g. gradient restrictions) apply. If one seeks a methodology for 

addressing all these issues simultaneously without imposition of a lattice or network 

structure, it is clear that a radically different approach or set of approaches is needed.  

 

One, very promising, family of approaches is based on the computerised exploration of 

the sample space, with (i) a set of rules governing the exploratory process, and (ii) a set 

of rules relating to the use of the results of this exploration. These ideas have similarity 

with early exploration of the continents, when trackers set out to seek practical routes 

into the heart of Africa or across the Rocky Mountains of America. More current 

analogies include studies of the movement of insects such as ants, the motion of robots 

in cluttered environments, military exercises and search-and-rescue operations. In all 

cases there is an exploration and learning phase, followed by a more structured phase 

designed to achieve a predetermined goal (e.g. a target location, food source, enemy, 
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injured person…). Although such methods have similarity to the ACS and Distance 

Transform approaches described earlier, they are more powerful in terms of their ability 

to handle complex problems, such as those involving complicated constraints, barriers, 

asymmetric (e.g. vector) data and multi-point (network design) problems. 

 

In this Section we examine and develop methods that are based on recent research into 

moving robots and associated animations. This field, known as kinodynamics, is 

concerned with finding solution paths for moving complex objects (robots, robotic 

arms, vehicles) in cluttered 2- or 3-dimensional space – for example, to ensure that the 

robotic arm of the space shuttle does not collide with parts of the international space 

station or to enable Mars Lander vehicles to traverse a landscape of complex and largely 

unknown form.  

 

A related class of problems involves the movement of humans or robotic devices within 

buildings – an example problem is illustrated51 in Figure 7-13. In this particular case the 

path was computed using the screen image pixels as a form of lattice and solving for the 

shortest path using a standard algorithm such as Dijkstra or A*, but the authors have 

commonly used lattice free procedures for similar problems. It should be noted that 

using graph search algorithms, such as Dijkstra’s, on lattices will always result in bias 

(path length and local direction) due to the effective application of a local Euclidean 

chamfer.  

 

The scientists working in this field have found that feasible solutions can be determined 

quickly using an approach known as ‘path planners’. Path planners seek out feasible 

routes by a wide range of techniques, all of which are coupled with proximity metrics. 

The latter are designed to ensure that the moving item does not bump into obstacles. 

Such methods are therefore concerned with very complex spaces, fast (possibly real-

time) path finding, with a limited range of additional constraints - mainly proximity but 

in some cases, path curvature as well since this is related to feasible motions at a given 

velocity.  
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Figure 7-13 Path planning within a office 

 

 

© James Kuffner 

 

These methods do not always seek out optimal paths, but by generating many different 

feasible paths one or more near optimal paths may be found and/or alternative path 

configurations found. If the space and constraints are very complex, the researchers 

have found that many of the more obvious systematic methods fail or are too slow – 
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principally because they get stuck in localised dead-ends and sub-optimal regions. One 

solution to this has been to use random trees for the exploratory phase, followed in our 

case by an optimisation phase that utilises some of the results of our earlier theoretical 

analyses. Below we describe a powerful new path-planning procedure that we have 

developed based on such methods, VORTAL. 

7.5.1 VORTAL 

The computational methodology we describe in this Section we call VORTAL – 

Variational Optimisation of Random Trees ALgorithm. It is designed to solve complex 

real-world path-finding problems in 2-dimensional free space (i.e. the ‘geometric 

domain’). In order to do this, VORTAL must be able to find optimal, or near optimal, 

solutions to simple problems for which analytic solutions are available. In this Section 

we describe the basic algorithm and initially examine its application to a simple 

unweighted three-point path finding problem that includes obstacles. If there are no 

obstacles and the bounding triangle has no angles of 120 degrees or more, this problem 

yields a single optimal solution with an intermediate point (known as a Steiner point) 

linked to the three vertices. These three paths meet at 120 degrees and the solution point 

can be determined by an iterative procedure. The no-obstacles case provides one test of 

the procedure’s optimality. 

 

Definitions: the procedure requires as input a number of variables, including the location 

of the initial three points and the obstacle(s) if any; the initial step size to be used for the 

random trees search phase; the step size to be used for the variational phase; and 

(optionally) the cost per unit distance for the simplest cost model. 

 

Search phase: the algorithm grows random (self-avoiding) trees from each point. As the 

trees grow the branches are checked to ensure that they lie within the sample space, do 

not cross any obstacles or come closer to any obstacles or other branches than 

permitted. When two of the trees are close enough to join, their growth is stopped and a 

third path is generated between the point at which the first pair meet and the tree 

emanating from the third final point. We now (hopefully) have a feasible but sub-

optimal path. 
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Optimisation phase: the optimisation phase involves a combination of tension 

considerations and variational optimisation. The tension process is equivalent to pulling 

on each path in turn, as if it were a string, until it is ‘tight’ – a process that involves 

removing intermediate points until no further path reduction is achieved. The simplified 

path has far fewer steps, is closer to the optimal path, but still consists of intermediate 

vertices from the original feasible path that may not lie on the true optimal path. The 

variational phase of optimisation involves migrating each point of this limited subset 

towards locally optimal positions by moving each one by the variational step size in any 

one of 8 directions until the total path cost is no longer significantly improved. The 

variational and tension optimisation procedures are iterated to ensure that local sub-

optimal points and paths are eliminated as far as possible. Checks are made at each step 

to ensure the constraints (proximity and retention within the solution space in this case) 

are maintained. The algorithm is described in greater detail in Annex 3 – Sample 

algorithms52. 

 

This process is illustrated in Figure 7-14. The random tree growth process is biased in 

order to encourage growth towards the target (as per a Correlated Random Walk) and 

the black line shows the initial feasible path. The three coloured lines then show the 

result of the optimisation phase. The upper diagram shows one pair of alternative 

solutions (with two convex obstacles) whilst the lower pair shows alternative topologies 

with three obstacles. The effect of the proximity constraint (i.e. a buffer-like operation) 

can be seen clearly in each of these solutions. It can be seen that there may be numerous 

alternative solutions, for which total costs may differ substantially or possibly by very 

little. In either case, the alternative solutions provide a costed set from which choices 

may then be made. In the second pair shown, where there are three obstacles, the right 

hand solution has a total length or ‘cost’ that is 5% lower than the left hand topology. 
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Figure 7-14 VORTAL procedure applied to 2- and 3- obstacle problems 

 

A1. 2 obstacles – optimised topology 1 

 

A2. 2 obstacles – optimised topology 2 

 

B1. 3 obstacles – optimised topology 1 

 

B2. 3 obstacles – optimised topology 2 

 

Because the VORTAL algorithm involves a tree search process from each vertex, 

additional constraints such as concave obstacles or path gradient constraints can be 

incorporated in the manner described earlier. Curvature constraints could be included 

within the initial search phase or within an intermediate smoothing phase prior to 

optimisation. Cost and/or physical landscape variation can then be handled within the 

optimisation phase based on the procedures described.  

 

However, the introduction of such constraints will frequently result in unsolvable 

problems – or at least, problems which are unsuitable for treatment in this manner. In 

Figure 7-15 we show four examples of gradient-constrained RRT (Vortal) search53. 

Each shows an area of the Pentland Hills just south of Edinburgh (as used earlier in our 

discussion on Distance Transforms, see Figure 7-9), plotted as a greyscale image based 

on the underlying DEM dataset which is a 400x400 lattice of 25metre squares. The 

darkest areas are the highest, with the light-coloured valleys of the River Esk and the 

Water of Leith visible on either side, and with small streams (burns) identifiable 

amongst the steep hills.  
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Figure 7-15 Gradient constrained RRT search 

  

A. Successful search, 100m steps B. Unsuccessful search 100m steps 

  

C. Successful search, 200m steps D. Successful search, 20% gradient 

 

• In Cases A, B and C the gradient constraint is 10%. Case A shows the RRT 

search (red tree elements), initial solution path (black line) and initial optimised 

solution (blue line), based on selection of a point pair which does not have the 

dark line of hills obstructing the path – the solution path closely matches the 

path of the old Roman Road in this area, which is now the route of the main 

A702 trunk road. The path step length in this case was 4 units, thus the step 

length was 100 metres, which means that the start and end of a step cannot be 

more than 10m different in height (infill/smoothing is assumed across the step 

length). There is clearly some scope for further path improvement by additional 

optimisation and path smoothing 
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• Case B shows the same model using the same start point but an end point due 

West of the start point, across the hills – in this case the search procedure fails to 

find an acceptable path after 5000 iterations – given more time it probably 

would find an acceptable path along the narrow river valley but the search 

process is very inefficient 

• Case C is the same as Case B but using a longer step length – in this case a 

solution path was located quite rapidly 

• Case D attempts to find a path from the map centre at (200,200) to the North-

West corner, across the Pentland Hills, but with a 20% gradient constraint and 

100m steps, and here it succeeds (see black solution path). The ‘optimised’ path, 

shown in blue, would involve a substantial amount of cut-and-fill to be usable 

and a longer optimised path that remained closer to the black line would 

probably be more acceptable 

 

What these examples illustrate is that the addition of gradient constraints raises many 

questions about feasible paths, cut-and-fill requirements, smoothness considerations, 

issues of what is meant by ‘optimal’ path, and the sensitivity of algorithms of this kind 

to constrained problems. Examining the slope map of the Pentland sample region 

(Figure 7-16) highlights the difficulty of finding acceptable paths based on the source 

DEM. In this Figure we have remapped the base data to reflect the 25m grid scale and 

plotted slopes of 10+ degrees in yellow, 20+ degrees in blue and 60+ degrees in red – a 

10 degree slope is almost 1 in 5 (20%). 

Figure 7-16 Slope map of Pentland sample region 
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The VORTAL algorithm runs very quickly on a modern desktop PC on the obstacle 

avoidance problems described, unless the configuration of obstacles or constraints is 

such that a solution is impossible or near impossible. Speeds vary for the topographical 

surface problems, depending very much on the constraints applied and landscape 

involved. Reduction of the step size in the search phase does not tend to improve the 

likelihood of finding feasible solutions and increases the search time, whilst increasing 

the step size can sometimes result in (coarser) solutions being located rapidly – reducing 

the proximity size does not tend to have such effects. Obviously performance of the 

algorithm will be affected by the spacing of obstacles, and solutions will not be found if 

step sizes are chosen which are large in relation to object separation. Likewise, the 

introduction of gradient constraints will frequently prevent a solution from being found 

rapidly, even if one may exist. Multiple runs of the process yield alternative feasible 

topologies, whose length and cost/benefits may then be compared. Note that this 

process does not require the calculation of accumulated cost surfaces nor the use of 

analogies to the paths that light waves might be expected to take. 

7.6 Summary 

Analysis of the simplest physical and cost surfaces highlights the difficulty of locating 

shortest paths. Analytic solutions can be derived for a small sub-set of cost surfaces 

defined over the uniform plane, but in general numerical methods are required. These 

methods are simplest to apply when treated as a set of initial-value problems and 

solutions sought by so-called shooting methods. The problem with these methods, as 

with most initial value approaches, is that there is no guarantee that the destination will 

be reached or, if achieved, that the solution path will be optimal or near optimal.  

 

Improved optimisation techniques are required in which complex problems can be 

solved, where the destination is an explicit part of the solution process and in which the 

whole of the possible solution space will theoretically be searched for a feasible 

solution. Analytic solutions do provide clues to geodesic path behaviour that can be 

utilised in optimisation algorithms and as components in model environments where the 

closeness of a numerical solution to the known optimal route(s) can be assessed. 

Furthermore, if a generalised cost surface is fitted to (a subset of) the solution space 
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then the shortest path can be partially determined from analytic results – and will be a 

(set of) curves deviating from the plane path away from the gradient of highest cost. In 

the case of linear approximations these paths will be hyperbolic cosine/inverse 

hyperbolic cosine in general form; in the case of simple inverse cost functions these 

paths will be arcs of circles. Information of this kind can be used to determine the best 

direction for initial-value methods at the start or within a path searching process, and in 

the smoothing and optimisation phases.  

 

Overall, however, one must conclude that the solution of boundary-value problems for 

general surfaces can only be achieved using a multi-pass process – knowing the start 

point, end point and characteristics of the terrain and/or costs at all locations are 

necessary but not sufficient conditions for the computation of optimal paths. 

Computational procedures, based on lattice or free-space searching procedures, offer the 

most effective group of solution methods. Amongst these, search procedures such as 

VORTAL and Distance Transforms, provide practical and rapid approaches to a wide 

range of spatial analysis problems.  
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Let curve C be parameterised by its arc length, s, thus C = {x1(s), x2(s)} = x(s). Then the unit tangent to 

this curve is defined by tx
ds

xd
ˆ==  . The unit vector which is perpendicular to the unit tangent and lies 

in the plane of xx  •  is called the principal normal, n,, to the curve x(s). The three vectors comprised of 

the normal, tangent and the bi-normal, b, determine three planes and an orthogonal coordinate system 

with origin P, as shown. A more immediately recognisable definition of the osculating plane shown 

above is that it is the plane in which two successive tangents to the curve both lie. 

 

Surface: (see figure, below): 

P

n

xv

xu

 

 

Let a surface, S, be parameterised by two variables, u and v, i.e. let S ={x1(u,v), x2(u,v), x3(u,v)} = 

x(u,v) then the tangents to the surface are defined by the two partial differentials, dx/du =xu and 

dx/dv= xv  
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8 Networks and optimal location1 

In the following Sections we apply a number of our earlier results to specific ‘test’ 

problems in network design and location theory – notably Steiner networks, Fermat-

Weber problems and velocity-field traffic modelling. Solutions for a variety of problems 

under a range of metrics and variable cost and velocity surfaces are discussed in some 

detail and solution methods presented. Amongst other results, we provide a near exact 

analytic solution for the weighted 3-point Steiner problem in the plane with constant 

costs. In addition new procedures are described, which we refer to as Multiple 

Weighted Distance Transforms (MWDT) and Least Cost Distance Transforms (LCDT), 

with a range of applications in location theory, transport planning and decision-

support. These procedures are particularly suited to implementation within GIS 

software packages. We conclude with a discussion of generalisations of several network 

design problems in which paths are least-cost or least-time geodesics rather than 

Euclidean straight lines. 
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8.1 Steiner and Fermat-Weber problems 

8.1.1 Steiner problems 

An important problem in network design and general location theory2 is that of finding 

a point, P(x,y), lying intermediate to three fixed vertices, A1, A2, A3, such that the total 

network length is minimised, i.e. such that the function: 
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is minimised3, where (xj,yj) are the coordinates of the three points Aj, wj is a positive 

weight associated with the jth vertex, and the conditions are: 

 

0/ = xz  and 0/ = yz  

 

The point, P, satisfying this equation is known as a Steiner point4 and will always lie 

inside or on the triangle A1, A2, A3. Furthermore, if all the weights are equal, P will lie at 

one of the vertices if the triangle contains an angle of 120 or more, and will lie within 

the triangle if no angle is greater than 120 such that the vectors PAj are equally spaced 

at 120 from each other (Figure 8-1). This problem generalises to the case where there 

are a larger number, n  3, of vertices or fixed points, and k  n-2 Steiner or floating 

points. In the notation of modern location theory5, the single point and k-point problems 

with Euclidean metric are denoted using the 5-position forms: 

 

1/P/•/L2/ and k/P/•/L2/ 

 

The positional notation used here indicates: number of points/ type of problem/ 

restrictions/ metric/ objective function. Thus 2/P/R/L1/ would indicate a planar 

problem involving a search for two locations, with a restricted region and rectilinear 

metric, with the sum of weighted distances as the objective function. 
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Figure 8-1 A simple 3-vertex Steiner network 
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Much of the research into Steiner networks (also known as Steiner trees or Steiner 

minimal trees, smt) focuses upon the efficient solution of problems where n is large (e.g. 

1000+) and all weights are equal. Exact and heuristic algorithms exist for these cases 

with both Euclidean (esmt) and Manhattan or rectilinear metrics (rsmt)6. 

 

The location (x,y) can be found iteratively from the above partial differentials, using the 

exact solution to  
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as a starting point or by use of a generated cost surface. Love et. al.7 note that the 

commonly used iterative method can be improved by the addition of a small adjustment 

or perturbation, ε, to the distance model to avoid the risk of singularities in the 

generalised MAT problem (which occur at vertices): 

 

( )+−+−= 22 )()( yyxxd jjj  

 

They have also examined the behaviour of the iterative model under the Lp norm, with 

1<p<2, and found that it continues to behave well in most instances8. Graphical, bubble 

and mechanical analogues (e.g. Varignon frames) may also be used in many cases but 
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are less practical than analytic and heuristic methods. If the weights are not equal, P will 

be ‘pulled’ in the direction of the resultant of the weighted vectors. In this case the 

angles between the vectors will no longer be equal.  

 

A comparison of the results obtained when using shortest distances and shortest squared 

distances with unit weights is shown below (Figure 8-2) – the exact solution, P, in this 

case was obtained by generation of a cost surface9 within the triangle ABC and 

identifying its minimum value. 

 

The Steiner point location is unaffected by the position of a single vertex if it is moved 

away from the Steiner point in the same direction as its vector – e.g. if PB in the 

diagram below was twice as long it would have no effect on the location of P. However, 

the location of P1 is affected substantially - the less regular the triangle the further P1 

will be from P (assuming the Steiner point is not located at a vertex). 

Figure 8-2 Solution to a 3-point Steiner problem vs centroid solution, P1 
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The centroid estimate of the Steiner point is of the form: 
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This estimate is poor in many cases, especially where the triangle is elongated and it is 

of interest to ask if there is a much better approximation – ideally an approximation that 
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is almost exact. A better approximation should provide an estimated position such that 

the objective function is as close to the optimal value as possible, and is always or 

almost always better than the centroid estimate. The estimates we have devised below 

have this property and, subject to additional criteria of solution acceptability in specific 

real-world problems, may be used in place of, or as an improved starting point for, 

iterative methods (having first tested that none of the vertices is the optimum): 
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where j > 0 is the interior angle of the triangle at vertex j, m = 1/2 and k = 4. The 

angles are very simply found from the rule: a2 = b2 + c2 – 2bccos, where a, b and c are 

the lengths of the three sides of the triangle and  is the angle between the sides of 

length b and c. Tests of this approximation by the author have found that the objective 

function is estimated to within 0.5% or better of its optimum value on average (and 

under 2.5% at most) when the weights are all equal, and to within 0.5% on average (5% 

max) with randomly selected weights. In all tests checks were made to see if one of the 

weights exceeded the sum of the other two - in such cases the estimated point was taken 

as the vertex in question. Improvements over the centroid estimate are generally 

substantial (20%+ in many cases). If an iterative process is then used to find the optimal 

location, the following equations will provide the convergence required using the 

perturbed Euclidean metric (generally within 2 iterations or less when using the 

proposed approximation): 
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where dj,k is distance from the jth vertex to the kth estimated optimal location, and 

iteration is continued until the change in the objective function or both coordinates is 

less than a pre-specified value. 
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As noted earlier, Steiner’s problem with the Euclidean metric (esmt) generalises to n 

vertices and m n-2 Steiner points. However the number of possible topologies grows 

rapidly (e.g. shown to be over 3500 with just 6 points by Gilbert and Pollack10) and 

rapid optimal solution for large problems may not be practical11. Example applications 

include the selection of sites for factories or warehouses to serve a set of towns with 

variable demand, such that total distribution costs are minimised, and the construction 

of a network connecting a set of vertices in such a way as to minimise building costs, 

operating costs or some performance criteria such as signal strength and quality (as in 

telecommunications network design).  

 

From the perspective of construction costs, assuming intersection costs (e.g. 

roundabouts, data switches) are not too expensive, Steiner minimal networks are very 

attractive. However, from the perspective of a user of such networks, e.g. road or rail 

user, a fully connected network is more attractive since every point is directly connected 

to every other point, minimising individual trip lengths/journey times or 

telecommunications network transition delays. Assuming neither factor totally 

dominates cost or utility, a compromise between these two extremes in the triangular 

case would be similar to that shown below (Figure 8-3). This is essentially a ring-radial 

topological structure. The hybrid network is constructed from the Steiner minimal 

network with the Steiner point being replaced by a reduced image of the bounding 

triangle, ABC.  

Figure 8-3 Hybrid network solution  
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The five main network topologies for the triangle of points ABC in Figure 8-3 are: (a) 

Steiner minimal network (smt); (b) centroid solution network; (c) shortest path (no 

intermediate Steiner points) so a minimal spanning tree (mst) in this case, consisting of 

links AB and AC, (d) hybrid network, as per Figure 8-3 (several variants possible) and 

(e) fully connected points (the triangle ABC). In this example the solution lengths 

relative to (a) are:  

 

(b) +10% (c) +5% (d) +33% (e) +78%.  

 

The extra build cost of the hybrid network is only 1/3rd but its great advantage is that the 

operating cost in terms of user travel distances (and hence time and cost) is almost as 

good as the fully connected solution. Recent studies have suggested that user costs 

outweigh construction and maintenance costs on new roads by a factor of 3 to 10 times 

over 30 years, highlighting the importance of including all costs and benefits. In 

general, as Massam12 has noted, in the search for the ‘best’ location: 

 

“... account must be taken of a variety of factors including construction and 

operating costs, utilization patterns, environmental costs and the distribution 

of social costs and benefits among individuals.” 

 

The ratio, rs = length(mst)/length(smt) is known as the Steiner Ratio. The Euclidean 

Steiner Ratio in the plane is never higher than 2/3 (originally conjectured by Gilbert 

and Pollack, op. cit.) and never higher than 3/2 under the L1 metric13. 

8.1.2 Fermat-Weber problems 

If the number of vertices or origins is greater than three and a single optimally located 

facility location is sought, the problem becomes one of minimising the aggregate 

distance (with a given metric) to the facility. It is known that the optimal solution will 

lie either at a vertex or inside the convex hull of the vertex set (this is not the case if the 

distance measure used does not satisfy full metric conditions, e.g. if there is 

asymmetry14). For example, with 4 vertices the convex hull will consist of either 3 or 4 

points. If there are only 3 points in the convex hull the approximation model used in the 

Steiner case will no longer apply and a centre of gravity starting point should be used 

with the Euclidean metric. By simulation we can show that for N>5 points the centre of 
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gravity will provide an approximation that lies within 5% of the true objective function 

optimum in almost all instances (i.e. for problems of type 1/P/•/L2/, using the notation 

provided above). Approximate single point solutions for the 4 and 5 vertex cases may 

be derived in a similar manner as for the three point case: with 4 vertices all points form 

a convex hull or three of the four form such a hull, with the fourth point being inside 

this hull and being used in a final adjustment; with 5 vertices the same logic applies but 

there may be 0, 1 or 2 points inside the convex hull. 

 

With multiple facilities to be found the minimisation is often described as being a p-

median problem, which is generally solved using location-allocation algorithms, as 

discussed earlier. If the number of dimensions is greater than 2 these problems are 

essentially a subset of cluster analysis problems. 

 

Although no exact solution method is known for such problems, fast approximations are 

possible. For example, in a recent paper Bose, Maheshwari and Morin15 have examined 

the use of a form of hybrid metric, similar to a k-directional lattice or gauge metric, and 

shown than this can facilitate fast approximation to an arbitrary degree of accuracy. 

Furthermore, our earlier comments on using a linear approximation model in the 

computation of sums of distances applies directly to problems of this type – whilst this 

approach will not provide exact optimum solutions they will provide rapid, near optimal 

solutions utilising limited processing power. 

 

Procedures for the solution of many of the problems described above, and numerous 

others, have been incorporated into standard software suites. These include problems 

incorporating obstacles and/or restricted areas, and a wide range of metrics. For 

example, details of almost 80 classes of problem have been incorporated into one such 

library, LOLA (Library of Location Algorithms16). 

8.1.3 Distance transform solutions 

In Section 5.2.8 we described the use of chamfer metrics and distance transforms (DTs). 

We showed that the distance transform of a point, cell or object (set of cells) on a lattice 

is a set of values that are the distances of each lattice point to the nearest object cell.  
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There are many possible applications of this group of transforms in spatial analysis. In 

the case of the direct use of DTs, one recent application has been to the built 

environment by the architect, Carlo Ratti17. As part of his research into urban texture he 

analysed the micro-accessibility of buildings with respect to facilities such as bus stops, 

tube stations, shops, etc, in sample areas of 100-400m2, and extended the analysis to 

include accessibility within buildings. This approach can be applied to larger urban 

street networks in order to compute shortest paths and accessibility surfaces, as we now 

demonstrate. The example illustrated in Figure 8-4 shows an area of central London that 

has been the subject of detailed study in connection with the management and planning 

of the annual Notting Hill Carnival18. The procedure adopted in this example was as 

follows: 

 

(i) From a vector file of London road and transport routes the Notting Hill area 

was identified and the study region saved as a bitmap (Figure 8-4A) 

(ii) The bitmap was then edited to remove Westway (an elevated road) and one 

or two rail/tube lines that were included in the original file, and the width of 

one or two roads were increased for experimental purposes. The file was 

then saved as a RAW (binary) format image file 

(iii) A small program was written to read the RAW (binary) file and recode the 

data so that routes were set to a temporary value of 5555, inaccessible areas 

(buildings etc) to 9999 and the target point in the center of the study area (x 

= 104, y = 166) set to 0. Values of 9999 in the file are treated as barriers in 

step (iv), below: the sample region is roughly 320 x 250 pixels, each pixel 

being approximately 6 metres square; roads are all 3+ pixels wide 

(iv) A simple local Euclidean 3x3 DT with constraints (as described in Section 

5.2.8) was run on the data matrix, iterated (6 iterations in this example) to 

ensure that all points were reached and calculated distances were convergent; 

this distance surface was saved as an ASCII GRD file in geographic (i.e. not 

image) order, and then displayed graphically as shown in Figure 8-4B. The 

colours have been selected to emulate the 'burning fire' analogy to this type 

of transform (i.e. as if a fire starts in the centre and grows outwards within 

the street network). The scale on the right hand side of the diagram has a real 

maximum value of <300 units (i.e. around 1.8kms) with values above this 

used for the built-up (constrained access) regions of the sample space. 
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Figure 8-4 Accessibility and shortest paths in urban areas 

A. Binary image of the urban transport network in the Notting Hill area of central London 
 

 
 
Image map: this map includes a major elevated road (“Westway”) and some rail links that have 
been removed prior to the analysis of street accessibility below 

 
B. Distance transform of street network around point (104, 166) in geographic coordinates 

 
Scale: 1 pixel/cell  6 metres ; Colours indicate distance by street from selected point in a 
‘burning fire’ analogy 
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A number of initial observations should be made about this application of distance 

transforms: 

 

(i) The way in which the map matrix has been generated is not as satisfactory as 

working from an aerial photograph or high resolution vector street map, so 

the layout is somewhat indicative – analyses of this type need to be 

computed on high resolution data-sets if they are to be used in planning and 

urban design programmes 

(ii) Checking a selection of the road distances computed to the sample region 

borders from one or more test points will confirm whether the estimation 

process works correctly and matches the true road map within the tolerances 

of the approximations made above; because of the narrow confines in this 

model the gradient of actual values/colours on the routes provides the 

optimal routing through the streets, based on unrestricted access - effectively 

this is an accessibility surface with respect to the selected point 

(iii) Because only a single point was the target, and the sample region is finite, 

some roads will be 'unreachable' from/to the target (i.e. they are not 

connected to the remaining street network) - when applying DTs to problems 

of this type it is advisable to include a buffer zone around the study area to 

ensure that the best possible coverage and connectivity is achieved 

(iv) Processing time on this dataset is quite fast; for the same problem but 

incorporating the carnival parade route and sound system points results are 

computable in the same amount of time (Figure 8-5). Larger areas/finer 

detail can be readily handled - a resolution of 1 metre (e.g. around 2000 x 

1500 cells) should be computable without too much difficulty, although 

processing time will depend on how it was coded and what processor type 

and operating system is used 

(v) The unrestricted access assumption in this specific case, and in general, 

needs closer examination - in the case of Carlo Ratti's research (where he 

looks at texture and accessibility in very small urban regions of 100 to 250 

sq metres) there is an assumption that areas not built upon are uniformly 

accessible and usable (e.g. by pedestrians) which is clearly not true in most 

cities. Depending on the requirements, models of the type described above 

will need to be modified if barriers across roads exist (easily incorporated); 
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if pedestrians are restricted to pavements (manageable); and if physical 

traffic flows are to be considered where road-space limitations and one-way 

streets exist (more complicated). 

 

A further observation is that DT solution matrices, such as those generated for the 

Notting Hill case study, may be analysed with simple statistical and mathematical 

measures enabling alternative layouts to be assessed directly. For example, in the case 

of the carnival parade route (Figure 8-5), the mean distance in the solution set is just 

over 300 metres, with a standard deviation of around 250 metres and a maximum value 

of 1km19. Alternative routes may be analysed in this way, enabling direct comparison of 

the solutions from an accessibility perspective, and potentially, with a view to reducing 

overall pedestrian movements and increasing safety. Such techniques may be applied in 

related problems of optimum location, such as bus route and bus stop planning, locating 

facilities for communities, and potentially in a wide range of other route planning and 

built-form design projects. Likewise, local maxima in the DT set indicate urban 

watersheds, enabling partitioning algorithms (e.g. determination of postal delivery 

regions) to be applied in such environments, and facilitating the computation of distance 

statistics within partitions. 
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Figure 8-5 Accessibility and shortest paths – Notting Hill carnival route 

A. Notting Hill area of central London – Carnival parade route highlighted 
 

 
 
Image map: this map now excludes “Westway” and some rail links which have been removed 
prior to the analysis of street accessibility below 

 
B. Distance transform of street network with respect to Carnival parade 

 
As per previous diagrams, Scale: 1 pixel/cell  6 metres; Colours indicate distance by street 
from selected point in a ‘burning fire’ analogy 
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8.1.3.1 Multiple weighted distance transforms 

If we denote by DTk{Ai} a distance transform of type k applied to an object set {Ai} then 

we can define the weighted sum, z, of multiple transforms (or Multiple Weighted 

Distance Transform20, MWDT) as: 

 

( )=
i

iki ADTwz  

 

This is a composite surface, or set of values, with one or more minima. For the 3-point 

Steiner problem a unique minimum value exists, but the MWDT method may fail to 

locate it exactly since the transform selected may not be exact – the quality of the result 

will depend on the specific transform used, the type of lattice employed, the resolution 

of the lattice, and the behaviour of the cumulative surface (flatter surfaces will have 

similar values for the objective function over a larger area).  

 

An example of this procedure applied to a simple problem with unit weights is shown in 

Figure 8-6. The three locations A, B, C are the source points or vertices, the white 

square is the Steiner optimal point (P), and the red square (P′), the minimal value of the 

cumulative surface. Although the MWDT solution is not precisely coincident with the 

optimal location, this can be explained by the observation that the yellow region in the 

centre of the diagram is almost flat (under 1% variation in the objective function) and 

by the inherent approximations involved. In this case a 5x5 fractional chamfer was used 

in order to ensure a close match to the location of the optimum – a 3x3 chamfer would 

have worked almost as well as far as the objective function is concerned but would have 

been a little further from the optimal solution. In the event the solution computed is 

within 0.5% of the objective function optimum. 
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Figure 8-6 MWDT solution to a sample Steiner problem 

 

 

Of course, if all one is seeking is the location of the optimum point in a homogeneous 

model, there are faster and simpler solutions to this problem. However, as we show 

below, the approach does provide the basis for efficient and effective solutions to a 

wider range of problems that are less amenable to alternative procedures. In addition to 

the optimum location result, this diagram and procedure provides an extremely valuable 

additional set of information and tools to prospective users (e.g. planners, spatial 

analysts, consumers) – a picture and evaluation of the possible near-ideal locations.  

 

Unlike the solution procedures described earlier for Steiner and Weber-Fermat 

problems, the MWDT approach can address a much wider range of problems with near 

optimality. Despite the calculation overhead involved21 this offers many advantages, not 

least of which is its simplicity and comprehensibility. An example to illustrate this view 

is that of home finding. In choosing one’s ideal home there is a wide range factors to be 

considered: for example, how far is the nearest station? where are the nearest good 

schools? is the property close to open spaces? how near is the main shopping region? 

are there nearby eyesores or industrial plants? These questions can be represented as a 

number of distance transforms, which may be weighted if required, and accumulated, 

with ‘decision zones’ then generated from the aggregated surface. With two alternative 

stations to choose from (shown as red squares in Figure 8-7) and one other point, e.g. a 

specific school (shown as a black square), the combined cost surface can be generated. 
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Figure 8-7 MWDT Decision support diagram 

  
 
A. Unweighted: upper two red squares are the 
stations, lower black square is the school 

 
B. School (black) weighted +50% 

 

The yellow area and subsequent bands mark the ‘regions of indifference’, i.e. the best 

zones from the point of view of minimal overall distance to the school and either one of 

the two stations. In the second diagram the additional weighting (importance/cost/time) 

associated with the location of the school (1.5) has pulled the desirable region to search 

strongly towards the school. Onto these surfaces may be overlaid the actual locations of 

the target facilities and the house price data, in order to provide an interactive decision 

support facility for the house-buyer, guiding their choice of areas to search and/or 

compromises to be made.  

 

With each of these examples exact Euclidean Distance Transforms (EDTs) can be used 

to provide improved solutions, selecting the optimal cell and providing optimal 

zoning22. Sample MATLAB code is provided in Annex 3, and a resultant image 

equivalent to Figure 8-7B generated using this code is shown below (Figure 8-8). 

Processing time to compute the transform in this case was under 0.05 seconds for a 

100x100 element array and under 2.5 seconds using a 1,000 x 1,000 element array using 

a sub 1GHz PC with Windows 2000 – in both cases graphical rendering of the result 

took substantially longer than its computation. 
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Figure 8-8 MWDT solution by exact distance transform 

 

 

One can envisage systems based on this general model being linked to GIS facilities, 

with web or desktop interfaces, enabling the development of a range of new interactive 

decision support services, coupled with numerical interpretation of alternative 

selections. In this context we envisage the MWDT procedure as augmenting existing 

GIS facilities such as polygon overlay and buffer operations. 

8.1.3.2 Least cost distance transforms 

The standard distance transform procedure can also be modified to take account of 

continuously variable costs – this operation can be implemented in addition to those 

described earlier. In this case we need to define cost values for all lattice points (e.g. a 

function or a set of values) and multiply the incremental (neighbourhood) distance 

calculations by the value of the cost function at the mask points. The central function in 

the algorithm is: 

 

d0 = min{d+D(i)*COST(r,c),d0} 

 

where d0 is the current value at the central point (0) of the mask, D(i) is the local 

distance to the ith element of the mask, d is the current (cost distance) value at (r,c) and 

COST(r,c) is the cost function at row r, column c (this cost function optionally may be 

shared 50:50 with COST(x,y)). We describe this procedure as a Least Cost Distance 

Transform (LCDT), and as such it is effectively an algorithm for generation of an 

improved variant of Accumulated Cost Surface (ACS). The surface generated by this 
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procedure includes lines of equal cost (isolines or isodapanes) providing the basis for 

subsequent determination of least cost paths (orthogonal to the isolines).  

 

To illustrate this process, albeit with a relatively coarse approximation, the diagram 

below shows the cost surface generated for the point (2,5) with a cost function of 

F=10y+1 (increasing y is towards the top of the diagram, with the range in both 

directions being [0,10]).  

Figure 8-9 Distance transformed cost surface, F=10y+1  

  

  

In performing this operation the basic number of computations is the same as for a 

standard DT, but it may be necessary to iterate the entire process T times to ensure the 

results converge - thus the algorithm’s complexity is O(TMn2). Whilst this procedure 

provides very good estimates of least cost or time distances, the lattice structure itself 

tends to distort optimal paths – construction of smoothed isolines and orthogonal paths 

yield more representative results, as will computing steepest paths based upon a larger 

neighbourhood, e.g. 5x5. This is illustrated by taking a 2-D contour model of the data 

and plotting sample paths - the diagrams in Figure 8-10 may be compared with the 

analytic solution shown in the Annex (Figure 12-5). In this latter case, where shortest 

paths are shown as crossing, the geodesics are to be taken as the least overall distance or 

cost of the total path, which are via the x-axis for points to the right of the apparent 

singularity.  
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Figure 8-10 Isolines and geodesics for cost surface, F=10y+1 

 
 

 

It is apparent from these diagrams that there is a critical region towards the right hand 

side where smooth paths to/from (2,5) diverge with those further away never reaching 

their target within the sample space. Least cost paths in this case are composite, being 

comprised of arcs of the form (2,5) > (2,0) > (x,0) > ( x,y), where (x,y) is the set of 

points to the right of this singularity, e.g. (9,5). This is readily seen from a 3-D view of 

the above dataset: 

Figure 8-11 3-D view of least cost surface, F=10y+1 

 

Comparison of the cost distance values generated by LCDT with numerically 

integrating the analytic solution paths indicates that close approximation to true path 

costs can be achieved by modified DT. Thus, on a more general level, the LCDT 

procedure can be viewed as a method for numerically solving certain types of non-linear 



Networks and optimal location 

284 

ordinary differential equation, and may provide clues for the solution of a broader range 

of equations than those we have analysed. 

 

A second example of the LCDT procedure is given by an analysis of the radially 

symmetric velocity field models of Wardrop and Angel and Hyman (see further, Annex 

2, Section 12.3). In these models the speed of road traffic is assumed to increase from 

the city centre in a radially symmetric manner according to a simple formula, such as  

v = arp, where r is the radius or distance from the centre, and a and p are parameters.  

 

The diagrams below show LCDT solutions for two cases: the symmetric model of 

Angel and Hyman (based on their study of traffic patterns in Manchester, England); and 

the solution for a non-symmetric case (an elliptical velocity field) to demonstrate the 

power of the technique to tackle problems that are analytically intractable. 

Figure 8-12 Distance isolines and velocity field – symmetric model 

 
 

Angel-Hyman model: Velocity = ar 

 

In the diagram above the circles centred on (50,50) define the velocity field. The point 

(50,60) is the origin of journeys, i.e. slightly east of the city centre, and isolines extend 

around this point in all directions. Least travel time paths can be computed from the 

origin to all locations by drawing lines orthogonal to the isolines. The elliptical case 

(Figure 8-13) has a velocity field shown as ellipses. The solution in this instance can be 

seen as a systematic distortion of the symmetric case, with isolines and associated 

shortest paths pulled in the direction of the major axis of the asymmetric field. 



Networks and optimal location 

285 

Figure 8-13 Distance isolines and velocity field – asymmetric model 

 
 

 Angel-Hyman model: Elliptical velocity field variant 

 

Wardrop (whose paper is reproduced in Angel and Hyman, op. cit., p155-161) provides 

an analysis of the case where p=-1/2 and p=-1. Solution diagrams can be generated for 

these cases analytically, providing isolines and least time paths using similar methods to 

those described in previous Sections and/or by the use of Least Cost Distance 

Transforms (LCDT) as described in the text. An LCDT solution for Wardrop’s model is 

shown in Figure 8-14. In this case the radially symmetric velocity field and distance 

transform isolines are shown in Figure 8-14A, whilst the distance transform isolines and 

vectors highlighting the least cost path directions are shown in Figure 8-14B: 

Figure 8-14 LCDT solution for Wardrop's velocity field model 

  

A. Wardrop model: Velocity = ar B. Vectors identifying shortest paths 



Networks and optimal location 

286 

 

These examples are somewhat abstract, and as a first step towards construction of a 

more realistic model we may construct a far more complex, composite velocity field 

model. In Figure 8-15 (upper diagram) we have defined a composite congestion field 

which we refer to as a marquee: the field has a constant region in a large part of the city 

centre which is high congestion/low speed (10mph or kph), surrounded by uniformly 

increasing speeds (decreasing congestion) from 10 to 55mph/kph at the city edges and 

beyond. The model is still simplistic, but is far closer to a real city such as London, than 

those previously discussed. The arrows show the expected least time traffic flows from 

all points to a point North of the central region. 

 

The second of the two diagrams shows an outline of London, with three traffic cordon 

‘rings’ shown in pale grey – these are the lines across which government traffic surveys 

and statistics reporting are conducted (see Table 8-1). The blue lines show the paths of 

least time routes from a point due north of the city centre in various directions based 

upon the model in the previous diagram. A more realistic model of London’s traffic 

could be constructed using these overall concepts, with the velocity field modified to 

match recorded values (e.g. as per the table below), incorporating real-time traffic data 

for various times of the day, and allowing for key routes and special zoning (e.g. the 

recently introduced central Congestion Charging Zone). 
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Figure 8-15 Journeys in a composite velocity cityscape 

 

 

 

Table 8-1 Average traffic speeds in mph within London, 1997-2000 

Period Central area Inner area Outer area 

Morning peak 10.0 12.0 18.3 

Off peak 10.0 14.8 21.9 

Evening peak 10.2 11.4 19.1 

source: DETR, 2001 

 

The LCDT procedure can be applied to multiple weighted problems, such as that 

described in Figure 8-6. In this case the optimal intermediate point, P′, will almost 



Networks and optimal location 

288 

always be different to that found in Figure 8-6 but will lie inside or at a vertex of the 

geodesic triangle constructed from the three initial points. The solution point, P′, can 

then be used as the origin and a new LCDT performed to determine the isolines and 

geodesics in relation to this point. Composite cost field LCDT methods also suggest an 

approach to handling discrete dynamic problems. If the dynamics of a spatial problem 

can be represented as a series of cost fields23 for times t0, t1, …tn, then a static LCDT can 

be computed for t0 (LCDT0) and the horizon reached at t1 identified. This horizon is 

then defined as the new set of origin points (with lesser values preserved in a separate 

solution table and then their positions set as obstacles with greater values set to a high 

value, as before). Then LCDT1 is calculated from the new model and the process 

proceeds in a similar manner, iteratively until time tn.  

 

We may conclude from these various results that distance transform procedures of the 

kind described above and earlier provide a powerful and extensible set of tools for 

spatial analysts and decision-makers. These procedures include handling a wide variety 

of incremental Euclidean distance problems (such as buffering and determination of 

Voronoi regions), together with a range of least cost/time problems, incorporating 

spatial constraints such as obstacles and no-go regions, weighted multi-criteria and 

simple dynamic problems. Earlier in this study we have also shown that related DT 

methods can be used to determine geodesics on physically variable surfaces. These 

various methods may be applied separately or in combination, and are ideally suited to 

implementation within current GIS software packages.  

8.2 Search-based methods 

Another alternative approach to finding the Steiner minimal network, which provides 

the basis for a more general methodology, involves systematic searching using networks 

of paths (Figure 8-16). In the simplest version of this method two of the original 

vertices are selected, direct paths constructed from the vertices to the opposite side of 

the triangle and the points of intersection then connected to the final vertex. The point 

P0 that minimises the objective function becomes the first estimate for P (in the 

example shown, a very accurate estimate), which can be optimised further by 

interpolation.  
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The same methodology can be applied to location problems with more than three points 

and variable demand/weights. This approach has similarities to some steepest path 

search algorithms, in that it seeks the optimum solution by a process of refinement, but 

is more general in its applicability to geographic problems, including cases where local 

minima exist. The near-optimum solution point xest, yest derived earlier may be used as a 

starting direction for searches with alternatives selected on either side.  

Figure 8-16 Systematic search method for Steiner point evaluation 
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Search-based approaches to optimal path determination in free-space are increasingly 

used by geographers, planners, military and civil engineers24, and clearly warrant closer 

attention. Simplistic search methods can be applied where the metric is Euclidean and 

there are no obstacles. With more complex (real world) spaces search methods need to 

take account of the solution space and the way in which generalised costs (or speeds) 

vary across this space. This problem can be successfully addressed using a range of 

lattice search procedures (including those described above), or by using free-space 

search techniques that have been developed in robotics and virtual robotics (animation) 

for fast navigation in complex state-spaces25, as has been shown in the previous 

Chapter.  

 

Search methods, such as the Vortal procedure described earlier, can be extended in 

many ways to address complex routing problems, in a manner that does not require 

imposing a fine lattice or tiers of lattices on the solution space, nor the prior 

construction of accumulated cost or distance surfaces. For example, more complex 
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problems can be addressed by applying such approaches to pairs of points and then 

inter-connecting the nearest neighbours in each network, or by including a proximity 

tolerance such that no solution point may be closer than a specified distance to an 

obstacle, and/or gradient and curvature constraints are observed26. Variants, including 

incorporation of cut-and-fill construction options could (and should) also be built into 

such models - this applies to both the vertical and horizontal path alignment and the 

orthogonal to the path (side slope cut-and-fill requirements, which are the dominant 

component of earth moving costs in most terrains). Note that combined gradient and 

curvature constraints will frequently result in a requirement for cut-and-fill or 

tunnelling. Also, the step length does not need to be kept constant - one could apply a 

variable step length such that initial step lengths were longer (a look-ahead model) and 

are shortened (e.g. progressively halved) as refinement of the route is required. Finally, 

search methods can be pseudo-random using knowledge of preferential or weighted 

probability starting directions (point-to-point or Steiner point based) rather than purely 

random selection.  

 

To illustrate this process, the East Creech transect shown in Figure 5-24 has been used 

in a simple RRT-based route finding algorithm, where the additional constraint of 

gradient has been added (Figure 8-17). Unlike the standard RRT algorithm the 

procedure we describe below has a more persistent exploration of potentially promising 

routes. Gradients that are too steep are treated as barriers or high cost zones, and an 

alternative route in the solution space searched for. Two gradient rules are shown27, one 

based on approximately 1:10 (10%) maximum (rural road with motor traffic) and the 

other based on 1:5 maximum (20%, steep, but usable by walkers and riders). This is a 

very simple example, where we know that feasible solutions exist, and as such can be 

compared with the systematic tests and findings provided in Section 7.5.1. The search 

procedure adopted was as follows: 

 

(i) define the step length, D, to be used in the search process 

(ii) select a random point in the sample region  

(iii) extend a short straight line segment, length D, from the start point towards 

the random point 

(iv) check that this line does not (a) cross the edge of the sample region or any 

other obstacle/no-go area; (b) satisfies the gradient constraint; and (c) is not 
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closer than D to the target or another path originating from the target (see 

below) 

(v) if the gradient constraint is not met, select a new random point in the sample 

region (optionally use the sub-region defined by the current point and the 

region ‘north’ or ‘south’ of this point) and continue. If this does not result in 

a feasible path repeat the process with a new random point, and continue. If 

this leads to a dead end, step back along the path and try again from the 

preceding point. 

(vi) alternating between the end point and start point, repeat (ii) – (v) and iterate 

until the paths can be joined or the solution fails 

 

The arrows show the initial (accepted) search directions selected for the start and end 

points, and the blue line indicates a solution path located by the constrained search.  

 

The grey path shows the less constrained route, based on the same initial search pattern. 

It is interesting to compare this second path with the historic map from 1886. The 

current road (shown in red) follows the line of an older cart route (see also, Figure 

5-25), whilst the thick grey line on the first diagram shows the location of the main 

route at the time (not shown on the current OS map) which was more direct and 

corresponds quite closely to the grey route found by the search method. This somewhat 

artificial illustration provides the basis for a more general approach to path selection, 

building upon a range of measurement and surface results provided elsewhere in this 

study. It also opens the possibility of attempting to re-construct historic maps from their 

modern versions based on historic data relating to settlements, actual journeys, transport 

facilities, trading patterns, exploration models, genetic records and similar information 

sources. 
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Figure 8-17 RRT - routes selected with gradient-constraints 
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Improvements to the solutions shown may be achieved by perturbation of the final blue 

and grey paths around each step point and/or by elimination of some steps. There are 

several ways in which this could be carried out. For example, a simple perturbation is to 

select each intermediate end point on the initial solution path in turn and move it 

slightly (e.g. by ¼ of the step length) in a range of directions, and calculate (a) if the 

constraints are retained, and (b) if the sum of the step lengths over the interval is 

reduced. Elimination of steps is also possible, for example by selecting each point i in 

turn, eliminating the next point and connecting directly to point i+2, checking again that 

the constraints are still met. This is similar to the method of poly-line simplification 

described earlier (Section 5.2.1). Once the final solution line has been optimised it may 

be smoothed by curve fitting if required (re-checking that proximity and other 

constraints are still met). 

 

The next pair of diagrams illustrates this process (Figure 8-18), using the elimination 

and smoothing approaches. The blue solution line in the original example above is 
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approximately 20% longer than the revised path shown. Smoothing will tend to 

lengthen the path once again.  

Figure 8-18 RRT solution path – improvement and smoothing 
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In this example there have been no curvature constraints. The solution path (and the 

current road) includes tight radius hairpin bends that would almost certainly be 

excluded from a modern design-and-build programme. In this case the only option 

would be to cut-and-fill or tunnel through the ridge. Since the area in this example is 

designated as an area of outstanding natural beauty (AONB), environmental and 

political considerations would be at the centre of any such planning. An example of this 

occurred in the next county to Dorset when a new bypass for Winchester in Hampshire 

was proposed – in this case, after numerous studies and public hearings, a cut-and-fill 

route was selected because of the prohibitive cost of tunnelling under Twyford Down. 

This may be the last such scheme in the UK, so strong was public disapproval. It is in 

contrast to the Southwick Hill tunnel (which received very little media attention) – this 

tunnel was cut under a section of the chalk ridge not dissimilar to our Dorset example 

(further East, near Shoreham in West Sussex) and although it covered only 490 metres 

the dual-bore construction cost was over £4.5m. 
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RRT methods allow the computation of total path lengths and cumulative costs from 

which a form of accumulated cost surface (ACS) can be approximated by interpolation. 

Treatment of linear high cost features and incremental cost calculation is intrinsic within 

the overall methodology, but application of RRT methods within regions which consist 

of pre-defined routes between many obstacles (e.g. urban areas) is unlikely to be as 

efficient as alternative, graph theoretic approaches. 

8.3 Network design and Lp metrics 

The shortest network in the plane connecting n vertices without Steiner points is called 

a minimal spanning tree (mst). This network is also of great interest in many problems 

and is generally far easier to find than the optimal Steiner network. A simple algorithm 

for computing the mst in the plane with Euclidean metric is: (i) connect all nearest 

neighbour vertices with an edge, which creates a set of sub-trees; then (ii) inter-connect 

each sub-tree to its nearest neighbour sub-tree (the sub-tree which contains a vertex 

which is the overall nearest neighbour of vertices in the original sub-tree); (iii) inter-

connect any remaining unconnected sub-trees in the same manner. The mst problem can 

be solved in O(nlogn) time.  

 

In this Section we examine both Steiner networks and minimal spanning trees for the 

case in which the assumptions of the homogeneous plane are dropped and, for example: 

 

(i) construction costs are allowed to vary over the region of interest, and 

(ii) shortest paths are no longer assumed to be Euclidean straight lines 

 

The equation to be minimised, above, may be rewritten in the form: 

 

j

j

jDwz 
=

=
1

  where Dj represents the distance from P to Aj 

 

Expressed in this way we may ask whether alternative definitions may be used for Dj , 

along the lines of our earlier discussions on metrics (Section 4.2 et. seq.). Initially we 
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consider the Lp metric and then extend the analysis to consider Riemannian 

formulations.  

 

A first generalisation of the formula for Dj is the Lp metric: 

 

Dj  = ( ) pp

j

p

j yyxx
/1

|||| −+−  where p ≥ 1 

 

The case p=2 corresponds to the familiar Euclidean formula whilst p=1 defines the so-

called Manhattan or rectilinear metric, as discussed in previous Chapters. The Steiner 

minimal network problem has been analysed for both p=1 28 and p=2 29 and it has been 

shown that for p=1 there is not a finite number of determinable solutions, whilst for 

p=2 a finite set of solutions does exist. With p=1 and a three vertex problem (rsmt:3), 

Hanan (op. cit.) has shown that the Steiner point, P, is found to lie at the median of the 

vertex coordinates (this is equivalent to the result derived in Section 4.2 where it was 

shown that the optimum location in a linear market is at the median of demand). Hanan 

also proved the more general result that Steiner points with the rectilinear metric will 

always lie on a grid constructed by drawing horizontal and vertical lines through the 

vertices of the problem - this result generalises further to problems in which the metric 

is based on gauge distances and one or more convex obstacles exist30. As with the 

Euclidean version of this problem, the rmst problem will have k-2 Steiner points if there 

are 2  k  n vertices, except for the case k=4. For the rsmt Steiner points are located at 

the meeting point of three edges except for k=4, where one point with 4 edges meeting 

is possible. 

 

Huriot and Perreur31 have investigated the related Weber problem of optimum location 

for a facility amongst n weighted demand points with the Manhattan or L1 metric, and 

have shown that unique solutions only exist if there is an odd number of points (n is not 

even). With an even number of points the optimum may be located in a region, along a 

line or at a demand point. 

 

Peeters and Thomas32 have recently analysed the impact of alternative values of p in 

simulated location-allocation problems. They conclude that optimal locations are not 

substantively affected by the choice of p (or route factor) when 1.2 < p < 2.2, but 



Networks and optimal location 

296 

significant divergence does occur with p  1 and p  2.4. They conclude that if prior 

estimation of p shows values within the [1.2, 2.2] range then they can be safely ignored. 

8.4 Network design and Riemannian metrics 

A second generalisation of the formula for Dj is the Riemannian metric. For the 

Euclidean plane we have: 

 

Dj  =   +=

jj A

P

A

P

dydxds 22  

 

where the integral is taken along the straight line connecting P to Aj. This can be 

regarded as the integral form of the Euclidean distance formula. The expansion for 

incremental distance, ds, on the right hand side of the expression is specific to the plane. 

A more general expression, which applies to any continuously differentiable surface, is: 

 


=

=
2

1,

2

ji

ji

ij dxdxgds  

 

where dxi = dx,  dxj = dy and the gij are coefficients derived from the function defining 

the surface and its partial derivatives with respect to x and y. The summation symbol is 

dropped for convenience, summation being assumed over repeated subscripts/ 

superscripts, and in this form we have the Riemannian family33 of arc length (cf. Table 

4-1 Sample metrics, 6, and Section 4.2.4.5): 

 

Dj  =  
C

ji

ij dxdxg  

 

where C is an arc or collection of arcs such that Dj is minimised between two selected 

points, e.g. P and Aj . Curves such as C are geodesics and are not merely (locally) 

shortest paths but are also straight lines in the space under consideration. The latter 

observation is important when discussing forces and tensions on surfaces, as these will 

behave in a similar manner to the plane.  
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We may extend the previous network problems in the following manner: let a set of 

vertices Ai, i=1,2,3…n  be defined in a region, R, in a space, S (i.e. R S) and for each 

point (x,y) in R let a generalised cost function F be defined. This function may represent 

the variation in construction costs over R, the variation in traffic speeds, or some 

composite scalar cost function. We showed earlier (Section 4.2.4.5 and Annex 2) that 

for appropriately defined F and S least cost paths in a space S with metric Fds map to 

shortest paths in a space S* with metric ds*. We now use this result to address a number 

of generalised network problems. 

8.4.1.1 Generalised minimal spanning tree 

Let Ai, i=1,2,3…n be a set of vertices {A} defined in a region R of the plane. We define 

a generalised minimal spanning tree, Tn, as the minimal spanning tree over {A} in S*.  

 

Thus, given a set of vertices {A} in the plane, and an analytical cost function, F, the 

least cost network connecting all vertices without intermediate points may be found by 

progressively joining nearest neighbours and sub-graphs in S* by geodesic paths. The 

solution network would be a generalised minimal spanning tree. 

8.4.1.2 Generalised Steiner minimal network 

Let Ai, i=1,2,3…n be a set of vertices {A} defined in a region R of the plane. We define 

a generalised Steiner minimal network, Qn, as the Steiner minimal network over {A} in 

S*.  

 

If Q is a Steiner minimal network in the plane with vertices {A} and Steiner points {S} 

and F is some analytic function defined over the region of interest then the generalised 

Steiner minimal network will not normally have Steiner points {S}. A 3-vertex Steiner 

problem, Q3, consisting of vertices A, B, C and a Steiner point P is shown in Figure 

8-19. Over the bounding rectangle we have then defined a cost function of the form: 

 

F = ay + bx + c where a, b, c > 0 are constant and a, b are small 
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Figure 8-19 A 3-vertex generalised Steiner network 
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The least cost network now consists of the generalised Steiner point P, and the curves 

AP, BP and CP. This particular example was produced using a soap bubble analogue 

to the mathematical model with two sheets of Perspex (one horizontal the other tilted at 

an angle) and vertical wires connecting the two surfaces at the vertices, but solution by 

both numerical and computational methods is also possible. Notice that the arcs of the 

generalised network still meet at 120 as may be proved by consideration of tension34. 

These observations can provide the basis for numerical solutions. The special case 

where S is a sphere and F is constant has been analysed by Weddell35 and Katz and 

Cooper36. 

8.4.2 Solutions to generalised network problems 

Solution of generalised minimal spanning tree (gmst) problems over the plane will 

require calculation of at most n(n-1)/2 inter-vertex distances (assuming that there are 

unique shortest paths). Each distance is found by evaluating the lengths of path that are 

solutions to the differential equation: 

 

y(x)+ (1 + [y(x)]2)(Fxy(x)-Fy)/F = 0 

 

Generalised Steiner network problems present greater difficulty. Finding a globally 

optimum solution to this problem for general n when costs are constant is known to be 

extremely difficult. Iterative, heuristic or analogue methods are often more practical 
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than an exhaustive search of possible solutions. With the more general case of varying 

cost the difficulty of solution is considerably greater. This is illustrated by studying the 

3-vertex problem, Q3, in more detail, and considering Qn problems are a composite of 

Q3 problems. 

 

We have already shown (Figure 8-19) for a particular case that Q3 can be solved by 

analogue means when S is a plane and vertex weights are constant. However, if S is not 

a plane or the vertex weights, wj, are not equal, analogues using soap bubbles or similar 

schemes cannot be constructed. It is therefore necessary to devise numerical algorithms 

to solve Qn.  

 

Certain important properties of the solution to Steiner networks cease to hold if costs 

are allowed to vary: 

 

(i) Solutions to Q3 may not be unique. Consider Figure 8-20, which shows an 

equilateral triangle in the plane. With constant costs a unique Steiner point 

would exist at the geometric centre of the triangle. Now, if costs are high at 

the Steiner point, decreasing rapidly in a radially symmetric manner to a 

uniform level, three symmetrically located Steiner points and three 

alternative minimal networks will exist.  

 

Extension of this argument by continued modification of the cost function, 

F, shows that the number of solutions is not necessarily bounded. On the 

other hand, there may be unique solutions for Qn, n>3, even though such 

problems do not normally have unique solutions. 
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Figure 8-20 Multiple least cost Steiner networks 
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(ii) Let ABC be any triangle in the plane with internal angles less than 120. 

Then:  

(a) a generalised Steiner network may have no Steiner point inside37 the 

geodesic triangle ABC on the surface S*; Proof: the geodesic triangle may 

have vertex angles which are completely different from the plane triangle 

ABC. For example, the vertices could be collinear in S*. 

(b) every minimal network will be comprised of arcs lying inside or on the 

geodesic triangle ABC (where geodesic paths are defined as the globally 

shortest paths connecting the vertices). Proof: (see Figure 8-21) if P is a 

Steiner point lying outside the geodesic triangle then the path from P to 

at least one of the vertices must cross one side of the triangle at P’, say. 

Now length AP’B<APB thus a network with P’ as a node is a lower cost 

solution than the network with P as a node.  
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Figure 8-21 Steiner points in a geodesic triangle 

P

P'

A

B

C

 

 

We may consider application of (ii) to the analytically tractable problem in which 

F=/y where >0. Solving the differential equation at the start of this subsection (see 

Section 12.1.2.2 for more details) we find that least cost paths are arcs of circles (or 

straight lines in the extreme). Now consider the equilateral triangle (Figure 8-22) across 

which this cost function F=/y has been defined. By symmetry we see that if a Steiner 

point is to be found it must lie along the line AX. Furthermore, network arcs must 

intersect at 120. When =0 we find that angle BAC of the geodesic triangle equals 120 

and the unique minimal network is the minimal spanning tree. As  increases a Steiner 

point, P′, will be found on AX between A and P. For sufficiently large  P′ will coincide 

with P and the curved edges of the geodesic triangle will become straight lines. 
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Figure 8-22 Steiner network Q3 in the field F=/y 

P

A (0.5, +3/2)

B (0,) C (1,)
X  

 

Taking points (i) and (ii) above into account an approximate solution procedure for the 

generalised Q3 problem may be defined (Figure 8-23): 

 

(i) find the geodesic paths which together make up the geodesic triangle ABC 

using boundary value, initial value or distance transform methods 

(ii) divide two of the three vertex angles into n+1 (n variable) subdivisions 

defining n new directions at each vertex selected 

(iii) for the two selected vertices, generate the 2n geodesic paths which are 

defined by the selected vertices and the initial directions specified in (ii), 

which lie within the geodesic triangle ABC 

(iv) from the N  n2 intersections of solution paths, select the subset of M points 

for which the intersections occur at approximately 120 (additional 

interpolation may be required to achieve a satisfactory approximation).  

(v) solve the M boundary value problems defined by these intersections and the 

final vertex, or the initial value problems defined by the M intersection 

points and a direction or 120 from both the lines which have created the 

intersection. 

(vi) if the initial value problems in (v) give a solution (one or more) that intersect 

the final vertex then the solution has been found. Alternatively, select the 

boundary value solution(s) that give the initial angle result as close as 

possible to 120.  
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Figure 8-23 Solution procedure for generalised Steiner networks 

A

B

C

A

B

C

A

B

C

P

 
 

The method described can also be applied to cases where the weights, wj, are variable, 

by solving for the Steiner point in the plane, thereby determining the angles at the 

Steiner point, and using these for the intersections. In practice, however, the complex 

form of physical surfaces and generalised cost surfaces in the real world coupled with 

multiple constraints, means that alternative procedures such as the Vortal technique 
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described earlier will be the preferred approach. In this case, the geodesic characteristics 

of tension and straightness (parallel transport) are more useful tools than localised 

angular behaviour.  

 

As solutions to Q3 are not generally unique, solutions to Qn cannot be found by 

examining all possible topologies. An heuristic approach may, however, be suggested. 

First, calculate Tn, the generalised mst; second, select sets of vertices from Tn and find 

generalised Steiner points for these subsets using the procedure described above for 

three nodes (where nodes are vertices or Steiner points). Finally use the newly selected 

Steiner minimal sub-networks to replace the original sections of mst, reducing the 

overall length of the mst. Continuation of this selection and replacement procedure will, 

in general, produce a sub-optimal but improved solution network.  

Figure 8-24 Steiner minimal network in the plane, Q3 
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To illustrate this process consider the cases n=3 and n=4.  

 

For n=3 T3 is first solved by providing a ‘reference’ solution network with two arcs 

connecting three vertices (Figure 8-24). A Steiner minimum network Q3 is then found, 

using the methods described above, and the length (cost) of this new network is 

compared with that of the mst. The shorter (lower cost) is chosen as the solution 

network. In the diagram above (constant costs in the plane), the path lengths AB+BC > 

AP+ BP+ CP so the Steiner network solution is selected with point P as a new 

intermediate node, at a saving of just under 15%. 
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For n=4 the generalised mst T4 will have three arcs (Figure 8-25a) connecting the four 

vertices {A,B,C,D}. We then select a subset of three vertices, {A,B,C} say, and solve the 

Q3 problem for these three using the methods described above (Figure 8-25b). If the 

new network, ABP1CD is shorter than the length of T4 we have an improved, though 

generally sub-optimal solution to the Q4 problem. Treating the point P1 as fixed we now 

solve the Q3 problem for P1CD yielding a new network with two Steiner points, P1 and 

P2 (Figure 8-25c). Note that P1 will generally no longer be optimally located with 

respect to the ‘fixed points’ A, B and P2 and may be re-adjusted using these three points. 

Iterative adjustment of P1 and P2 continues until there is no worthwhile reduction in the 

length of the network and this is then taken as the solution for Q4. 

 

Had our original choice of subset been {A,C,D}, {B,C,D} or {A,B,D} we might have 

reached different solutions to Q4, possibly shorter (more optimal) than the result 

achieved using {A,B,C}. Similarly, solving the intermediate problem for {P1,A,D} and 

dropping the link CD could have yielded another network topology. The number of 

possible approaches to tackling Q4 is large, but for reasonably behaved cost functions 

the different approaches should yield similar solutions in terms of total cost. For larger 

problems Tn may be found, separated into smaller sub-networks, and the approaches 

described for Q3 and Q4 applied to these, as before. In essence, however, the solution 

process will remain one of trial and error, exploring alternative topologies and 

investigating the sensitivity of networks to alterations in the cost function and weights.  
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Figure 8-25 Solution procedure for the generalised Q4 problem 
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The solution to Q4 when the cost function F = 1/y (cf. F=1/v cited earlier, where v is 

velocity) can be found directly since we know that geodesics will be arcs of circles. For 

the example shown (Figure 8-26) a unique topology with two Steiner points exists, with 
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a total length approximately 20% lower in cost than the mst and 10% less than the 

Steiner solution in the plane. 

Figure 8-26 Solution of the Q4 problem with F = 1/y 
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The above discussion may also be applied to the problem in which vertices are 

weighted. In this case the angles at which arcs meet will no longer be 120. The solution 

procedure for Q3 may be modified as follows: 

 

(i) solve for the incident angles of arcs at the Steiner point in the plane with 

constant costs (i.e. using the resultant of the weighted vectors) 

(ii) use these angles to select the M boundary points and final solutions, as in the 

previous method. 

 

For example, if the three vertices are weighted 1, 1 and 0.5 then the angles between the 

arcs will be 151, 104.5 and 104.5. Selecting the vertices with unit weight and solving 

the initial value problems, a set of M 151 intersections will be found. M boundary 

value problems are then solved using the selected intersections and the remaining 

vertex, with solutions yielding 104.5 inside the geodesic triangle being selected as 

generalised Steiner points. 

 

Further extensions along these lines are possible. For example: application of the 

methods developed to problems of rationalising existing networks; generalisation of the 

Lp metric approach allowing p to be (piecewise) continuous function of location p = 
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p(x,y); and introducing solution procedures based on computational algorithms such as 

Vortal, VTDT and LCDT.  

 

Analysis of fundamental problems in network design and location theory has shown that 

analytic and computational solution methods can be successfully applied when the 

assumption of isotropy is dropped. Distances and paths can be calculated in a variety of 

ways that produce optimal or near-optimal solutions. Much work remains to be 

undertaken in this field but it is now evident that complex, realistic problems can be 

undertaken using tools that hitherto have not been available. 



 

309 

Notes and References: 

 
1
 parts of the text of this Chapter were published by the present author in 1981, as:  

de Smith M J (1981) Optimum location theory – generalisations of some network problems and some 

heuristic solutions, J. Reg. Sci., 21, 4, 491-505 

2
 due to Fermat and Gauss but studied in detail by Steiner and Weber, and also known as a Minimum 

Aggregate Transport or MAT problem. The literature on network design, optimisation and 

approximation problems is extremely large, partly because it has many applications and partly because 

it is eminently suited to analysis. Approximation methods have a very recent history, only dating from 

Johnson’s paper in 1974. Johnson is Head of the “Algorithms and Optimization Department”, AT&T 

Research. See for example:  

Johnson D S (1974) Approximation algorithms for combinatorial problems, Journal of Computer and 

System Sciences, 9, 256-278 

In the last few years a Compendium of results (with almost 500 references) has been prepared and 

maintained on an Internet web site: 

http://www.nada.kth.se/~viggo/wwwcompendium/wwwcompendium.html. 

3
 Miehle W (1958) Link length minimisation in networks, Operations Research, 6, 232-243 

Scott A J (1971) Combinatorial programming, spatial analysis, and planning, Methuen, London 

This problem was originally proposed as a ‘challenge’ to other mathematicians by Fermat in the 17th 

century 

4
 Steiner points: Such points are on occasion referred to as Weber points or point of minimum aggregate 

travel (MAT) but these latter terms apply to the more general problems associated with location theory 

in which there are any number of vertices and variable weights and/or transport costs in each case. 

Steiner network problems are sometimes referred to as ‘floating node’ problems, in contrast to the fixed 

node problems in which the location of all vertices are pre-defined. 

5
 see for example: Hamacher H W, Klamroth K (2000) Planar Weber location problems with barriers 

and block norms, Annals of Operations Research, 96,191-208 

6
 see, for example: Warme D M, Winter P, Zachariasen M (1998) Exact algorithms for planar Steiner 

tree problems: A computational study, Tech. Rpt. DIKU-TR-98/11, Dept. of Computer Sci., University 

of Copenhagen, Copenhagen 

7
 Love R F, Morris J G, Wesolowsky G O (1988) Facilities location, models and methods, Ch. 2.3, 

North-Holland, New York 

8
 for a more recent and extensive discussion of solutions for general values of p in polynomial time, see 

 Xue G, Ye Y (1997) An efficient algorithm for minimizing a sum of p-norms. SIAM Journal on 

Optimization, 10, 551-579 

9
 lines of equal cost are known as isodapanes - a cost surface may be represented graphically by a set of 

isodapanes, which in the Steiner case will form closed elliptical curves around a single minimum point. 

10
 Gilbert E N, Pollock H O (1968) Steiner minimal trees, J. Soc. Indust. Applied Maths.,14, 255-265 

http://www.nada.kth.se/~viggo/wwwcompendium/wwwcompendium.html


Internet links 

310 

 
11

 NP: This terminology derives from that part of computer science and mathematics concerned with 

computability and complexity - in broad terms problems that are NP-hard or NP-complete are either 

extremely difficult or impossible to solve using any efficient (fast, small) algorithm. The Steiner tree 

problem with Euclidean metric is known to be NP-hard and a second common network optimisation 

problem, the Travelling Salesman Problem (TSP), is known to be NP-complete.  

12
 Massam B H (1980) Spatial search: Application to planning problems in the public sector, 

Pergammon, Oxford, p.xix 

13
 Hwang F K (1976) On Steiner minimal trees with rectilinear distance, SIAM J. of Applied Math., 30, 

1, 104-114 

14
 Drezner Z, Wesolowsky G O (1989) The asymmetric distance location problem, Transportation 

Science, 23, 201-207 

15
 Bose P, Maheshwari A, Morin P (2002) Fast approximations for sums of distances, clustering and the 

Fermat-Weber problem, Pending: accepted for publication in Computational Geometry: Theory and 

Applications 

16
 LOLA home page: http://www.mathematik.uni-kl.de/~lola/ (Kaiserslautern University). This software 

suite includes solution procedures for: planar, network (directed and non-directed) and discrete 

problems; with 1 to n facility locations; a range of metrics which include l1, l2, lp, l and gauge (block 

norm) distances for planar problems and vertex or on-graph distances for graphs; with a range of 

objective functions (media, max etc). See LOLA Manual, Chapter 3, for a summary of algorithms 

provided 

17
 Ratti C (2001) Urban analysis for environmental prediction, Unpub. PhD Thesis, University of 

Cambridge Dept. of Architecture, Cambridge, England 

18
 Batty M, DeSyllas J, Duxbury E (2002) The discrete dynamics of small-scale events: Agent-based 

models of mobility in carnivals and street parades, Working Paper 56, Centre for Advanced Spatial 

Analysis, Univ. Coll. London 

19
 statistical analysis of  DT matrices first  excludes all those elements (cells) which are obstacles, have 

been found to be inaccessible or are part of the target set 

20
 a similar procedure has been described by Kimmel R, Kiryati N, Bruckstein A F (1994) Sub-pixel 

distance maps and weighted distance transforms, J. Math. Imaging and Vision, Special Issue on 

Topology and Geometry in Computer Vision 

21
 DTs are ideally suited to parallel processing and in some instances, firmware implementation. Multi-

level DTs of the type described here are clear candidates for such treatment. Very fast exact algorithms 

are now also available for sequential processing and examples are provided in Annex 3 

22
 examples using EDTs provided within the MATLAB image processing toolbox are also provided at 

http://ww.desmith.com/MJdS - in these examples the display is in image coordinate order rather than 

geographic coordinate order 

http://www.mathematik.uni-kl.de/~lola/
http://www.desmith.com/MJdS


Internet links 

311 

 
23

 time slices of cost fields could be derived in many ways, for example: from prior collected datasets, 

from dynamically gathered data, or determined by equations of evolution applied to the two-

dimensional field (e.g. a diurnal model of traffic congestion). 

24
 Gould P R (1966) Space-searching procedures in geography and the social sciences, Univ. of Hawaii 

Social Science Research Institute, Paper 1, Hawaii 

 Manheim M L (1964) Highway route location as a hierarchically-structured sequential decision 

process; an experiment in Bayesian theory for guiding an engineering process, MIT Civil Eng. Lab., 

Res. Rpt R64-15 

Rowe N C, Ross R S (1990) Optimal grid-free path planning across arbitrarily contoured terrain with 

anisotropic friction and gravity effects, IEEE Transactions on Robotics and Automation, 6, 540-553 

25
 Kuffner J J, LaValle S M (2000) RRT Connect – An efficient approach to single query path planning, 

Proc. IEEE Int'l Conf. on Robotics and Automation (ICRA'2000), San Francisco, CA, April 2000 

26
 RRT-connect algorithms: are probabilistically complete (i.e. if a solution exists they will find it with 

probability 1 given sufficient iterations) and using simulations rapid convergence (improving on 

most/all other current algorithms for comparable problems) has been demonstrated but not proved by 

Kuffner and LaValle (op. cit.).  

Barraquand J, Kavraki L. et al (1996) A Random Sampling Scheme for Path Planning, 7th Intern. 

Symp. on Robotics research. Barraquand et al show that with the less-efficient uniform random 

sampling methods for probabilistic roadmap construction the number of samples, s (vertex points), 

required to guarantee a solution path is found if one exists is proportional to 1/R2ln(L/R), where R 

equates to the minimum step-length used in the RRT algorithms discussed and L is the solution path 

length. For a 1km path with 10metre step length, the number of samples, s < 5000. 

27
 Road gradients: guidelines vary as to the maximum acceptable gradients for different kinds of road 

and paths (for pedestrians, cyclists and horses). For UK Motorways, such as the M6, the constraints 

applied were: Curves, Radius not less than 3000ft; Gradients, Normal maximum 1 in 30, but up to 1 in 

20 to be permitted in some hilly country. Very few roads currently constructed in the UK will have a 

gradient steeper than 1:10 and 1:15 or less is the norm. Vertical curvature limits are also normally 

specified. 

28
 Hanan M (1966) On Steiner’s problem with rectilinear distance, J. Soc. Indust. Applied Maths., 14, 1-

29 

29
 Useful additional references not included in Johnson’s bibliography cited above include: 

Gilbert E N, Pollock H O (1968) Steiner minimal trees, J. Soc. Indust. Applied Maths.,14, 255-265

 Melzak Z A (1964) On the problem of Steiner, Canad. Math. Bull., 4, 143-148 

 Miehle W (1958) Link length minimisation in networks, Operations Res., 6, 232-243 

30
 Hamacher H W, Klamroth K (2000) Planar Weber location problems with barriers and block norms, 

Annals of Operations Research, 96,191-208 

31
 Huriot J M , Perreur J (1973) Modèles des localisations et distance rectilinéaire, Revue d’Economie 

Politique, 60, 77-86 



Internet links 

312 

 
32

 Peeters D, Thomas I (1997) Distance-Lp et localisations optimales. Simulations sur un semi aléatoire 

de points, Cahiers scientifiques du transport, 31, 55-70 

33
 Eisenhart L P (1925) Riemannian geometry, Princeton Univ. Press, Princeton, New Jersey 

34
 Gilbert E N, Pollock H O (1968) Steiner minimal trees, J. Soc. Ind. Applied Maths., 14, 255-265 

35
 Weddell R E (1971) Some aspects of the theory of location, Unpub. PhD thesis, Northwestern Univ., 

Illin. 

36
 Katz I N, Cooper L (1980) Optimal location on a sphere, Computers and maths with applications, 6, 

175-196 

37
 Inside: a point P is considered to lie inside the triangle ABC if P lies to the left of an observer 

traversing the boundary of ABC in an anticlockwise direction 



Conclusions 

313 

9 Conclusions 

9.1 Overview 

As we have shown in the initial part of this study, from a need for better information 

and maps of nations, coastlines, continents, the Earth and the heavens, came a drive for 

new standards, precision in data collection, and the development of new instruments 

and procedures. Together these developments led to the solution of many of the key 

practical and theoretical problems in distance and time measurement, and contributed 

much to our understanding of errors and uncertainty. From these original secure 

foundations, the current body of knowledge, theories, procedures and systems has been 

developed, culminating in today’s range of tools, GIS technologies and advanced 

position determination and measurement systems. 

 

However, the majority of the theoretical development has dealt with homogeneous or 

(radially) symmetric problems. Our study has sought to illustrate and investigate the 

spatial building blocks of such developments, and then to extend the set of measures 

and procedures available in order to address problems experienced in practical, real-

world (inhomogeneous) situations. Of course, many such problems remain unsolved 

and others will be unsolvable (at least, within a formal mathematical or algorithmic 

framework), but a number of promising lines of attack have been developed and 

hopefully these will start to address the issues expressed by Tobler and Harvey in our 

opening quotations.  

9.2 Key observations 

In the preceding Chapters we have explored many aspects of distance and path 

measurement and this process has enabled us to design new solution procedures for a 

significant range of problems within this field. However, before considering the 

outstanding issues and future developments associated with these new procedures, it is 

useful to highlight some of the key observations raised during the course of our 

investigation: 
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Historical foundations: the historical research provides a perspective to the entire 

study whilst being very different in content from most of the subsequent work. It sought 

to show how an understanding of measurement techniques (involving both length and 

time), mathematical formulations, and the development of precision tools (instruments) 

enabled rapid progress to be made. This in turn facilitated safe navigation and thereby 

trade, and provided critical foundations for the industrial and information ages.  

 

The research also demonstrated that an obsession with error and accuracy, in the 

broadest sense, was an essential part of this scientific progress, and is as important 

today as it was in the 18th and 19th centuries. Echoing the requirements of the original 

Longitude Act of 1714, we seek theories and methods that are “Practicable and Useful”, 

i.e. reliable, accurate, practical and repeatable, and, of course, cost effective. It also 

became clear that substantive progress depended on many interlinked factors, and 

frequently it was commercial or military pressures rather than pure scientific research 

that drove this – if anything this is even more the case today than it was in the 18th 

century. 

 

Metrics: the historical analysis included a discussion on the development of more 

advanced distance formulae. This led us to examine the range of expressions that may 

reasonably be used for calculating distance, or more generally the degree of separation 

of pairs or sets of objects belonging to a set. We demonstrated that there are many valid 

generalisations of our common notion of distance and a wide range of methods for the 

computation of distance from coordinate data. The variety of measures used, and their 

differing attributes, is surprising. A number of new results were presented, including 

variants and developments of the standard Euclidean and Riemannian formulae.  

 

The analysis led us to conclude that incremental computation of distance measures is a 

more robust and meaningful approach for many practical problems, despite the 

considerable increase in effort that may be required to achieve this, and the issues of 

path selection it raises. The second conclusion in this area is that whatever measures one 

uses, they must satisfy what we might call the ‘Longitude requirements’ noted above. 
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Paths: If incremental measures are the preferred forms of distance computation, then 

attention becomes focused on the notion of path. In our analysis we distinguish between 

the use of various models to represent real-world linear structures, and the computation 

of path lengths from such representations. When determining distances we make 

implicit or explicit assumptions about the path along which measurement is to take 

place - ratio scale distance measures are generated as a result of a process of 

accumulating a series of two or more ordered point-pair measurements, and when there 

are more than two such ordered pairs we have a path.  

 

There are many possible and reasonable representations or models of path, some of 

which do not support the notion of distance (length) at all. Whilst this latter observation 

has a clear and distinct importance, both from a practical and theoretical perspective, we 

conclude that it does not provide a fundamental block to development of distance-

related analysis, any more than an appreciation of uncertainty in particle physics or the 

complexities of the integers in number theory acts as a block to research and 

development in these fields. In many ways, such issues have the reverse effect, 

stimulating analysis and exploration of the issues, leading to new insights, theories and 

procedures. 

 

Statistics: Distances are determined from point-pairs, but the location of these points 

may not be known precisely. This leads to two linked sets of research and results: the 

first is to compute the expected or average separation of point-pairs under a variety of 

conditions and metrics; and the second is to determine from a given set of 

measurements the nature of the underlying distribution of points. This process is 

technically complex, and whilst a substantial variety of results are presented and 

derived, the prospects for their further development using analytic models appears 

limited. The use of simulation methods, using analytic results as controlled test models, 

would appear to be one of the most productive routes forwards. Such methods must 

have their underlying assumptions, generation procedures and parameters laid out in 

detail, much as with analytic models, but there is little reason to reject such approaches 

as somehow ‘less acceptable’ than analytic results. There is also much merit in their use 

as a set of experimental tools from which new datasets, tabulated results, theories, test 

procedures and models may be developed. Indeed, Monte Carlo simulation may well be 

the best approach to obtain meaningful tests of randomness or of alternative process 
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hypotheses. As noted earlier, the availability of such facilities within GIS would greatly 

simplify modelling and analysis, since such software typically holds the details of point 

events, transport networks and the details of boundary form. 

 

Surfaces: There has been very little research into distance computations across 

generalised surfaces – whether physical surfaces, cost surfaces or combinations of the 

two – this is a broad area warranting a considerable amount of further analysis and 

methodological development. Such research could lead to the development of a range of 

dynamic models and visualisation tools, both areas of great value that would benefit 

from new theories, techniques and toolsets. Methods based on optical analogies were 

shown to have a number of drawbacks and alternative procedures based on accumulated 

cost surfaces (ACS) were found to be preferable. ACS methods were also shown to be 

subject to error in some instances and of applicability to a restricted range of problems. 

However, development of the ACS notion in the form of Distance Transforms (DTs) 

and extension to DT methods was shown to be a promising step forwards.  

 

A second family of procedures was also shown to provide an effective approach to 

problems that are not suited to DT methods. These are based on a combination of 

search-and-optimise procedures. One such approach, based on random tree generation 

and variational optimisation was developed in some detail. We discuss outstanding 

issues relating to both of these developments in the final parts of this concluding 

Chapter. 

 

Networks and optimal location: In Chapter 8 we applied a number of the metrics, 

path models, and surface analysis results and techniques we devised in earlier Sections 

to standard problems in spatial analysis. The results obtained and extensions to 

procedures that we describe, serve to confirm the power of approaching such problems 

by careful analysis of their building blocks. There is enormous scope to develop and test 

such ideas further – for example: to develop approximation models which provide 

results that are both fast and asymptotically exact; to construct realistic and usable 

spatial choice models building upon the MWDT procedure; to construct dynamic traffic 

modelling and forecasting models utilising the LCDT approach; and to construct and 

evaluate models of networks under conditions of varying spatial cost. To this extent, the 
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work in the present study has the potential to be very much the start of a development 

programme. 

9.3 Distance transforms 

The results and examples provided in the preceding Sections have shown that the 

various Distance Transform (DT) procedures that we have developed provide a simple, 

powerful and extensible set of tools for spatial analysts and decision-makers. These 

procedures facilitate the handling of a wide variety of incremental Euclidean distance 

problems, including a range of image processing and visualisation applications, together 

with applications such as buffering and the determination of Voronoi regions (standard 

DT methods). Extensions to the basic DT algorithm support solution of least cost/time 

problems (LCDT methods), optionally including spatial constraints such as obstacles 

and no-go regions, and weighted multi-criteria (MWDT) problems. We have also shown 

that related DT methods can be used to determine geodesics on physically variable 

surfaces (VTDT). These various methods may be applied separately or in combination, 

and are ideally suited to implementation within current GIS software packages. 

 

A central and open question that remains is the stability and convergence of such 

procedures – experimental evidence suggests that DT procedures for inhomogeneous 

space problems are intrinsically convergent, but the generality of this finding and the 

quality (global nature) of such convergence requires close examination. Likewise, the 

dependence of computational methods on input parameters, the models used for 

representation of underlying data, dynamics, and scale are all areas for which much 

research is warranted. 

 

In applying standard and modified DTs of the kinds described in this study the 

following issues must be considered: 

 

(i) if a standard form of DT is used (i.e. there are no variations in cost, 

topography nor any obstacles) a predetermined number of passes of the 

masks will be required (one forward and one backward pass in the case of 

the simplest DTs) 
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(ii) if the conditions in (i) do not apply, the solution procedure requires iteration 

to ensure convergence of the solution values. Experimental evidence 

suggests that for most problems (potentially all unconstrained variable cost 

models) two iterations suffice (i.e. one complete extra set of scans; this can 

be readily demonstrated, for example, using the problem illustrated in Figure 

7-5). However, for some, more complex, problems up to 6 (or occasionally 

more) iterations may be required. Computations based on the VTDT 

algorithm indicate that a larger number of iterations may be required for this 

procedure. No theoretical analysis of convergence has been carried out at 

this time and this remains as an area for further research 

(iii) solutions will not converge to regions that are unreachable, i.e. to regions 

which are completely hidden behind impermeable barriers, very high cost 

zones and/or on sections of street networks not connected to the main area of 

study 

(iv) if the size of the sample lattice (or sub-sections of this lattice that are 

surrounded by barriers) is not greater than the DT mask size, then some or 

all distance values may not be updated and thus the procedure may be 

invalid 

(v) having generated the DT for a specific problem path computation may be 

required – least cost or time paths will be orthogonal to the optimal DT 

isolines, and these will not necessarily exactly match isolines generated from 

an exact DT algorithm. Furthermore, isolines and paths will be distorted by 

the lattice representation and may not follow local lines that are orthogonal 

to the isolines. If necessary path determination may be performed using 

smoothed isolines and/or a retained record of the optimal path, e.g. by 

storing additional data as part of the DT algorithm (as illustrated in Figure 

5-20B) 

 

Despite these concerns, we believe that the various DT procedures we have 

developed provide one of the most powerful computational approaches to problems 

in spatial analysis yet devised. Development of toolsets based on simple or exact 

DTs for use in conjunction with GIS packages is one area for early consideration. 

Another is the examination of further extensions to the family of models we have 

developed together with a more detailed exploration of their convergence and 
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precision. It is also anticipated that extension of these procedures to cover gradient 

and curvature constraints will be a fruitful area for further research. 

9.4 Search procedures 

DT procedures can be seen as a form of sweep search, exhaustively computing results 

using a lattice approximation to the underlying spatial data. It may be possible to 

develop DT techniques to handle more complex path-related constraints, but search 

procedures based on path growth seem more likely to yield effective solutions in these 

cases. In this study we have developed one such procedure, VORTAL, based on random 

tree constructs, which are then iteratively optimised. We have shown how such 

procedures can solve simple planar path problems and multiple inter-linked path 

problems, with or without obstacles, in an optimal manner. We have also shown that 

simple constraints, such as proximity and gradient constraints, can be incorporated into 

such models and yield high quality solutions, assuming that solutions are forthcoming.  

 

Once one introduces multiple constraints the question of solvability becomes of 

increasing importance. Potentially any number of paths can be constructed across a 

continuous unbounded region (or surface), of variable topography and/or cost, of finite 

length (i.e. ignoring fractal considerations). One or more of these paths may be of 

shortest length. However, there is no guarantee that such a path will be a smooth curve 

or will avoid regions of steep slopes. When such constraints are added the solution path 

may be required to take a far longer path, and in many instances the combination of 

curvature and gradient constraints may mean that there is no solution path possible. In 

such cases either one or more of the constraints must be relaxed, the project abandoned, 

or the implicit constraint that the path must be embedded in the surface must be 

amended. In the latter case tunnels, bridges or cut-and-fill constructs are required. The 

inclusion of such facilities within the VORTAL procedure would appear to be feasible 

but would require substantial modification of the algorithm and code developed to date. 

We see our development of the VORTAL procedure as very much the early stages of a 

development programme, with the next stage being application to a selection of real-

world problems. The latter will result in many enhancements to the procedure, both in 

terms of functionality and performance – finding better ways of selecting good potential 
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routes and improved methods of optimising the alternatives and evaluating topological 

variants. 

9.5 Overall conclusions 

In spite of the progress made, there remain many questions that require closer attention. 

Amongst these are: the treatment of vector fields and dynamic data; the thorough 

analysis of solvability and convergence; the formal analysis of selected problems 

involving constrained optimisation; the applications of the methods developed within 

spatial analysis and GIS and within other disciplines; and the changing importance of 

distance in current and future human (terrestrial) activity. In the Postscript, which 

follows these Conclusions, we comment briefly on one aspect of this latter issue, 

distance and telecommunications. In connection with this area we argue that 

telecommunications has a special role, similar to that of the many types and speeds of 

transport systems, in distorting the isotropic and simple metric view of the world, 

especially with respect to information-centric activity. 

 

If one were to seek a single, overall conclusion from the research programme 

undertaken in this study, it would be that the notion of distance, and the application of 

distance measures to practical problems, is far more complex than it appears at first 

sight! However, the process of analysis we have undertaken, which examines and then 

builds upon fundamental spatial components such as location, path and distance, we 

have found to be both stimulating and we hope, productive. 
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10 Postscript: Distance, telecommunications and 

timeliness 

Continuous technological development has led to the position whereby the speed of 

information transmission has resulted in the virtual elimination of geographic (spatial) 

considerations for some applications. Its earliest effects were felt with the development 

of the telegraph and radio communications, with application to longitude determination 

as noted at this start of this study. But with timely information being at the centre of 

military, commercial and even personal decision-making, electronic communications 

technologies have become central to a large number of spatial processes. 

 

Historically, distance has been a major factor in determining the speed of information 

delivery, thus influencing location decisions in a complex and dynamic (iterative) 

manner. For example, early in the 19th century, pigeons were very successfully used as 

express carriers of news – Rothschild’s Bank in London who provided the financial 

backing for Wellington’s forces in 1815 were the first in London to be informed of the 

outcome of the Battle of Waterloo as a result of having their own private pigeon post 

service from the front line. Thirty five years later Julius Reuter developed a niche 

business delivering the latest news and information - he used 45 pigeons to carry news 

and stock prices between Brussels in Belgium and Aachen in Germany within 2 hours, 

beating the railroad by six hours - the fastest route by road today is approximately 90 

miles in length and takes just under 2 hours to drive, excluding city centre congestion. 

Reuter’s venture was, in reality, a temporary ‘bridging’ operation, filling in the gap in 

the new telegraph lines that had been laid between Paris and Brussels, and between 

Berlin and Aachen. Reuter’s success led him to move to London in 1851, then the 

financial centre of Europe, where he established the news agency that subsequently 

became the leading financial news and price distribution service in the world. There was 

cause and effect here – the opportunities resultant upon a communications ‘innovation’ 

led Reuter to move to London, but once in London Reuter (and others) provided the 
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information and communications systems that enabled the City of London to dominate 

the world’s financial, currency and commodity markets for over a century. London 

became a global communications node, and remains so in many market areas. 

 

The value, and frequently the cost, of information are dependent on many factors, but 

assuming that the content meets the requirements of users, then timeliness and 

accessibility are major factors to be considered. Very valuable information is frequently 

either information that has little value after a short while (‘yesterday’s newspaper’) or 

information that is old but required at very short notice. An example of the latter is in 

handling emergencies – political, economic, medical etc. – which require very fast 

response and access to a large variety of information and transaction systems at short 

notice. In a similar (but more dramatic fashion) to distance decay functions, there is an 

equivalent (and often inter-related) information value time decay function from seconds 

through hours, days and months, of the form shown in Figure 10-1: 

Figure 10-1 Time decay of information value  

Value

Time

0.1s 1s 10s 1hr 1d

Crisis

1m

 

 

Many financial information services focus on the far left-hand side of the diagram. 

Reuters and others now deliver such data across global private networks using 

proprietary network protocols in order to sustain real-time throughput levels, giving 

sub-second data delivery simultaneously across their customer base. The data centres 

are linked by dedicated international communications circuits, which rely on satellite 

links, optical fibre cables and coaxial cables. Communication between data centres and 
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subscribers is usually by dedicated terrestrial circuits that are leased from 

telecommunications operators and are supplemented by a variety of other transmission 

systems, such as satellite-based networks. In practice, this high investment in 

infrastructure means that whilst service can be delivered almost anywhere in the world, 

including via the Internet, both the information provision infrastructures and content are 

expensive. Furthermore, it means that delivery at given guaranteed level of service is far 

more straightforward in the major financial centres than in provincial towns or less 

developed countries – for example, data delivery via geostationary satellite facilities is 

less reliable, serves northerly latitudes poorly, has inherent transmission delays, and in 

most instances does not provide interactive communications facilities, thus requiring 

augmentation by terrestrial links (e.g. for transaction handling). This places many 

regions of the world at a severe disadvantage in terms of such services. 

 

There are many other factors which result in concentration of facilities and services in 

major centres, despite telecommunications advances – high amongst these are the need 

for systems integration, security considerations and the necessity for face-to-face 

contact within and between businesses working in the same or similar markets. Whilst 

such factors are reducing in importance, and for example open outcry trading floors are 

closing down, it will be a long time before they disappear completely. 

 

The demise of many global competitors to Reuters is to some extent a testament to the 

company’s vision and technological innovation, but also reflects two key trends in this 

most demanding of marketplaces – globalisation and technological change. The former 

requires suppliers to deliver services everywhere in the world, with global content 

coverage, in a consistent and guaranteed manner. The latter exerts pressure upon all 

suppliers by reducing the unit cost of delivery for a given amount of information. One 

of the side effects of this is the growth of niche market players (rather as Reuter himself 

started in the 19th century) whose base location is no longer dependent on the largest 

network nodes. 

 

As noted above, timeliness is closely coupled with distance in determining the value 

and thus frequently the price of information. This has the greatest effect in time-critical 

markets, such as financial services, emergency planning, fast moving/urban transport 

systems and command and control systems. In the many information-centric 
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applications where timeliness is less important the domination of distance has 

substantially diminished and been replaced by cost and accessibility considerations. 

There is no simple model that can represent such time-distance inter-dependency1, but 

in broad terms we can agree to recognise explicitly the need for distance measures to 

include time, cost, and field data (flows) rather than just physical space.  

 

Just as physical distance may provide a surrogate for the time and cost of physical 

transport of goods or people, so we may consider the notion of Information Distance as 

a surrogate for the time and cost of non-physical delivery of information and services to 

a given location in response to a specific request from that location. For the present we 

define Information Distance2 as the lowest price obtainable in the market for the 

delivery of a pre-specified and unmodified (i.e. complete and error free) unit of 

information from a given source to a given destination (or set of destinations) in a given 

interval of time. If the delivery of a unit of information demands a positive 

acknowledgement and/or receipt of a unit of information in response, the sum of the 

delivery-plus-response price must be obtained. 

 

The unit of Information Distance is price (not cost, although the two may equate or be 

closely related). The parameters required for calculating Information Distance include 

the (logical and physical) location of the source, the (logical and physical) location of 

the destination, the requirements (technological, access) placed upon the destination by 

the source for satisfactory delivery, the specific information content sought (nature, 

volume) and the time parameters (start date/time, end date/time, delivery delay accepted 

or agreed, latency). From this it can be seen that a simple equation cannot be devised to 

provide a price, thus Information Distance is computed on a case-by-case basis, 

generally being derived from published tariffs and individual quotations. Such tariffs 

and quotations will vary according to the nature of the proposed purchasing decision – 

the length of contract, the size of contract, the location of the source and destination and 

the individual or organisation making the purchase. Therefore there is not strictly one 

Information Distance for a given user request, but many. 

 

Information Distance (ID) clearly does not provide a metric or the basis for a metric 

space under most circumstances. In general, however, the definition does satisfy the co-

location and separation rules, and in some cases may satisfy symmetry and triangularity 
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rules. An example of a well-defined ID space would be the set of all public, active static 

IP addresses in the world, together with the price for the delivery to any one of these 

addresses of the latest live trade price and volume of all National Market shares on the 

Nasdaq exchange during market open hours with a delay of less than 2 seconds from 

their release by the Exchange’s market data distribution systems – see further, Annex 4 

- Traffic, teletraffic and statistical self-similarity. 

 

Although the global availability of on-demand bandwidth3 is far from perfect and in 

practice bandwidth and switching capacity is limited for many purposes, much 

traditionally location-bound information is now susceptible to distance-independent 

location – connectivity, access, permissioning, reliability, true throughput, time and cost 

dominate over distance. In fact access accounts for 35% of service provision in current 

US inter-city voice networking as compared with 15% for the long-haul networking and 

50% is accounted for by areas such as marketing, billing and customer support. Thus 

70% of the ‘geographic’ cost is accounted for by local access. Access is a far more 

dominant factor in less-developed regions of the world, especially in Africa, parts of 

Asia and South America. In many instances there is either no access at all or access at 

speeds and/or costs that preclude almost all users other than international corporations 

and government units. 

 

This is not to say that network optimisation is no longer an issue in telecommunications 

– in fact it has been one of the most intensively researched areas of all over the last 25 

years, with many key results being produced by the major telecommunications research 

labs, notably Bell Labs (now AT&T labs) in New Jersey4. It is to some extent the 

success of this work that is reflected in the continuing lowering of per bit costs and 

reduction of distance dependency, especially in IP data networks. Despite the fact that 

the Internet, ATM networks and private IP networks5 generally provide distance-

independent tariffs, underlying costs are not distance-independent – they rely heavily on 

optic fibre availability and links to key gateways which tends to focus high-intensity 

traffic into a small number of major cities (see for example, Figure 10-2). 
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Figure 10-2 AT&T’s US inter-city optic fibre network links – 2001  

 

© AT&T 

 

More traditional networks, such as leased line facilities, still exhibit strong distance 

dependency based on a fee for the two local tails/links to Central Office (CO) facilities 

plus a linear fee based on a straight line (Euclidean) distance between CO’s. In many 

cases the distance component is tiered – relatively low cost, flat rate tariffs applying 

within close proximity to a suitable switch, coax cable or optic fibre route, and much 

higher rates (often a stepped or linear function of distance) for all other links.  

 

The combined effect of these two factors results in ‘clumping’ of service availability, 

e.g. at secure telecentre facilities such as Telehouse in London’s Docklands, similar to 

the patterns of joint demand and joint supply traditionally seen in retailing and 

manufacturing. Research by Martin Dodge and Narushige Shiode into the geography of 

ownership of Internet (IP) addresses in the United Kingdom6 illustrates this visually for 

London (strictly speaking this provides a surrogate view of connectivity, Figure 10-3). 

The Docklands area is at the eastern edge of the main highest density zone shown in the 

centre of the map (see red circle highlight). Interestingly enough there is now a move 

eastwards from this zone for security reasons – the Docklands zone and the towers of 

Canary Wharf are within a security cordon and post September 11th 2001 are regarded 

as more vulnerable than nearby areas to the east. This is by no means the first example 

of security issues determining UK IT facility location, but it is one of the most vivid in 

recent years. 
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Figure 10-3 IP Address ownership density, London 

 

© Martin Dodge, 1998-2002 

 

It is important to note that these clumping effects are largely unaffected by the absolute 

cost per bit of information transmission, which has dropped substantially year on year 

for 25+ years. Demand, in the form of new services such as high resolution image 

transmission, streaming audio and video, voice over IP and streaming real-time data 

containing ever more detail (such as financial information and medical images) will 

more than make up for the per bit cost reductions. Overall, current statistics suggest that 

IP data traffic growth will dominate demand for at least the next 5 years and we are 

likely to see patterns such as those illustrated being re-enforced rather than dispersed 

over the coming years.  

 

The release of dependence on distance for some activities, such as non real-time 

information retrieval, access to information services, inter-personal communication, 

‘mail’, software development, graphic design, book editing etc. directly impacts the 

dynamics of the geographic space, rather as the introduction of motorways such as the 

M25 has impacted journey patterns. Figures released in June 2002 for UK employment 

show that approximately 2 million people or 7% of the working population now work at 

least one day a week from home, as telecommuters. In some industries, where people 

choose to live and work is less dependent on geography than access to good 

telecommunications infrastructures such as ISDN or ADSL. And vice versa, good 

telecommunications and IT infrastructures act as a pull factor for location decisions – 
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the concentration of high tech facilities in London’s docklands is a recent example of 

this.  

 

The telecommunications revolution diminishes or eliminates distances in a wide range 

of information-centric applications, including of course, the diffusion of innovations, 

but for many activities it has only an indirect effect (e.g. altering shopping patterns and 

delivery routes for certain classes of goods) or has very little short term effect at all. It 

can be argued, with today’s ever-increasing congestion and pollution, that much 

remains to be done to resolve the so-called tyranny of space, and that computers and 

information technology are only beginning to have an effect, albeit minor. And in some 

respects, the impacts are negative, increasing congestion as they facilitate centralisation 

and provide information on ever more places to visit and work.  

 

A fundamental challenge for Society is to devise ways of utilising new technologies to 

diminish the need for travel – for example, by providing direct electronic access to the 

contents of museums, libraries, galleries, shops and cinemas, not just access to their 

catalogues. Likewise, for the workplace, the development of real-time, large format 

audio-visual experiences and secure, economic remote access will enable practical 

teleworking and interaction with service providers to be extended to a large proportion 

of the populace, not just a minority for a subset of their time. This process needs to 

embrace public as well as private services, since in many countries access to such 

facilities is limited and very problematic, whilst in others they account for a large 

percentage of employment and economic activity. This applies especially to those 

services having direct contact with the public – medical services, education services and 

local and regional government.  

 

It is to be hoped that developments such as these will lead, in time, to greater 

investment in homes and community facilities rather than regional and national 

transport infrastructures. This may not bring about the ‘death of distance’ but perhaps, a 

more desirable objective, the ‘management of distance’ based on environmental and 

social principles, and not merely economic and political pressures.  
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11 Annex 1 - Nearest neighbour statistics 

This Annex provides derivations for the probability distribution and moments of the nth-

nearest neighbour distance in k-dimensional space. The analysis is based on ideas 

initially drafted by Prof. M F Goodchild and the present author in 1974, the first part of 

which draws on the earlier work of Thompson1 (1956), but which were not published at 

the time.  

 

The nearest neighbour statistic is obtained by obtaining the average distance from a set 

of randomly selected sample locations to the closest observed data points (events) in the 

sample space (point to event distances). This problem is equivalent to the problem of 

finding the mean values where the events themselves rather than random points are used 

as the sample locations (event-event distances). If this average distance is calculated for 

the nearest point it provides the first-order nearest neighbour statistic; if it measures the 

average distance to the second or subsequent points it provides the second or nth-order 

nearest neighbour statistic. If the observed point pattern is truly random throughout the 

sample space (commonly referred to as “Complete Spatial Randomness” or CSR) then 

the observed mean values will equal the expected, and their ratio will be unity.  

 

The distributions and expected values, derived below, assume an unbounded space and 

a predefined (known) point density, . This assumption has two important drawbacks: 

the first is that sample spaces are always finite and boundary effects may be significant; 

the second is that selection of the sample space will influence the results. The latter 

occurs for two reasons: first, the sample space may (in fact will generally) exhibit 

variation which may result in non-random observed point distribution; and second, 

different partitions of the possible sample space may alter the result (i.e. similar to the 

well-known modifiable areal unit problem). 

 

The basic solution to this problem for CSR has been known for many years2, but has 

recently attracted renewed interest from mathematicians and physicists3. This is partly 
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due to its wide range of applications: from the familiar areas of geography, ecology and 

epidemiology, to areas as varied as crime incident analysis4, packing problems, cluster 

analysis, minimal spanning trees, stellar dynamics, archaeological research and the 

behaviour of liquids.  

11.1.1 Linear case 

Consider a line of infinite length, with points randomly distributed along it according to 

a Poisson process, P(r), with mean density . Select one point, or location, at random. 

The probability that a point is found a distance r+r from this sample point may be 

given by: 

 

P(r)r = P(2r=0).P(2r=1) 

 

From the terms of the Poisson distribution we have: 
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The mean of this distribution is given by: 
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By making the substitution, 2r= x/2 in (1.1) above, the distribution can be seen to be a 

2 distribution with 2 degrees of freedom: 

 

dxedxxP x 2/

2
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If we now sample N points and average the results, we obtain a better estimate of the 

mean nearest neighbour distance (reduced variance). This averaged value is simply: 

 

 == x
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N
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11
 A1.3 

 

The summation term in x is the sum of N 2 distributions with 2 degrees of freedom, 

which is a 2 distribution with 2N degrees of freedom. The mean of this distribution is 2 

and the variance, 2N, so the mean and variances based on a sample of N are simply: 

 

 2/1)( =r ,  Nr 22 4/1)(  =


 A1.4 

 

These results can be generalised to nth-order nearest neighbours using the same method 

but in this case using the combined distribution: 

 

P(rn)rn = P(2r=n-1).P(2r=1) 

 

thus 
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In this case we find: 
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 A1.7 
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11.1.2 k-dimensional case 

The linear case utilises the ‘volume’ of a 1-dimensional hypersphere of radius, r, in its 

use of the term 2r. The general expression for the volume of a k-dimensional 

hypersphere, Vk , is given by: 
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and thus incremental volume is: 

 

r

drkV
dr

k

rk
dV k

kk

k =
+

=
−

)12/(

12/
 

 

Using these expressions the k-dimensional problem can be solved in the same manner as 

the 1-dimensional case: 

 

P(krn)r = P(Vk=n-1).P(Vk=1) 

 

from which we find: 
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thus 
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substituting for dVk from above, we have 
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Letting rn
k = Vk  this becomes: 
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Thus, for first-order nearest neighbours in two dimensions, we have: 
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The mean of the distribution in A1.11 can be found by integration:  
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By making the substitution, x=rn
k in (1.12) above, we have dx=krn

k-1drn and thus: 

 

dx/ krn
k-1= drn, giving drn =rdx/x, so that: 
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Now rn=(x/)1/k and: 
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so the mean value is given by: 
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which we can also write as: 
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and general crude moments,  = 1, 2, 3… by: 

 








 +


−
=

k

nk

n
drr

knnk










/)(!1

1
)('  A1.17 



Annex 1 - Nearest neighbour statistics 

336 

Notes and references: 

 
1
 Thompson H R (1956) Distribution of distance to Nth neighbour in a population of randomly 

distributed individuals, Ecology, 37, 391-394 

2
 it is believed to date back to Gustav Hertz (1887-1975) in 1909 

3
 Percus A G, Martin O C (1998) Scaling universalities of k-th nearest neighbour distances on closed 

manifolds, Advances in Appl. Maths., 21, 424-436 

Evans D, Jones A J, Schmidt W M (2002) Asymptotic moments of near neighbour distance 

distributions, Proc. Roy. Soc. Lond. A, 458, 1-11 

These recent papers confirm that the results we derive in this Annex provide the basic model for more 

general cases, such as where the set of points is a specific number, N, the sample space is a compact 

closed body C rather than unbounded space, and the distribution of points in C may be selected 

according to any well-behaved sampling density. They also provide a model for the analysis of 

(hyperspherical) boundary effects by considering the additional case: P(k-1 sites exist at a distance r) 

P(1 site exists at a distance= r+dr) and P(N-k sites exist at a distance > r+dr) within C  

4
 see for example, Levine N (2002) Crimestat II: A spatial statistics program for the analysis of crime 

incident locations, N Levine & Associates, Houston, TX and National Institute for Justice, Washington 

DC, http://www.icpsr.umich.edu/NACJD/crimestat.html (National Archive of Criminal Justice Data, 

USA) 

http://www.icpsr.umich.edu/NACJD/crimestat.html
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12 Annex 2 - Geodesics on cost surfaces  

Let 
ji

ij dxdxgyxFFdss  ==









),(      Equ. 12-1 

where dx1 = dx, dx2 = dy and the gij are coefficients of the summation (as described 

earlier in the text), and  and  are initial and final point on some curve or path, C, 

along which the integral is to be evaluated. 

 

Now let F = e where  =  (x,y) = logeF then Equ. 1 becomes 

dtdxdxges ji

ij=




2   where t is a parameter   Equ. 12-2 

Let g*
ij = e2 gij then the equation for incremental distance may be re-written as: 

dtdxdxgs ji
ij=





*        Equ. 12-3 

 

Minimising Equ.3 yields the geodesic equations1 (parameterised in terms of s, arc 

length): 
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xd kj
l

  ( j, k, l = 1,2)    Equ. 12-4 

where summation is again assumed over repeated indices and 








jk

l
is the modified 

Christoffel symbol of the second kind2. This symbol can also be written as: 
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     Equ. 12-5 

 

where 0=j

i  if i  j and 1=j

i  if i = j, and the 
ijg  are the entries in the inverse matrix 

of gij’s. Substituting in Equ.4 and letting Gl=0 be the geodesic equations on the original 

surface we have: 
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or 
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       Equ. 12-7 

 

Multiplying Equ.7 by (dy/dx)(ds/dx)2 when l=1 and by (ds/dx)2 when l=2 and 

subtracting produces a single equation in terms of x and y alone3: 

02 2 =
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+ klk
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     Equ. 12-8 

 

where G=0 is the geodesic of the original surface in terms of x and y, and  

 

D = g11 + 2g12y +g22(y)2  

 

Writing the second component of Equ.8 as R we have the desired result,  

G + R = 0        Equ. 12-9 

 

Now R may be written as 

 

 ( ) ( )( )
11121222 '' gygFgygF

Fg

D
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where  
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2221

1211
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g =  

 

For the plane, g11=g22=1 and g12=g21=0 thus g = 1 and D = 1 + (y')2 giving 

( )
yx FyF

F

y
R −

+
= '

)'(1 2

      Equ. 12-10 

and  G = y 

12.1 Uniform and single variable cost functions 

As noted above, the general equation G+R=0 is simplest for the case where the physical 

surface is a plane. In this case G = y and we have y +R=0 as the set of equations to 

solve. Now the general form for R is: 

 

FFyFyR yx /))(1( 2 −+=  

 

where F(x,y) is a generalised cost function defined over the sample region.  

 

The single variable cost function in y is of the form: 

 

z = F(x,y) = F(y) 

 

Since z is a function of y only, partial derivatives with respect to x vanish, and Equ.10 

gives: 

 

FFyR y /)1( 2+−=  

thus: 

 

y = (1 + y2)Fy /F 

 

We examine four cases in the sections that follow:  

 

(i) F is a uniform (constant cost) function 
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(ii) F is a function of y or x alone 

(iii) F is a simple function of x and y combined 

(iv) The cost surface is re-mapped into polar coordinates (r,) and solutions for 

F(r) are sought, i.e. radially symmetric cost surfaces or velocity fields. This 

latter case has been the subject of analysis and solution for particular cases 

by Angel and Hyman and by Wardrop (see further, below) 

 

Solutions to piecewise linear models, such as a simple ridge, valley or marquee (roof-

like) structure, can be derived from the results for continuous sub-regions. In such cases 

a series of i separate boundary value problems may need to be solved to find analytic 

solutions for the optimum route from A to C (A to Bi, and Bi to C). 

12.1.1 Uniform costs 

If the cost function is uniform, i.e. F=a constant, then the differential equation to be 

solved is simply G=0. Shortest paths will therefore be straight lines. We can use this 

case as a base model for non-trivial cost functions, by taking a region of the plane and 

mapping paths about an initial point, say (xo,yo) = (5,2), with a range of initial 

directions.  

 

The directions we are using have the integer values over the range y (2) = [-10,10] 

i.e. a total of 21 directions. The solution equation is: 

 

y(x) = 5 + y (2).(x-2)   i.e. y(x) = yo + y (2).(x-xo) 

 

The cost function, taking F=1 is shown below, for comparison with subsequent cost 

functions: 

 

 

 

The path solution map over a sample space of y=[0,10], x=[0,10] is shown in Figure 

12-1. 
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Figure 12-1 Geodesic paths for the plane with constant costs, at y(5)=2 

 

12.1.2 Cost functions of one variable 

If F(x,y) is a function of y only, the expression for G+R, above, simplifies to: 

 

FFyy y /)1( 2+=  

 

Let w = 1 + y2 then w’ = 2yy and substituting in the above equation we have:  

 

w = 2wyFy/F or 

w/w = 2yFy/F 

 

Integrating each side of the equation gives us logew = loge(kF)2 where k is a constant of 

integration and re-substituting for w, gives 

 

loge(1 + y2 )= loge(kF)2 

 

which can be re-written as: 
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 =
−

dx
Fk

dy

122
 

 

For functions such as F = ay + b, F = a/y and F = aepy, y(x) may be found by direct 

integration. These cases are examined in the following subsections. Higher powers in y, 

such as y2, are not directly solvable (in the case of y2 the solution is in the form of 

elliptic integrals). For more complex functions series approximation and/or numerical 

integration is required. If F = 1/V, for example where V is velocity, the above 

expression can be re-written as: 

 

 =
−

dx
Vk

kVdy
221

 

12.1.2.1 Linearly increasing costs – in one variable 

The cost function, F, can take many forms, but the simplest non-trivial case is a linear 

increase in y, e.g. F=ay+b, a>0. The general solution of G+R=0 for this case is: 

 

y(x) = cosh(x/+/)-b/a 

 

where  and  are constants which are determined by the initial or boundary conditions 

imposed. For example, let a=1/4, b=1 then the cost function, F, is as shown below: 

 

 

 

With these parameters the costs associated with any point of the sample space are at 

least 1 (when y=0), are constant for any given distance from y=0 (i.e. do not change 

with x), but increase steadily in the y-direction. As such they can be viewed as 

corresponding to increasing costs (or an environmental variable, such as noise or traffic 

congestion) in the neighbourhood of a linear feature, such as a highway, beachfront, 

urban region etc.  
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Inserting the selected values for a and b into the solution equation above we find: 

 

y(x) = cosh(x/+/)-4 

 

Suppose we wish to find the least cost path from (0,2) to (4,2). We find that this is 

satisfied by =-2. Letting =2/c and substituting for  we have: 

 

( ) 4
2

2cosh
2

)( −







−=

c
x

c
xy  

 

For y(0)=2 as an initial point, this yields c=0.354498 (determined by numeric methods). 

The resulting path is plotted below (see Figure 12-2), together with the path from (0,2) 

to (4,3) (In this case =-0.55, c=0.3347). These paths are known as catenary or 

hyperbolic cosine curves. Note that if b=0 the final term in the path function disappears 

but otherwise is unaltered. Also note that the form of the solution applies for all values 

of a>0.  

Figure 12-2 Least cost paths for F=y/4+1, from (0,2) to (4,2) and (0,2) to (4,3) 
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Path lengths and path costs in these two cases are clearly not equal. The straight-line 

(Euclidean) path lengths are 4.00 and 17 (c.4.12) respectively. The path costs along 

these straight-line paths are 6.00 and 6.70 respectively, whilst the path costs along the 

solution paths are 5.88 and 6.59, i.e. slightly lower cost despite the longer path. Path 

costs are computed by integrating Fds along the path selected (where ds2 = dx2 + dy2). 

 

Whilst closed form solutions are of inherent interest, it is not always easy to obtain the 

values for the constants by specifying boundary conditions (i.e. start and end points). A 

more general approach is to specify an initial condition (the location of the initial point) 

and then to calculate shortest path trajectories as a map based on varying the initial 

direction (first differential) systematically. This method, also known as a ‘shooting 

method’ for obvious reasons, can be applied to the analytic solution if a suitable form is 

available, or to a series approximation. Using a series solution of Taylor-Maclaurin 

type, and an initial point y(2)=5, we obtain a series in the above example of the form: 

 

...)2)())2('()2('(
486

1
)2)())2('(1(

18

1
)2)(2('5)( 3322 +−++−++−+= xyyxyxyxy  

 

i.e. a series in powers of (x-2) with coefficients that are functions of the derivative at the 

starting point (this result is similar to that described earlier for the constant costs case). 

This series can then be evaluated for a range of y(2) values. In Figure 12-3 below the 

set of curves for integer values in the range y(2) =[-5,5] are shown based upon this 

series solution. The curved form of the paths clearly shows the divergence from those 

shown earlier in the linear case. Divergence from the constant costs model increases as 

the coefficient of y increases. 
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Figure 12-3 Geodesic paths for the plane with cost function F=y/4+1, at y(5)=2 

 

Power series provide a very convenient solution approach but they suffer from lack of 

convergence at some distance from the initial point and/or with larger values of the first 

differentials at the initial point – in such cases a series approach is no longer acceptable.  

 

Analytic solutions have the advantage that they apply across all non-singular values of 

the expression. Using this approach, solving for the initial point y(2)=5 and then 

selecting a range of values for the second constant of integration, the map of least cost 

paths can be extended as far as required. This process is illustrated in the two figures 

below, for the linear case with a=1/4 and a=10 respectively. In the second example 

least cost paths between points that are not close are deflected very markedly towards 

the x-axis thereby taking advantage of the lower costs achievable, despite substantial 

increases in overall path length. 
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Figure 12-4 Geodesic paths for the plane with cost function F=y/4+1, at y(5)=2 

 

Figure 12-5 Geodesic paths for the plane with cost function F=10y+1, at y(5)=2 

 

A number of observations can be made concerning the geodesic paths for F=10y+1. 

The first observation is that we use the term geodesic paths in this instance (and others 

below) even though the paths cross in some cases and thus may not satisfy the global 

Inf{} condition for geodesics we stated in Chapter 4 – each path shown is a geodesic in 

the neighbourhood of the initial point but may not be a geodesic over its entire length. 

The second observation is that when locations are reasonably close to one another, 
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Euclidean straight-line paths provide a good approximation to optimal routes. However, 

the excessive costs incurred when travelling by Euclidean paths to points that are more 

widely separated justify radical departures from direct routes. Indeed, there is a critical 

point at which the cost of a direct route equals that of a totally different path, as can be 

seen above by considering paths from (2,5) to (7,6). In travel terms, if we equate this 

function to lower congestion where y is small (further from the core of the town or city) 

this equates to the question “is it worth driving across town to my destination or shall I 

go out to one of the ring routes and back in along an arterial route”? There are clearly 

quite large regions of the solution space where uncertainty predominates, i.e. a number 

of possible routes which may be radically different will have similar costs or travel 

times. A further issue relates to reachability. In the model illustrated, there is a region of 

the solution space in the lower right around (8,2) which does not appear to be reachable 

from (2,5). Solving from (8,2) confirms this observation (see below): 

Figure 12-6 Geodesic paths for the plane with cost function F=10y+1, at y(8)=2 

 

 

Clearly, optimal solution paths do exist but they involve paths that extend beyond the 

limits of the solution region into areas where y<0, or more correctly, a piecewise 

solution comprised of an arc from (2,5) to (x1,0), then from (x1,0) to (x2,0) and then from 

(x2,0) to (8,2), where 2 < x1 < x2 < 8. 
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If the cost function varies with x alone, the solution paths will be of inverse hyperbolic 

cosine form. Goodchild4 (1977) analysed this case and gave a solution in logarithmic 

form. 

12.1.2.2 Inverse cost function – one variable 

If F=a/(y+b) the cost function is at a maximum when y=0 (where it equals a/b, b>0) 

and diminishes rapidly with increasing y, as shown below:  

 

 

This means that paths, which bend away from the x-axis, will be less costly, being the 

reverse of the previous example. The solution to this problem is available in closed form 

and does not involve the constant, a. Evaluating the result as before with an initial value 

of y(2)=5 gives: 

 

y(x) = -b +/- (b2+10b+29 + 4 - 2x - x2) 

 

where  is a constant of integration, as before. Setting b=0 and squaring the equation to 

remove the square root shows that the solution is of the form: 

 

(x-2)2+ y2 = r2 where r2=29 in this case 

 

i.e. solution paths are arcs of circles or straight lines (when the y-values are equal). In 

fact, this result is well known in non-Euclidean geometry, since the expression 

 

221
dydx

y
ds +=  

 is the metric of hyperbolic or Lobachevsky space. Furthermore, if F=1/y represents 

variation in velocity over the region, this result shows that shortest time paths are arcs of 

circles with curvature towards regions of higher travel speeds. This result is illustrated 

below, using the same initial point and range as before (the arcs appear stretched but 

this is simply a result of differences in the x- and y-scales): 
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Figure 12-7 Geodesic paths for the plane, cost function F=a/(y+1), at y(2)=5 

 

12.1.2.3 Exponential function – one variable 

If F(x,y) = aepy then a family of cost functions is defined which vary with the choice of 

p. If p is negative costs decrease exponentially as y increases, and vice versa for p 

positive. The solution curves are of the form: 

 

))cos()sin(ln(
1

)( pxpx
p

xy  −−=   where  and  are constants as 

before 

 

Setting y(2)=5 and p=-0.25 we can generate a family of solution paths as shown below.  
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Figure 12-8 Geodesic paths in cost field F=ae-y/4 at y(2)=5 

 

There is a clear similarity between this set of geodesic paths and the previous one, 

where solution paths were circle arcs. Optimal paths are diverted towards the lower cost 

region (higher values of y) in smooth arcs, with the degree of divergence from straight 

routes increasing with the separation of the initial and target locations. 

12.2 Bivariate cost functions 

A general bivariate linear cost function over the plane has the form F=ay+bx+c. This 

function is a tilted plane over the underlying uniform physical surface. A closed 

solution to this problem does not appear achievable. A series solution of the type 

described earlier can be found, but convergence is a problem.  

 

Figure 12-9 below shows solution paths obtained using a series approach for the cost 

surface F = y + x in the neighbourhood of x=2, for values of y (2)=[-2,2]. The solution 

path for y (2)=1 is y(x) = 3 + x, i.e. a straight line, since the rate of cost change is 

constant in this direction. For y(2)=2, however, the polynomial solution is: 

 

4802
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which does not converge for values of x which are much greater than 2. This finding 

confirms the earlier observation that in many cases series solutions of this form can only 

be used in the neighbourhood of the initial point.  

 

In this example, inspection of the solution paths shows:  

 

(i) there is always one solution path through a given point that is a Euclidean 

straight line (with direction F) 

(ii) paths are asymmetric in form around a given initial point, as one would 

expect, and  

(iii) path shapes retain the hyperbolic cosine (cosh and cosh-1) curve structures of 

the solutions found for costs varying in y or x alone, but have a more 

pronounced curvature. 

Figure 12-9 Geodesic paths for the plane with cost function F=y+x, at y(5)=2 

 

12.3 Radially symmetric cost functions 

The radially symmetric cost function: 

 

z = F(r,) = F(r) 
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has been studied in detail by Angel and Hyman5 and Wardrop6. In this case we find that 

the integral relation is of the form: 

 

 =
−

d
Frkr

dr

1222
 

 

or, letting F = 1/V where V(r) is a radially symmetric velocity field, the relation is of the 

form: 

 

 =
−

d
VKrr

KVdr
222

 

 

For the case F =rp the solution path r(θ) may be found by direct methods. If p=1 the 

solution curves are derived by Angel and Hyman as log spirals, of the form ln(r) = mθ 

+ c where m and c are constants determined by the two boundary values or an initial 

value and direction.  

12.4 Composite cost functions 

Cost functions may be constructed by combining several contiguous regions, each of 

which has a different cost function. If these discrete cost functions have no 

discontinuities at their edges then paths from one region to another will be smooth and 

not refracted at the boundaries - solution paths are determined by the point of crossing 

and the direction of travel at that point (i.e. an initial value problem). For example, a 

composite model of traffic in a city might consist of a central rectangular region of 

approximately constant speed (say 10mph), with a linear velocity field on either side 

(10mph increasing to, say, 55 mph at the city edge), and a similar radially symmetric 

linear velocity field at each end. This lozenge-shaped or marquee city model facilitates 

direct computation of least time paths from any point in the city to any other – these will 

be comprised of linear, circular and log spiral elements.  
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Notes and references: 

 
1
 Eisenhart L P (1925) Riemannian Geometry, Princeton Univ. Press, Princeton, New Jersey, Section 17, 

“Geodesics”, p.50 Equ. 17-8 

2
 Eisenhart L P (1925) op. cit., Section 28 “Conformal spaces. Spaces conformal to a flat space” 

3
 an alternative simplification could be achieved by reversing the operations in y and x 

4
 Goodchild M F (1977) An evaluation of lattice solutions to the problem of corridor location, 

Environment and Planning A, 9, p.732 

5
 Angel S, Hyman G M (1976) Urban Fields, Pion, London, pp.20-29 

6
 Wardrop J G (1969) Minimum-cost paths in urban areas, reprinted in Angel and Hyman (op. cit.), 

pp.155-161 



Annex 3 – Sample algorithms 

354 

13  Annex 3 – Sample algorithms 

13.1 Distance transforms 

13.1.1 Sample pseudo-code for 5x5 distance transforms 

DT( , ) is an array of lattice values, initialised to a large number, e.g. 9999 (greater than the maximum 
distance or cost distance) that will be generated by the algorithm; DT(n,m) = 0 is a set of 1 or more source 
points - e.g. a single point or set of points; xdim = number of rows–2; ydim = number of columns-2 
 
LDM( ) is local distance matrix (mask entries), with values a1, a2 and a3 (integer or fractional), e.g. 
a1=2.2062, a2=1.414, a3=0.9866 or a1=11, a2=7, a3=5 
 
DX( ) is an array of row movements and DY( ) an array of column movements, identifying the position in 
the mask to select 
 
Define masks, then scan DT array adjusting the distances until least local distance is selected; note that 
forward scan starts from row+2 col+2 and similarly for backwards scan, to allow for mask size 
 
In these examples, p is a scaling factor representing the lattice size (e.g. for a 25m DEM it would be 25), 
and 
DEM( , ) is a topographical adjustment array (e.g. DEM values), i.e. if p=1 and DEM( , )=constant then  
d1 = d +LDM(k) and the transform is a standard DT.  
 
COST( , ) is an array of generalised costs or velocity field values, with all entries >0 
 
Forward scan: 
Data: LDM(0) to LDM(8) = [a1;a1;a1;a2;a3;a2;a1;a3;0] 
Data: DX(0) to DX(8) = [-2; -2; -1; -1; -1; -1; -1; 0; 0] 
Data: DY(0) to DY(8) = [-1;1;-2;-1;0;1;2;-1;0] 
 
increment i = 2 to xdim 
increment j = 2 to ydim 
    d0=DT(i,j) 
    increment k = 0 to 8 
        r=i+DX(k) 
        c=j+DY(k) 
        d=DT(r,c) 
         if standard DT use 

d0=min(d+LDM(k),d0) 
else use one of the alternatives below: 

 
if variable topography problem include following lines: 

          s = LDM(k)*p 
         t = DEM(r,c)-DEM(i,j) 
        s1 = s*s 
        t1 = t*t 
        s2 = square-root(s1+t1) 
         d1 = d+s2 
         d0=min(d1,d0) 

 end of inclusion 
 

if variable cost/velocity field problem include following lines: 
          d0=min(d+LDM(k)*(COST(r,c)),d0) 
 end of inclusion 
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   next k 
if problem includes obstacles, code obstacles as XXXX (greater than max distance) and include  
the following lines: 

if DT(i,j)<XXXX then 
           DT(i,j)=d0 
      end if 

else use 
DT(i,j)=d0 

 end if 
next j 
next i 
 
Backwards scan: 
Data: LDM(0) to LDM(8) = [0;a3;a1;a2;a3;a2;a1;a1;a1] 
Data: DX(0) to DX(8) = [0; 0; 1; 1; 1; 1; 1; 2; 2] 
Data: DY(0) to DY(8) = [0;1;-2;-1;0;1;2;-1;1] 
 
increment i = xdim to 2 step -1 
increment j = ydim to 2 step -1 
    d0=DT(i,j) 
    increment k = 0 to 8 
        r=i+DX(k) 
        c=j+DY(k) 
        d=DT(r,c) 
         if standard DT use 

d0=min(d+LDM(k),d0) 
else use one of the alternatives below: 
 
if variable topography problem include following lines: 

          s = LDM(k)*p 
         t = DEM(r,c)-DEM(i,j) 
        s1 = s*s 
        t1 = t*t 
        s2 = square-root(s1+t1) 
         d1 = d+s2 
         d0=min(d1,d0) 

 end of inclusion 
 
if variable cost/velocity field problem include following lines: 

          d0=min(d+LDM(k)*(COST(r,c)),d0) 
 end of inclusion 
   next k 

if problem includes obstacles, code obstacles as XXXX (greater than max distance) and include  
the following lines: 

if DT(i,j)<XXXX then 
           DT(i,j)=d0 
      end if 

else use 
DT(i,j)=d0 

 end if 
next j 
next i 
 
for non-standard DT cases, iterate above until change in all DT(i,j) = 0 or < preset small value; to track 

solution paths record the values of DX(k) and DY(k) which are selected as the min values, storing the 

results in new arrays x(i,j) and y(i,j) or in an additional dimension of DT(i,j) 
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13.1.2 Sample MATLAB code for exact distance transform 

% Exact Euclidean Distance Transform  

% Uses MATLAB image processing toolbox function bwdist() with default  transform type (Euclidean) 

% Variation: Multiple weighted Distance Transform example - Decision diagram problem 

% Note: arrays of 1000x1000 or larger may be used, with sustained performance (seconds) 

home;tic; 

 

% define initial binary image with two object points (stations) and weights for stations (w1) and school (w2) 

bw = zeros(101,101); w1=1;w2=1.5; bw(90,11) = 1;  bw(70,81) = 1;  
 
% generate exact distance transform using built-in image toolbox function, first image 

D = bwdist(bw);  
 
% generate second distance transform  

bw = zeros(101,101);  bw(30,31) = 1;  E = bwdist(bw);  
 
% generate weighted combination of transforms 

G = w1*D + w2*E;  
 

% report solution minimum value 

p = min(min(G)) 
[i,j]=find(G==p) 
 
% report elapsed processing time (computational phase) 

toc 
 
% shaded contour plot 

tic ; whitebg([0 .4 .6]); rect = [100, 100, 650, 600]; 
figure(1); set(1,'Position',rect); str = datestr(now,0);  
contourf (G,15); colormap jet; alpha (.3); title([' Generated on: ',str]); xlabel('x-position'); ylabel ('y-position'); 
hold on; 
plot(j,i,'-ys','LineWidth',4,'MarkerEdgeColor','k','MarkerFaceColor','w','MarkerSize',10); 
plot(11,91,'--rs','LineWidth',2,'MarkerEdgeColor','k','MarkerFaceColor','k','MarkerSize',10); 
hold on; 
plot(81,70,'--rs','LineWidth',2,'MarkerEdgeColor','k','MarkerFaceColor','k','MarkerSize',10); 
hold on; 
plot(31,30,'--rs','LineWidth',2,'MarkerEdgeColor','k','MarkerFaceColor','k','MarkerSize',10); 
 

% report elapsed processing time (graphical rendering phase) 

toc 
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13.2 RRT and Vortal 

This section contains sample code extracts (C++) for RRT and the VORTAL Steiner 

optimisation problem described in the text. The procedure involves defining a triangle 

with or without rectangular obstacles, and then seeking an optimal path connecting all 

three vertices of the triangle by an intermediate point within the bounding triangle or at 

a vertex, avoiding the obstacles by a predefined proximity variable. the test program 

(steiner.exe) used in this example can be found at www.desmith.com/MJdS/index.html  

 

A random tree is generated from each vertex in turn. The function, GetNextRRTPoint(), 

is repeated for each vertex until it is possible to join two of the three paths (they are 

within ‘proximity’ distance of one another). The third path is then connected to the 

nearest vertex of the first two connected paths, i.e. this step is treated as a two point 

RRT problem.  

 

Once the three RRT paths have been determined and are connected by an intermediate 

point, an iterative path optimisation process is invoked as follows:  

 

(i) the DoOptimizeTight() function simulates ‘pulling’ on each path in 

turn, removing unnecessary intermediate points if the path length 

(cost) is reduced by so doing;  

(ii) the DoOptimizeSteiner() function then moves the connection point of 

the three ‘tightened’ paths to see if the overall distance/cost can be 

reduced; and  

(iii) the function DoOptimizeSteinerArrayMain() moves each 

intermediate point around until it achieves no further improvement. 

A variant of this operation (not shown in this extract) checks to see if 

intermediate points can be moved to ‘corners’ of the solution space 

(corners of obstacles) – this can result in further improvement of the 

optimisation 

 

Steps (ii) and (iii) are iterated until no further improvement is achieved. 

 

The core of this first part of the algorithm is the generation of new points: 
 

GetNextRRTPoint() 
 
CVertex* CSteinerWnd::GetNextRRTPoint( const CVertex* pVertexCurrent, const CVertex* pVertex1, const 
CVertex* pVertex2, const CPtrArray& array ) 
{ 

CPoint pntRandom; 
CPoint pntTemp; 
double dAlpha  = 0.0; 
double dCurrentDistance = GetDistance( pVertexCurrent->GetX(), pVertexCurrent->GetY(), pVertex1-
>GetX(),  

pVertex1->GetY(), pVertex2->GetX(), pVertex2->GetY() ); 
double dNewDistance = 0.0; 
CVertex* pNearestVertex = NULL 
int  i   = 0; 
int nNearestIndex  = 0; 

 
 do { 

  // get a random point in the state space 
  pntRandom.x = GetNextX(); 
  pntRandom.y = GetNextY();  

http://www.desmith.com/MJdS/index.html
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  // the new point must be at least one step size away from the old one 
  if ( GetDistance( pVertexCurrent->GetX(), pVertexCurrent->GetY(), pntRandom.x,  

pntRandom.y ) >= m_nWalkStep ) 
  { 

   // find nearest point in previously generated vertices 
   nNearestIndex = FindNearest( pntRandom, array ); 
   pNearestVertex = (CVertex*)array.GetAt( nNearestIndex ); 
   pntTemp.x = pNearestVertex->GetX(); 
   pntTemp.y = pNearestVertex->GetY(); 
 
   if (pntRandom.x == pNearestVertex->GetX())  

   {// point is in the same horizontal line 

    pntTemp.y = pNearestVertex->GetY() + m_nWalkStep; 
   } 
   else if (pntRandom.y == pNearestVertex->GetY()) 

   {// new point is in the same vertical line 

    pntTemp.x = pNearestVertex->GetX() + m_nWalkStep; 
   } 
   else 

   {// get angle between current point and the random point 
    dAlpha = GetAngle( pntTemp, pntRandom ); 
  

   // use the angle to calculate next point at m_nWalkStep distance 

    GetPointFromAngle( pntTemp, pntRandom, dAlpha, m_nWalkStep ); 
   } 

   //check if the point is in our triangle 

   if ( PtInTriangle( pntTemp ) ) 

   {// Point is in triangle - continue with the calculation. 
    // re-calculate current distance as a distance between the 
     // nearest point and the destination points 
    dCurrentDistance = GetDistance( pNearestVertex->GetX(), pNearestVertex- 

>GetY(), pVertex1->GetX(), pVertex1->GetY(), pVertex2->GetX(),  
pVertex2->GetY() ); 

 

    // now, when we have the next point - check if the distance 
    // between CURRENT point and the DESTINATION points is less then 
    // distance between NEXT point and the DESTINATION points 

dNewDistance = GetDistance( pntTemp.x, pntTemp.y, pVertex1->GetX(),  
pVertex1->GetY(), pVertex2->GetX(), pVertex2->GetY() ); 

    if (dCurrentDistance > dNewDistance) 

    {// improvement in distance 
     // check if new point is too close to any of the obstacles 
     if (IsTooCloseToObstacles( pntTemp )) 
     { 
      dNewDistance = dCurrentDistance + 1.0; 
      continue; 
     } 
    } 
   } 
   i++; 
  } 
 } while(i<MAX_ITER_NUM && dCurrentDistance <= dNewDistance );  

// repeat calculation until NEW distance is less then the OLD distance 
 
 if ( i >= MAX_ITER_NUM || dNewDistance == 0 ) 

 {// this point is wrong. The algorithm tried too many times to find next point 
  return NULL; 
 } 
 else 
 { 
  ASSERT( pntTemp.x >=0 && pntTemp.y >= 0); 
  CVertex* pVertex = new CVertex( pntTemp.x, pntTemp.y, pNearestVertex ); 

  return pVertex; // return new distance between two points 

 } 
} 

//returns random X coordinate within the given boundaries 

int CSteinerWnd::GetNextX() const 
{ 
 int nX; 
 do { 
  nX = m_pRand->IRandom(m_nLeftBoundary, m_nRightBoundary); 
 } while( nX < m_nLeftBoundary || nX > m_nRightBoundary); 
 return nX; 
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} 

// returns random Y coordinate within the given boundaries 
int CSteinerWnd::GetNextY() const 
{ 
 int nY; 
 int i = 0; 
 do { 
  nY = m_pRand->IRandom(m_nTopBoundary, m_nBottomBoundary); 
 } while( nY < m_nTopBoundary || nY > m_nBottomBoundary); 
 return nY; 
} 

// returns angle in radians between two points 

double CSteinerWnd::GetAngle( const CPoint& pnt1, const CPoint& pnt2 ) const 
{ 
 return atan2(  fabs(pnt1.y - pnt2.y),  fabs(pnt2.x - pnt1.x) ); 
} 

// use the angle to calculate next point at m_nWalkStep distance 

void CSteinerWnd::GetPointFromAngle( CPoint& pntCurrent, const CPoint& pntRandom, double dAlpha, int 
nStep ) const 
{ 
 if (pntRandom.x > pntCurrent.x) 
 { 
  pntCurrent.x += cos( dAlpha ) * nStep; 
 } 
 else 
 { 
  pntCurrent.x -= cos( dAlpha ) * nStep; 
 } 
 if (pntRandom.y > pntCurrent.y) 
 { 
  pntCurrent.y += sin( dAlpha ) * nStep; 
 } 
 else 
 { 
  pntCurrent.y -= sin( dAlpha ) * nStep; 
 } 
} 

 

The next step is to ‘tighten’ the random tree paths by removing vertices: 

 

DoOptimizeTight() 
 
/* 

 Tight rope optimisation. Each path (array) must be optimised. 
*/ 
double CSteinerWnd::DoOptimizeTight( ) 
{ 
 double dDist = OptimizeTightPartial( m_ResultingArray1 ); 
 dDist += OptimizeTightPartial( m_ResultingArray2 ); 
 dDist += OptimizeTightPartial( m_ResultingArray3 ); 
 return dDist; 
} 
/* 

 Tight-line optimisation applied only on one path (array) 
*/ 
double CSteinerWnd::OptimizeTightPartial( CPtrArray& arrResulting ) 
{ 

 // get current distance from starting point to ending point 
 double dOldDistance = GetDistance( arrResulting ); 
 CPtrArray arrTmp;  
 int i, nStart = 0; 
 CVertex* pVertex1 = NULL; 
 CVertex* pVertex2 = NULL; 
 CVertex* pVertexNew = NULL; 
 CVertex* pParent = NULL; 
 BOOL bGetNew = TRUE; 
 
 while( nStart < arrResulting.GetSize()) 
 { 
  if (bGetNew) 
  { 
   pVertex1 = (CVertex*)arrResulting.GetAt( nStart ); 
   pVertexNew = new CVertex( pVertex1->GetX(), pVertex1->GetY(), pParent ); 
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   arrTmp.Add( pVertexNew ); 
 
   pParent = pVertexNew; 
  } 
  else 
  { 
   bGetNew = TRUE; 
  } 
 
  nStart ++; 

  // check each subsequent point if a valid line can be 
  // drawn from pVertex1 to pVertex2 
  for( i=nStart; i<arrResulting.GetSize(); i++) 
  { 
   pVertex2 = (CVertex*)arrResulting.GetAt( i ); 

   //if the new line is not a valid one. Get one step back, and 
   //draw the line between the starting vertex and the current one 
   if (!IsLineOK( pVertex1->GetX(), pVertex1->GetY(), pVertex2->GetX(), pVertex2->GetY() 
)) 
   { 
    if (nStart == i) 
    { 
     pVertexNew = new CVertex( pVertex1->GetX(), pVertex2->GetY(),  

pParent ); 
     arrTmp.Add( pVertexNew ); 
     pParent = pVertexNew; 
 
     pVertexNew = new CVertex( pVertex2->GetX(), pVertex2->GetY(),  

pParent ); 
     arrTmp.Add( pVertexNew ); 
     pParent = pVertexNew; 
    } 
    else 
    { 
     CVertex* pVertexPrevious = (CVertex*)arrResulting.GetAt( i-1 ); 
     if ( IsLineOK( pVertex1->GetX(), pVertex1->GetY(), pVertexPrevious- 

>GetX(), pVertex2->GetY() ) ) 
     { 
      pVertexNew = new CVertex( pVertexPrevious->GetX(),  

pVertex2->GetY(), pParent ); 
      arrTmp.Add( pVertexNew ); 
      pParent = pVertexNew; 
      nStart = i - 1; 
      bGetNew = FALSE; 
      pVertex1->SetX( pVertexNew->GetX() ); 
      pVertex1->SetY( pVertexNew->GetY() ); 
      break; 
     } 
     else if ( IsLineOK( pVertex1->GetX(), pVertex1->GetY(), pVertex2- 

>GetX(), pVertexPrevious->GetY() ) ) 
     { 
      pVertexNew = new CVertex( pVertex2->GetX(),  

pVertexPrevious->GetY(), pParent ); 
      arrTmp.Add( pVertexNew ); 
      pParent = pVertexNew; 
      nStart = i - 1; 
      bGetNew = FALSE; 
      pVertex1->SetX( pVertexNew->GetX() ); 
      pVertex1->SetY( pVertexNew->GetY() ); 
      break; 
     } 
     else 
     { 
      nStart = i - 1; 
      break; 
     } 
    } 
   } 
  } 
  if ( i == arrResulting.GetSize() ) 
  { 
   pVertex1 = (CVertex*)arrResulting.GetAt( i-1 ); 
   pVertexNew = new CVertex( pVertex1->GetX(), pVertex1->GetY(), pParent ); 
   arrTmp.Add( pVertexNew ); 
   nStart = i; 
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  } 
 } 
 double dNewDistance = GetDistance( arrTmp ); 

 // if new distance is less then the previous one the optimisation is OK 
 if ( dNewDistance < dOldDistance ) 

 {// BINGO! new distance is better 
  for( i=0; i<arrResulting.GetSize(); i++) 
  { 
   pVertex1 =  (CVertex*)arrResulting.GetAt( i ); 
   delete pVertex1; 
  } 
  arrResulting.RemoveAll(); 
  for( i=0; i<arrTmp.GetSize(); i++) 
  { 
   pVertex1 =  (CVertex*)arrTmp.GetAt( i ); 
   arrResulting.Add( pVertex1 ); 
  } 
  arrTmp.RemoveAll(); 
  Invalidate(); 
  dOldDistance = dNewDistance; 
 } 
 else 

 {// nothing! we have to delete the temp array. 
  for( i=0; i<arrTmp.GetSize(); i++) 
  { 
   pVertex1 =  (CVertex*)arrTmp.GetAt( i ); 
   delete pVertex1; 
  } 
  arrTmp.RemoveAll(); 
 } 
 return dOldDistance; 
} 
 

We now have a valid set of three paths, with partially optimised length, but which can 

be improved further by selecting alternative locations for the intermediate point at 

which the paths are joined and by moving the vertices that comprises each path. These 

two optimisations are computed iteratively until no further improvement in the total 

path length/cost if found.  

 

Initially we move the intermediate point: 

 

DoOptimizeSteiner () 
 
/* 

 Moves connection point until the best solution is achieved 
*/ 
double CSteinerWnd::DoOptimizeSteiner() 
{ 
 if (m_ResultingArray1.GetSize() > 1 && 
  m_ResultingArray2.GetSize() > 1 && 
  m_ResultingArray3.GetSize() > 1) 
 { 
  CVertex* pVertex1 = (CVertex*)m_ResultingArray1.GetAt( m_ResultingArray1.GetSize() - 2 ); 
  CVertex* pVertex2 = (CVertex*)m_ResultingArray2.GetAt( m_ResultingArray2.GetSize() - 2 ); 
  CVertex* pVertex3 = (CVertex*)m_ResultingArray3.GetAt( m_ResultingArray3.GetSize() - 2 ); 
   
  double dOldDistance =  
   GetDistance( pVertex1->GetX(), pVertex1->GetY(), m_pConnectionVertex->GetX(),  

m_pConnectionVertex->GetY() ) +  
   GetDistance( pVertex2->GetX(), pVertex2->GetY(), m_pConnectionVertex->GetX(),  

m_pConnectionVertex->GetY() ) + 
   GetDistance( pVertex3->GetX(), pVertex3->GetY(), m_pConnectionVertex->GetX(),  

m_pConnectionVertex->GetY() ) ; 
 
  double dDist  = dOldDistance+1.0; 
  int  i = 0; 
  BOOL bBetterSolutionFound = FALSE; 
 
  while ( dDist != dOldDistance && ++i<1000) 
  { 
   dOldDistance = dDist; 
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   dDist = OptimizeSteinerPartial( dOldDistance, pVertex1, pVertex2, pVertex3 ); 
   if (dDist < dOldDistance) 
   { 
    bBetterSolutionFound = TRUE; 
    UpdateWindow(); 
   } 
  } 
  if (bBetterSolutionFound) 
  { 

   //update connection points 
   pVertex1 = (CVertex*)m_ResultingArray1.GetAt( m_ResultingArray1.GetSize() - 1 ); 
   pVertex2 = (CVertex*)m_ResultingArray2.GetAt( m_ResultingArray2.GetSize() - 1 ); 
   pVertex3 = (CVertex*)m_ResultingArray3.GetAt( m_ResultingArray3.GetSize() - 1 ); 
 
   pVertex1->SetX( m_pConnectionVertex->GetX() ); 
   pVertex1->SetY( m_pConnectionVertex->GetY() ); 
   pVertex2->SetX( m_pConnectionVertex->GetX() ); 
   pVertex2->SetY( m_pConnectionVertex->GetY() ); 
   pVertex3->SetX( m_pConnectionVertex->GetX() ); 
   pVertex3->SetY( m_pConnectionVertex->GetY() ); 
   Invalidate(); 
  } 
  return  GetDistance( m_ResultingArray1 ) +  GetDistance( m_ResultingArray2 ) + 

 GetDistance( m_ResultingArray3 ); 
 } 
 return 0; 
} 
 

OptimizeSteinerPartial() 
 

#define OPTIMISATION_STEP  1 
 
double CSteinerWnd::OptimizeSteinerPartial( double dOldDistance, CVertex* pVertex1, CVertex* pVertex2, 
CVertex*  

pVertex3 ) 
{ 
 double dDist = dOldDistance; 
 dDist = SteinerPartial( -OPTIMISATION_STEP, -OPTIMISATION_STEP, dDist, pVertex1, pVertex2, pVertex3 
); 
 dDist = SteinerPartial( 0, -OPTIMISATION_STEP, dDist, pVertex1, pVertex2, pVertex3 ); 
 dDist = SteinerPartial( OPTIMISATION_STEP, -OPTIMISATION_STEP, dDist, pVertex1, pVertex2, pVertex3 
); 
 dDist = SteinerPartial( -OPTIMISATION_STEP, 0, dDist, pVertex1, pVertex2, pVertex3 ); 
 dDist = SteinerPartial( OPTIMISATION_STEP, 0, dDist, pVertex1, pVertex2, pVertex3 ); 
 dDist = SteinerPartial( -OPTIMISATION_STEP, OPTIMISATION_STEP, dDist, pVertex1, pVertex2, pVertex3 
); 
 dDist = SteinerPartial( 0, OPTIMISATION_STEP, dDist, pVertex1, pVertex2, pVertex3 ); 
 dDist = SteinerPartial( OPTIMISATION_STEP, OPTIMISATION_STEP, dDist, pVertex1, pVertex2, pVertex3 
); 
 return dDist; 
} 
 

SteinerPartial() 
 
double CSteinerWnd::SteinerPartial( int nDeltaX, int nDeltaY, double dOldDistance, CVertex* pVertex1, CVertex*  

pVertex2, CVertex* pVertex3  ) 
{ 
 double dTemp = dOldDistance; 
 dTemp =  GetDistance( pVertex1->GetX(), pVertex1->GetY(), m_pConnectionVertex->GetX()+nDeltaX,  

m_pConnectionVertex->GetY()+nDeltaY ) +  
  GetDistance( pVertex2->GetX(), pVertex2->GetY(), m_pConnectionVertex->GetX()+nDeltaX,  

m_pConnectionVertex->GetY()+nDeltaY ) + 
  GetDistance( pVertex3->GetX(), pVertex3->GetY(), m_pConnectionVertex->GetX()+nDeltaX,  

m_pConnectionVertex->GetY()+nDeltaY ) ; 
 if ( dTemp < dOldDistance ) 
 { 

  //check if the corrected lines are all OK 
  if (IsLineOK(  pVertex1->GetX(), pVertex1->GetY(), m_pConnectionVertex->GetX()+nDeltaX,  

m_pConnectionVertex->GetY()+nDeltaY ) 
   && IsLineOK(  pVertex2->GetX(), pVertex2->GetY(), m_pConnectionVertex-
>GetX()+nDeltaX,  

m_pConnectionVertex->GetY()+nDeltaY ) 
   && IsLineOK(  pVertex3->GetX(), pVertex3->GetY(), m_pConnectionVertex-
>GetX()+nDeltaX,  



Annex 3 – Sample algorithms 

363 

m_pConnectionVertex->GetY()+nDeltaY ) ) 
  { 
   m_pConnectionVertex->SetX( m_pConnectionVertex->GetX() + nDeltaX ); 
   m_pConnectionVertex->SetY( m_pConnectionVertex->GetY() + nDeltaY ); 
   Invalidate(); 
   return dTemp; 
  } 
 } 
 return dOldDistance; 
} 
 

We now move the points that comprise each of the three paths. In this case the points 

are maintained in an array. 

 

DoOptimizeSteinerArrayMain() 
 
double CSteinerWnd::DoOptimizeSteinerArrayMain() 
{ 
 double dDist = DoOptimizeSteinerArray( m_ResultingArray1 ); 
 dDist += DoOptimizeSteinerArray( m_ResultingArray2 ); 
 dDist += DoOptimizeSteinerArray( m_ResultingArray3 ); 
 return dDist; 
} 
 

DoOptimizeSteinerArray() 
 
double CSteinerWnd::DoOptimizeSteinerArray( CPtrArray& array ) 
{ 
 double dOldDistance = GetDistance( array ); 
 double dDistance = dOldDistance; 
 int  k = 0; 
 //CVertex* pVertex = NULL; 
 BOOL bBetterSolutionFound = TRUE; 
 BOOL bFound1 = FALSE; 
 BOOL bFound2 = FALSE; 
 
 if ( array.GetSize() <= 2)  
 { 
  return dOldDistance; 
 } 
 
 int j = 0; 
 while ( j++ < 10 && bBetterSolutionFound)  
 { 
  bBetterSolutionFound = FALSE; 
  for( int i=array.GetSize()-2; i>0; i-- ) 
  { 
   k = 0; 
   bFound1 = TRUE; 
   while ( bFound1 && ++k<1000) 
   { 
    bFound1 = FALSE; 
    dOldDistance = dDistance; 
    dDistance = OptimizeSteinerArray( dOldDistance, i, array ); 
 
    if (dDistance < dOldDistance) 
    { 
     bBetterSolutionFound = TRUE; 
     bFound1 = TRUE; 
     UpdateWindow(); 
    } 
    else 
    { 
     bFound1 = FALSE; 
    } 
   } 
  } 
 
  for( i=1; i<array.GetSize()-1; i++ ) 
  { 
   k = 0; 
   bFound2 = TRUE; 
   while ( bFound2 && ++k<1000) 
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   { 
    bFound2 = FALSE; 
    dOldDistance = dDistance; 
    dDistance = OptimizeSteinerArray( dOldDistance, i, array ); 
 
    if (dDistance < dOldDistance) 
    { 
     bBetterSolutionFound = TRUE; 
     bFound2 = TRUE; 
     UpdateWindow(); 
    } 
    else 
    { 
     bFound2 = FALSE; 
    } 
   }  
  } 
 } 
 return GetDistance( array ); 
} 
 

Move the selected point to each of 8 neighbouring locations, based on the predefined 

optimisation step size and local 3x3 neighbourhood: 

 

OptimizeSteinerArray() 
 
double CSteinerWnd::OptimizeSteinerArray( double dOldDistance, int nIndex, CPtrArray& array ) 
{ 
 double dDist = dOldDistance; 
 dDist = SteinerPartialArray( -OPTIMISATION_STEP, -OPTIMISATION_STEP, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( 0, -OPTIMISATION_STEP, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( OPTIMISATION_STEP, -OPTIMISATION_STEP, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( -OPTIMISATION_STEP, 0, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( OPTIMISATION_STEP, 0, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( -OPTIMISATION_STEP, OPTIMISATION_STEP, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( 0, OPTIMISATION_STEP, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 dDist = SteinerPartialArray( OPTIMISATION_STEP, OPTIMISATION_STEP, dDist, nIndex, array); 
 if (dDist < dOldDistance) dOldDistance = dDist; 
 return dOldDistance; 
}
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14 Annex 4 - Traffic, teletraffic and statistical self-

similarity 

The statistical behaviour of telecommunications traffic (and LAN traffic) is the subject 

of an entire discipline known as teletraffic engineering and was one of the early 

foundation stones of statistics. Queuing theory, which originated in 19th century 

teletraffic analysis, provides models, solutions and insights for physical traffic. A core 

assumption of much of this analysis is that traffic arrival rates are independent and 

random (following a Poisson distribution). As with road traffic, teletraffic engineering is 

concerned with the rate of arrival of traffic into systems (switched networks) and the 

amount of time traffic spends within the system (hold times in session-oriented systems, 

transition times in session-less flows, and volume of data transmitted). Experience in 

teletraffic shows that a number of techniques can be implemented to manage flows 

more effectively – these include: ensuring the percent occupancy of facilities (e.g. links, 

switches and buffers) remains low, in many systems below 20% - this minimises the 

risk of collision, queuing and feedback effects such as retries; ensuring the system has 

multiple alternate routing options – this minimises the impact of link loss and provides 

diversity in case of unexpected peaks; smoothing design – this relates to a range of 

mechanisms, some content dependent, which aim to reduce the peak-to-average ratio, 

and includes the set of techniques known as traffic shaping. These techniques enable all 

(or more) traffic to be carried with greater reliability on a given capacity of network. In 

physical traffic engineering variable speed limit systems, traffic management schemes 

and multiple routes aim to have such effects. Feedback as a result of congestion may 

also have this effect but is less desirable as a short-term measure since it results in a 

degradation of service quality or throughput speed. 

 

Recent research into the traffic characteristics of packetised data flows (e.g. IP traffic, 

LAN traffic, FTP file sizes etc) has shown that despite design efforts many types of data 

are far more peaky in their arrival rates and more long-tailed in their statistical 
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distributions than one would expect with classical models1. The close relationship 

between long-tailed/heavy-tailed statistical distributions, power laws and long-range 

autocorrelation has suggested to some researchers that much data traffic is actually 

fractal in its nature.  

 

Fractal (fractional dimension or more correctly, self-similar or self-affine) behaviour 

can be detected in a number of ways, notably by examining the long-range 

autocorrelation exhibited in the data2. As an example, we take the case of equity trade 

data output by the Nasdaq Stock Exchange. We can then consider the implications of 

such information for ‘cybergeography’ and traditional location theory.  

 

The shares of Cisco are of particular interest, as they are amongst the most heavily 

traded on the Nasdaq market and also they are the principal supplier of the routing 

technology that underlies current IP networking. A sample dataset from 7th February 

2002 was logged and the records from 13:00 – 15:00 GMT analysed. A total of just over 

32000 records were transmitted, mostly trades (i.e. buys and sells) rather than price 

changes. Each record includes a date/timestamp to the nearest 1/100th of a second. 

These were analysed by calculating the frequency of updates, M, per 1, 10, 100 and 

1000 second intervals (i.e. logM = 1,2,3,4), and comparing this aggregation with the log 

of the variance at each level of aggregation (see Figure 14-1). The variance was 

consistently much larger than the mean (in a Poisson these would be the same) and the 

logVar decreased steadily for the whole sample from a high of 1.97 (M=1) to a low of 

1.47 (M=4). This result is clearly heavily skewed towards the tail of the distribution, 

and shows a degree of self-similarity, but it would be wrong to ascribe this to any 

particular model at this stage. 
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Figure 14-1 Cisco (Nasdaq record updates)10 second aggregates, 14:27-15:00 
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Examining the data we see that there is an exceptionally large peak very shortly after 

14:30:00 when the market opens, followed by a stabilisation after 2-3 minutes, with 

continued erratic behaviour thereafter but at a lower scale. The reason for this pattern is 

a reflection of the fact that almost all the data is generated by ‘retail’ order flow, that is, 

by private investors buying or selling relatively small numbers of shares (under a 1000 

at a time in general). This trading process is conducted via their brokers to some extent, 

but to a larger degree by automated e-brokerage systems such as E-Trade, Schwab and 

similar online systems. Overnight, and before the Nasdaq market opens, buyers and 

sellers are placing orders with a resultant rush at market open when execution 

commences. It reflects a growing dis-intermediation in the marketplace, with regional 

brokerages being replaced in their order management role by centralised automated 

systems, connected to a single centralised electronic market. In a sense this is an aspect 

of globalisation and reflects simultaneously a trend towards increased centralisation (of 

certain core services) coupled with increased decentralisation (of demand). Modern 

telecommunications infrastructures and associated computing facilities thus have a 

complex role in re-shaping the geography of supply, demand and service provision, 

acting in at least three ways simultaneously, i.e.: dis-intermediation, centralisation and 

decentralisation.  
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Whilst there is definite evidence for unifractal and possibly multi-fractal behaviour of 

data communications traffic the jury remains out on this question3. What it does 

highlight is that fractal analysis techniques which originated in mathematical, financial 

and spatial research, turn out to have application in the statistical modelling of 

telecommunications, and almost certainly in physical traffic flows as well – cyberspace 

and cybergeography has unexpected links with traditional spatial models and both can 

provide insights and models for each other. 
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Notes and references:

 
1
 Paxson V, Floyd S (1995) Wide area traffic: The failure of Poisson modelling, IEEE/ACM Trans. on 

Networking, 3, 226-244 

2
 The finite (bounded) nature of exchange data and much teletraffic limits the range of correlation 

considered. For trading data limited hours operation (e.g. 08:00 – 16:30 in London) remains the norm. 

3
 Trang D D, Molnar S, Vidacs A (1996) Investigation of fractal properties of data traffic, High Speed 

Networks Lab., Tech Univ. of Budapest 
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16 Internet links 

16.1.1.1 Principal links, by subject (alphabetic) 

AT&T/Bell labs research: 

http://www.research.att.com/ 

Computational geometry: 

Geometry in action: 

 http://www.ics.uci.edu/~eppstein/geom.html  

Voronoi diagrams: 

 http://okabe.t.u-tokyo.ac.jp/okabelab/Voronoi/index.html  

CASA 

http://www.casa.ucl.ac.uk/about/index.htm 

http://www.casabook.com/ 

GPS and earth rotation: 

UK and European GPS: 

http://www.gps.gov.uk 

Galileo: 

http://europa.eu.int/comm/dgs/energy_transport/galileo/index_en.htm  

 GPS and altitude: 

 http://mtp/jpl.nasa.gov/notes/altitude/altitude.html  

 International Earth Rotation Service (IERS): 

http://hpiers.obspm.fr/ 

Graph theory and network problems: 

http://www.nada.kth.se/~viggo/wwwcompendium/wwwcompendium.html 

Lighthouses: 

http://www.iala-aism.org/mainsite/index.html  

http://www.lighthousemuseum.co.uk 

www.nlb.org.uk  

LOLA home page:  

http://www.mathematik.uni-kl.de/~lola/ 

Magnetic variation: 

http://Earth.agu.org/sci_soc/campbell.html 

http://www.ngdc.noaa.gov/IAGA/wg8/igrfhw.html  

Maps of cybergeography: 

http://www.cybergeography.org/ 

Mathematical biographies: 

http://www-gap.dcs.st-and.ac.uk/~history/  

MATLAB: 

http://www.mathworks.com  

National Library of Scotland, “Charting the Nation” (Scotland) and Scapa Flow maps: 

http://www.nls.uk/maps 

http://www.chartingthenation.lib.ed.ac.uk/mapscot.html  

Scapa Flow: 

http://www.undiscoveredscotland.co.uk/eastmainland/churchill/ 

Robotics: 

Automated animated characters: 

 http://robotics.stanford.edu/~kuffner/anim/index.html 

“RRT”: 

 http://msl.cs.uiuc.edu/rrt/ 

Spatial statistics tools including point pattern analysis: 

 Splancs (Diggle et al) 

http://www.maths.lancs.ac.uk/Software/Splancs/  

http://www.csiss.org/clearinghouse/select-tools.php3 

http://www.research.att.com/
http://www.ics.uci.edu/~eppstein/geom.html
http://okabe.t.u-tokyo.ac.jp/okabelab/Voronoi/index.html
http://www.casa.ucl.ac.uk/about/index.htm
http://www.casabook.com/
http://www.gps.gov.uk/
http://europa.eu.int/comm/dgs/energy_transport/galileo/index_en.htm
http://mtp/jpl.nasa.gov/notes/altitude/altitude.html
http://hpiers.obspm.fr/
http://www.nada.kth.se/~viggo/wwwcompendium/wwwcompendium.html
http://www.iala-aism.org/mainsite/index.html
http://www.lighthousemuseum.co.uk/
http://www.nlb.org.uk/
http://www.mathematik.uni-kl.de/~lola/
http://earth.agu.org/sci_soc/campbell.html
http://www.ngdc.noaa.gov/IAGA/wg8/igrfhw.html
http://www.cybergeography.org/
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http://robotics.stanford.edu/~kuffner/anim/index.html
http://msl.cs.uiuc.edu/rrt/
http://www.csiss.org/clearinghouse/select-tools.php3
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Crimestat II (Levine): 

http://www.icpsr.umich.edu/NACJD/crimestat.html  

UCSB/NCGIA-sited projects: 

Varenius: 

 http://www.ncgia.ucsb.edu/varenius/varenius.html 

Vital: 

 www.ncgia.ucsb.edu/vital 

UK Hydrographic office: 

 http://www.ukho.gov.uk/index.html  
UK Road statistics: 

http://www.transtat.dtlr.gov.uk/roadtraf/ 

Vincenty algorithms and terrestrial distances: 

http://www.auslig.gov.au/geodesy/datums/calcs.htm  

http://www.census.gov/cgi-bin/geo/gisfaq?Q5.1 

16.1.1.2 Links for selected authors 

Prof G Borgefors (Uppsala University, Sweden): 

http://www.cb.uu.se/~gunilla/publications.html  

Dr O Cuisenaire (École Polytechnique Fédérale de Lausanne) 

http://ltswww.epfl.ch/~cuisenai/DT/ 

Prof M F Goodchild (UCSB, USA): 

http://www.geog.ucsb.edu/~good/ 

Dr D S Johnson (AT&T Labs, USA): 

http://www.research.att.com/~dsj/pub.html  

Dr R Kimmel (Technion – Israeli Institute of Technology, Haifa): 

http://www.cs.technion.ac.il/~ron/pub.html  

Dr J S B Mitchell (SUNY, Stony Brook, USA): 

http://www.ams.sunysb.edu/~jsbm/publications.html 

Prof N Rowe (US Naval Postgraduate School, Monterey, California): 

http://www.cs.nps.navy.mil/people/faculty/rowe/index.html  

 

http://www.icpsr.umich.edu/NACJD/crimestat.html
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http://www.auslig.gov.au/geodesy/datums/calcs.htm
http://www.census.gov/cgi-bin/geo/gisfaq?Q5.1
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